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Preface 


This edition is based on four themes: methods of solution of initial-boundary 
value problems, properties and existence of solutions, applications of partial dif- 
ferential equations, and use of software to carry out computations and graphics. 

The focus is on equations of diffusion processes and wave motion, and on 
Dirichlet and Neumann problems. Following an introductory chapter, we look 
at methods applied to these equations in bounded and unbounded media, and 
in one and several space dimensions. The topics are organized to make it easy to 
match problems in specific settings to methods for writing solutions. Methods 
include Fourier series and integrals, the use of characteristics, integral solutions, 
integral transforms, and special functions and eigenfunction expansions. 

Properties of solutions that are considered include existence and unique- 
ness issues, maximum and mean value principles, integral representations, and 
sensitivity of solutions to initial and boundary conditions. 

In addition to standard material for an introductory course, topics include 
traveling-wave solutions of Burger’s equation, damped wave motion, heat and 
wave equations with forcing terms, a general treatment of eigenfunction expan- 
sions, a complete solution of the telegraph equation using the Fourier trans- 
form, the use of characteristics to solve Cauchy problems and vibrating string 
problems with moving ends, double Fourier series solutions, and the Poisson- 
Kirchhoff integral solution of the wave equation in two dimensions. There are 
also proofs of important theorems, including an existence theorem for a Dirichlet 
problem and a convergence theorem for Fourier series. 

Finally, there is a section on the use of MAPLE! to carry out computa- 
tions and experiment with graphics. MATLAB ®, MATHEMATICA @®, and 
other packages may also be used for these numerical aspects of partial differen- 
tial equations. 
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Chapter 1 


First Ideas 


We will begin a study of partial differential equations by deriving equations 
modeling diffusion processes and wave motion. These are widely applicable in 
the physical and life sciences, engineering, economics, and other areas. Following 
this, we will lay the foundations for the Fourier method, which is used to write 
solutions for many kinds of problems, and then solve two eigenvalue/eigenfunction 
problems that occur frequently when this method is used. 

The chapter concludes with a proof of a theorem on the convergence of 
Fourier series. 


1.1 Two Partial Differential Equations 


1.1.1 The Heat, or Diffusion, Equation 


We will derive a partial differential equation modeling heat flow in a medium. 
Although we will speak in terms of heat flow because it is familiar to us, the 
heat equation applies to general diffusion processes, which might be a flow of 
energy, a dispersion of insect or bacterial populations in controlled environments, 
changes in the concentration of a chemical dissolving in a fluid, or many other 
phenomena of interest. For this reason the heat equation is also called the 
diffusion equation. 

Consider a bar of material of constant density, p, having uniform cross sec- 
tions with area A. The lateral surface of the bar is insulated, so there is no heat 
loss across this surface. 

Place an x-axis along the length, L, of the bar and assume that at a given 
time, the temperature is the same along any cross section perpendicular to this 
axis, although it may vary from one cross section to another. We will derive an 
equation for u(x,t), the temperature in the cross section of the bar at x, at time 
t. In the context of diffusion, u(x,t) is called a density distribution function. 

Let c be the specific heat of the material of the bar. This is the amount 
of heat energy that must be supplied to a unit mass of the material to raise 
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Figure 1.1: Flux in segment = rate in minus rate out. 


its temperature one degree. The segment of bar between x and x + Az has 
mass pAAz, and it will take approximately pcAu(x,t)Az units of heat energy 
to change the temperature of this segment from zero to u(x,t), its temperature 
at time ft. 

The total heat energy in this segment at any time t > 0 is 


xz+Anxr 
E(a, Az, t) a pcAu(€, t) dé. 
zx 

This amount of heat energy within the segment at time t can increase in 
two ways: heat energy may flow into the segment across its ends (this change 
is the flux of the energy), and/or there may be a source or loss of heat energy 
within the segment. This can occur if there is, say, a chemical reaction or if the 
material is radioactive. 

The rate of change of the temperature within the segment, with respect to 
time, is therefore 


OE 


—— = flux plus source or sink 


Ot 
zt+Aaxr 
=f pastes) dé. 


Assume for now that there is no source or loss of energy within the bar. Then 


z+Az 
flux = pA eS dé. (1.1) 


Ot 
Now let F'(z,t) be the amount of heat energy per unit area flowing across 
the cross section at x at time ¢, in the direction of increasing x. Then the flux 
of the energy into the segment between x and x + Az at time ¢ is the rate of 
flow into the segment across the section at x, minus the rate of flow out of the 
segment across the section at x + Az (Figure 1.1): 


flux = AF (z,t) —- AF(a# + Az, t). 


Write this as 
flux = —A(F(#+ Ag, t) — F(az,t)). (1.2) 
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Now recall Newton’s law of cooling, which states that heat energy flows from 
the warmer to the cooler region, and the amount of heat energy is proportional 
to the temperature difference (gradient). This means that 


Ou 
F(z,t) = —K—(z,t). 
(0,t) = -KF-(a,1) 
The positive constant of proportionality, K, is called the heat conductivity of 
the bar. The negative sign in this equation is due to the fact that energy flows 
from the warmer to the cooler segment. Substitute this expression for F(z, t) 
into equation 1.2 to obtain 


Ou 


flux =—A (-« = 


(x + Az,t) + K Feat) 


Write this as cA 
en aR Ou 


From equations 1.1 and 1.3 for the flux, we have 


r+Az Ou rt+tAz ra) du 
i peA——(,t) dg =| Dx (KaZ6.0)] dé. 


Divide out the common factor A and write this equation as 


zt+Az a 9 5 
fi po sele.0 ae (x60) dé = 0. 


This equation must be valid for any choices of x and x + Az, as long as 
OO P< pe Ay dL, 


If the integrand were nonzero at some x, then, assuming continuity of this inte- 
grand (which is reasonable on physical grounds), it would be nonzero, therefore 
strictly positive or strictly negative on some interval (2,7 + Az). This would 
force this integral to be positive or negative, not zero, for this z and Az, and 
this is a contradiction. We conclude that the integrand must be identically zero, 
hence Z 52 
U u 
Pra re 
It is convenient to denote partial derivatives using subscripts. In this nota- 
tion, 
Ut = kuz, (1.4) 


where k = K/cp is called the diffusivity of the material of the bar. Equation 
1.4 is the one-dimensional heat, or diffusion, equation. This equation, with 
appropriate boundary and initial conditions, models a wide range of diffusion 
phenomena, providing a setting for a mathematical analysis to draw conclusions 
about the behavior of the process under study. 
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If we allow for a source term Q(z,t), then the heat equation is 
te hte POL, t). (1.5) 


We say that equation 1.4 is homogeneous. Because of the Q(x, t) term, equation 
1.5 is nonhomogeneous. Both equations are second-order partial differential 
equations because they contain at least one second derivative term, but no 
higher derivative. Both equations are also linear, which means they are linear 
in the unknown function and its derivatives. By contrast, the second-order 
partial differential equation 


= Kiet Us 


is nonlinear because of the wu, term, which allows for an interaction between 
the density function, u, and its rate of change with respect to 2. 

The linear, homogeneous heat equation u; = kuz, has the important features 
that a finite sum of solutions and a product of a solution by a constant are again 
solutions. That is, if u;(z, y) and u2(z, y) are solutions, then au; (zx, y)+bue(z, y) 
is also a solution for any numbers a and b. This can be verified by substituting 
au, + bug into equation 1.4. This is not the case with the nonhomogeneous 
equation 1.5, as can also be seen by substitution. 

Everyday experience suggests that to know the temperature in a bar of 
material at any time we have to have some information, such as the temperature 
throughout the bar at some particular time (this is an initial condition), together 
with information about the temperatures at the ends of the bar (these are 
boundary conditions). A typical initial condition has the form 


u(z,0) = f(x) forO<a< JL, 


in which f(z) is a given function. Initial is taken as time zero as a convenience. 

Boundary conditions specify conditions at end points of the space variable 
(or perhaps on a surface in higher dimensional models). These can take different 
forms. One commonly seen set of boundary conditions is 


u(0,t) = a(t), u(Z, t) = B(t) forO<a< ZL, 


where a(t) and {(t) are given functions. These specify conditions at the left 
and right ends of the material at all times. 

Boundary conditions may also reflect other physical conditions at the bound- 
ary. We will see some of these when we solve specific problems in different 
settings. 

A problem consisting of the heat equation, together with initial and bound- 
ary conditions, is called a initial-boundary value problem for the heat equation. 


1.1.2 The Wave Equation 


Imagine a string (guitar string, wire, telephone line, power line, or the like) 
suspended between two points. We want to describe the motion of the string 
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x xX + AX 


Figure 1.2: Segment of string between x and x + Az. 


if it is fixed at its ends, displaced in a specified way and released with a given 
velocity. 

Place an z-axis along the straightened string from 0 to L, and assume that 
each particle of string moves only vertically in a plane. We seek a function 
u(x,t) so that, at any time t > 0, the graph of the function u = u(z, t) gives the 
position or shape of the string at that time. This enables us to view snapshots 
of the string in motion. 

Begin with a simple case by neglecting damping effects, such as air resistance 
and the weight of the string. Let T(z, t) be the tension in the string at point z 
and time t, and assume that this acts tangentially to the string. The magnitude 
of this vector is T(z,t) =|| T(z,t) ||. Also assume that the mass, p, per unit 
length is constant. 

Apply Newton’s second law of motion to the segment of string between x and 
x+Az. This states that the net force on the segment due to the tension is equal 
to the acceleration of the center of mass of the segment times the mass of the 
segment. This is a vector equation, meaning that we can match the horizontal 
components and the vertical components of both sides. Looking at the vertical 
components in Figure 1.2 gives us approximately 


T(z + Az,t)sin(@ + Ad) — T(z, t)sin(@) = p(Azx)uz (&, t), 
in which Z is the center of mass of this segment of string. Then 


T(x + Az,t) sin(@ + AO) — T(z, t) sin(0 7 
(e+ As, ein + A8) — Tet) 8006) _ pu eg, 


The vertical component, v(z,t), of the tension is 


v(x, t) = T(z, t) sin(6). 
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Then 
u(x + Az, t) — v(a,t) 


Ar 
Let Ax + 0. Then ¥ — 2, and this equation yields 


= Putt (x, t) : 


Uz = PUtt- 
The horizontal component of the tension is 
h(x,t) = T(a, t) cos(@). 
But 
u(x,t) = h(a, t) tan(@) = A(z, t)uz, 


SO 
Vz = (huz)« = PUuit- 


By assumption, the horizontal component of the tension on the entire segment 
of string is zero: 


h(a + Az,t) — A(z, t) = 0. 
Therefore, h(x, t) is independent of x, and 
igo Migs, 


Then 
huge = PUtt. 


Or, in its more traditional form, 
Ut = C"Urn, (1.6) 


where c? = h/p. Equation 1.6 is the one-dimensional wave equation (one space 
dimension). 

If a forcing term is included to allow other forces acting on the string, then 
the wave equation may take the form 


Ute = C7Une + P(gt): 


As with the heat equation, we attempt to solve the wave equation subject 
to initial and boundary conditions specifying the position of the string at time 
t = 0, and the forces that set the string in motion. 

The boundary conditions if the ends of the string are fixed are 


u(0,t) = u(L,t) = 0 for t > 0. 


We will also see variations on these boundary conditions. For example, if the 
ends are in motion, with their positions at time ¢ given as functions of t, then 


u(0,t) = a(t), u(L, t) = B(t) for t > 0, 


1.1. 
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for some given functions a(t) and {(t). 
Initial conditions take the form 


u(x, 0) = v(x) and u(2,0) = Y(z) forO<a< JL, 


specifying the initial position and velocity of the string. Equation 1.6, together 
with boundary and initial conditions, is called an initial-boundary value problem 
for the wave equation. 

As we develop methods of solving these and other partial differential equa- 
tions, under a variety of initial and boundary conditions, we will also explore 
properties of solutions and questions such as the sensitivity of solutions to small 
perturbations of initial and boundary conditions. 


Problems for Section 1.1 


1. 


Show that ae 
u(x,t) = cos(amz)e"* ™ * 


is a solution of the heat equation with & = 1, on any interval (0, Z]. 


. Show that 


u(x, t) = $73/2 9-2? /4kt 


is a solution of uz = kuz, for x > 0,t > 0. Show also that this solution is 
unbounded. 


. Show that 


u(x,t) = asin (=) cos (=) 


satisfies wave equation 1.6, with a any constant, c and L positive constants, 
and n any positive integer. 


Let f be a differentiable function of a single variable, defined on the entire 
real line. Show that 


TC a 5 (F(a —ct)+ f(x + ct)) 


is a solution of the wave equation uy = c?Uz, for all x and t, and that 


u(x,0) = f(z). 


. Let w(x) be continuous on the real line. Let 


Show that u(x,t) satisfies the wave equation and that 


uz(x,0) = w(x) for0< a2 < L. 
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6. Let y and w be continuous on [0, LZ]. Let 


xtct 
ea 5(o(a —ct)+ y(a+ct))4+ 5c [ w(s) ds. 


Show that u(x,t) satisfies the wave equation and also the initial conditions 
u(x,0) = v(x) and uz(z,0) = w(z). 


Problems 7-12 deal with a classification of second-order partial differential equa- 
tions that are linear with constant coefficients in the second derivative terms. 
Such an equation has the form 


Auge + Buge + Cun + A(a,t, u, Ux, Ut) = 0. (1.7) 


A, B, and C are constants; A and B are not both zero; and H(z, t,u, uz, uz) is 
any function of x,t,u,uz, and uw. Thus the equation may not be linear in the 
first derivative terms or terms involving u. It is always possible to transform 
equation 1.7 to one of three standard, or canonical, forms. These problems 
explore how to do this. 


7. Start with a change of variables 
€=x2+at,n=2+ bt. 


Show that this transformation from the z, ¢-plane to a €,7-plane is invert- 
ible if a ~ b, and that 


1 iL 
r= pg oo ~ ans t = haa =): 


8. Let u(x(é,7), t(€,7)) = V(E,n), obtained by substituting for x and y in 
terms of € and 7 in equation 1.7. Show that the resulting partial differential 
equation for V is 


(A+ aB + a?C)Vee + (2A 4+ (a+ 6) B + 2abC) Ve, 
+ (A+ 6B +b°C)Vin + K(E,n, V, Ve, Vn) = 0. (1.8) 


Hint: Use the chain rule to compute uz,, Uzt, and wz in terms of partial 
derivatives of V(£,7). 


9. Suppose B? — 4AC > 0. Try to choose a and b to make the coefficients of 
Vee and V,,,, vanish. This requires that we solve for a and 6 so that 


Ca? + Ba+ A=0 and Cb? + Bb+A=0. 


Notice that a and b both satisfy the same quadratic equation, having 
coefficients A, B, and C’. Show that, if C 4 0, then equation 1.7 transforms 
to 

Ven + K(E,n, V, Ve, Vn) = 0. 


‘ted: 


10. 


11. 


12. 
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by choosing 


—B + VB? —4AC ~B — /B?—4AC 
3 


In this case we say that equation 1.7 is hyperbolic. The transformed equa- 
tion is the canonical form of the hyperbolic equation. 


If C = 0, show that we can choose 


é=t,n= Pat 
a a A 


to obtain the hyperbolic canonical form. 


Show that, if B? - 4AC = 0, then by choosing a = 0 and b = —B/2C, 
equation 1.7 transforms to 


Vee a K(€,, V, Ve, Vn) — 0. 


In this case equation 1.7 is called parabolic and the transformed equation 
is called the canonical form of the parabolic equation. 


Finally, suppose B? — 4AC < 0. Now the roots of Ca? + Ba+ A=O are 
complex, say p+ ig. Define the transformation 


f€=x£+ pt,n = qt. 
and show that this transforms equation 1.7 to 


Vee + Vin + K(E,0,V, Ve, Vn) = 0. 


In this case, equation 1.7 is said to be elliptic and the transformed equation 
is the canonical form of the elliptic equation. 


Classify the diffusion equation and the wave equation as being elliptic, 
parabolic, or hyperbolic. 


In each of problems 13-17, classify the partial differential equation and deter- 
mine its canonical form. 


13. 
14. 
15. 
16. 
17. 


AUse — 2Uet + Use + Quy — TU =O. 
QUee + Uct — 4Uz +2+t=0. 
Uge — 3Ugt — CU = O. 

Ure + Oe + 2? —tu=0. 


Uge 2Uat = SUtt + 12u? 250; 
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1.2 Fourier Series 


In attempting to solve problems involving the heat equation, French mathe- 
matician Joseph Fourier (1768-1830) announced that he could write solutions 
by expanding the initial temperature function in an infinite series of sines and/or 
cosines of different frequencies. Because nearly any function (for example, a dif- 
ferentiable function) could be an initial temperature function, this led to the 
astounding assertion that almost any function one could think of had such a 
trigonometric series representation. This was too much for the rest of the sci- 
entific community to accept. 

Nevertheless, Fourier’s method did appear to solve significant problems. In- 
tensive research, carried out in the eighteenth and nineteenth centuries, justified 
Fourier’s claims, and Fourier series now have many applications. In this section 
we outline the fundamental idea of a Fourier series, enabling us to use these 
series to solve initial-boundary value problems. 


1.2.1 The Fourier Series of a Function 


Given f(x) defined on [—L, LZ], we want to choose numbers ag,a1,--- and 
by, b2,--- such that 
1 _ NTL . (Nut 
ie) = 300 a 2 Jan COs (—) + b, sin (=) (1.9) 


on this interval. This is not always possible, but we will explore the idea to see 
when it might work. 

Fourier was not the first to imagine such a thing. The great Swiss mathe- 
matician Leonhard Euler (1707-1783) devised a way of calculating the aj,s and 
bis in the series 1.9. While lacking in rigor, Euler’s approach is interesting 
and actually leads to the correct choice of the coefficients. We follow Euler’s 
reasoning here, with a proof given in section 1.4. 

Euler’s approach was based on some easily derived trigonometric integrals. 
If n and k are positive integers, then 


L 
NTT kra 
cos | —— } cos {| — ] dx =0ifn Fk, 
I, ea cc) 
L 
NTE kr 
sin | —— } sin | —— ] dx =OifnFk. 
[@CE) ea. 


These are called orthogonality relations for reasons that will be clarified when 
we treat eigenfunction expansions in Chapter 7. 


and 
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In addition, 


L L 
/ cos? (=) dx = | sin? (“**) dx = L forn = 1,2,---. 
= Jj L —L L 


Now assume equation 1.9, and suppose that we can interchange the summa- 
tion and an integration. In this case, 


[ t@e 


Ly oo 
= =Qo dx + 
[3 X 


An i: cos (=) dz + bn [ sin (—=) ts 


= Lag, 


because the integrals of cos(naxz/L) and sin(naz/L) over |[—L, L] are all zero. 
The integrated equation therefore reduces to 


E 
i] f(x) dx = Lag, 
ab 


from which we conclude that 


1 L 
ay = + J. AG vas: (1.10) 


This is a formula for a9. Next we want to obtain formulas for a, with k = 


1,2,:--. Let k be any positive integer. Multiply equation 1.9 by cos(kraz/L) 
and integrate to obtain 


L 
k 
| f(x) cos (=) dz 
=, L 
-[ 2 cos nme dz 
Dn L 


: NTL krax Lo o¢nre krax 
“+ S> | [. cos (=) cos (=) dx + by i: sin (=) cos (F) | F 


n=1 
E cos (=) dx = 0. 
2 


Further, by the orthogonality relations, all of the integrals in the summation 
are zero except for the integral 


[os ae cos cane d. 
oy i Eye 


Now, 
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which occurs when n = k. This integral equals L. We therefore have 


L 
i f(x) cos (7) dc =a,b, 
_L L 


from which 


i fe k 
a= { f(x) cos es for k = 1,2,3,---. (1.11) 
L Jey L 


Notice that this reproduces the formula for ag when k = 0. 
Similarly, if we multiply equation 1.9 by sin(kax/L) and integrate term by 
term, all terms vanish except the n = k term in the integrals of the sine terms, 


and we obtain 4 
1 
bk = if. f(x) sin (*) dx. (1.12) 


Equations 1.10-1.12 are the Fourier coefficients of f(x) on [—L, L]. When 
these Fourier coefficients are used, the series on the right side of equation 1.9 is 
called the Fourier series of f(x) on [—L, L]. 

Now we must be careful not to overreach. Although we have a plausible 
rationale for the selection of the Fourier coefficients of a function, we have no 
reason to believe that this Fourier series actually converges to the function at 
all (or any!) points of the interval. The following two examples are revealing in 
this regard. 


Example 1.1 Let 


f(x) = 


0 for —3 <2 <0, 
2+2 for0O<2<3. 


We will write the Fourier series of f(x) on [—3, 3]. Compute the coefficients: 
1 Pf 
ag = Al 72) dx 
3 J_3 


1 ¥? 4 
== 2 = 
BT +2) dx 7 


i= af. f(x) cos (=) ae 
3 


= al. (2+ x) cos (=) dx 
_3(-D"=1) 


n2 72 
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and 
Lf? . (NTL 
bn 3 |. f(x) sin (~~) dx 
1 f° 
= > [ (2+) sin (=) d 
2—5(-1)" 
nT 


The Fourier series of f(x) on [—3, 3] is 


BMD) + HN (EE) 


Figure 1.3 is a graph of the function, and Figures 1.4 and 1.5 compare the 
function with the 10th and 50th partial sums, respectively, of its Fourier series. 
These graphs suggest that the series converges to f(x) for —3 < x < 0 and for 
0 < x < 3. However, at x = 0, the series does not appear to converge to f(0), 
which is 2. And at both 3 and —3, the Fourier series is the same: 


n=1 


This series cannot converge to both f(—3) = 0 and to f(3) = 5. 
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Figure 1.4: Comparison of f(x) with the 10th partial sum in example 1.1. 


Figure 1.5: Comparison of f(x) with the 50th partial sum in example 1.1. 
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Example 1.2 Let 


—1 for -2<2<1, 
QaH<3 ford 7372, 
—5§ for 3/2<2<2. 
The Fourier coefficients of g(x) on [—2, 2] are 
ao = =2, 
1 
Gig ore ae sin(na/2) + 8sin(3n7/4)), 
4 
b= oa ae) + cos(n7/2) — 2.cos(3n7/4)). 


The Fourier series is 


215" Ls (—4sin(nm/2) + 8sin(3nn/4)) cos (“S ) 
4 


NTL 


((—1)” + cos(n7/2) — 2cos(3n7/4)) sin (=) 


Figure 1.6 is a graph of this function, and Figures 1.7 and 1.8 are graphs 
of the tenth and fiftieth partial sums of the Fourier series, respectively. It 
does appear that the series converges to g(x) for -2 <a < 1,1 < 2 < 3/2, 
and 3/2 < x < 2. However, it is not clear what the series converges to at 
x = —2,1,3/2 or 2. And, as we saw in example 1.1, this Fourier series is the 
same at both end points of the interval, even though g(—2) # g(2). 


Because of examples like these, we need something to tell us the sum of a 
Fourier at points on the interval. One criterion for convergence is in terms 
of the familiar notions of continuity and differentiability. We say that f(z) is 
piecewise continuous on {a, b] if the following three conditions are satisfied: 


1. f(x) is continuous at all but possibly finitely many points of |a, b]. 

2. If there is a point c with a < c < 6 at which f(z) is discontinuous, then 
lim,-,-— f(x) and lim,_,.4 f(z) are both finite. That is, f(x) has finite one- 
sided limits at every point of discontinuity interior to the interval (if there are 
any such points). 

3. lim;a+ f(x) and lim,_,,_ f(x) are both finite. This means that, at the 
end points of the interval, the function has finite limits as x approaches the end 
point from within the interval. 


These conditions mean that any discontinuities the function has on the in- 
terval are jump discontinuities, so-called because the graph has a gap or jump 
at such a point. The function of example 1.1 has a jump discontinuity at 2 = 0 
(Figure 1.3), while the function of example 1.2 has jump discontinuities at x = 1 
and x = 3/2 (Figure 1.6). Both of these functions are piecewise continuous on 
their interval of definition. 
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Figure 1.6: Graph of g(x) of example 1.2. 


Figure 1.7: Comparison of g(x) with the 10th partial sum in example 1.2. 
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Figure 1.8: Comparison of g(x) with the 50th partial sum in example 1.2. 


f(x) is piecewise smooth on [a,b] if f(a) and its derivative f’(x) are both 
piecewise continuous on the interval. 

Piecewise smooth means that the graph has a continuous tangent at all but 
finitely many points, and any discontinuities of the function exhibit themselves 
in finite jumps or gaps in the graph. The functions of examples 1.1 and 1.2 are 
piecewise smooth. 

Finally, we will use the standard notation 


f(z—) = lim fle —h) and f(e+) = lim f(a + h). 


f(x—) is the left limit of the function at x, and f(x+) is the right limit at z. 
The plus and minus signs in the notation refer only to left and right limits, and 
x itself may be positive, negative or zero. 
In example 1.1, 
f(O—) =0 and f(0+) = 2, 


while for -3 < « < O and 0 < @ < 3, f(a—) = f(xt+) = f(x). Further, 
f(—3+) =0 and f(3—) =5. 

At any point at which the function is continuous, the left and right limits 
equal the function value at the point. 

In example 1.2, 


g(i—) = lim g(l—h) = —1 


while 
g(1+) = jim, 9(1 +h) =3. 
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© (f(x+) + f(x-)/2 


ine 


Xx 


Figure 1.9: Convergence of a Fourier series at a jump discontinuity. 


For -2<a<1,1<a < 3/2 and 3/2 <2 < 2, g(x—) = g(x+) = g(x) because 
g(x) is continuous on these intervals. And, g(—2+) = —1 and g(2—) = —5. 
With these ideas and notation, we can state the following. 


Theorem 1.1 (Convergence of Fourier Series) Let f(x) be piecewise 
smooth on [—L,L]. If —L < x < L, then the Fourier series of f(x) on this 


interval converges to 
1 


aie) + f@+)). 


Further, at both xz = L and x = —L, the Fourier series converges to 


*(f(—L+) + f(L-)). 


2 

Figure 1.9 displays this behavior. If the function has a jump discontinuity at 
x, then the graph has a gap at x and the Fourier series converges to the average 
of the left and right limits of the function at x. This is the point midway between 
the ends of the graph at the gap. At any x where the function is continuous, 
the series converges to f(x), because at such a point, f(z—) = f(a+) = f(z). 

At both end points L and —L, the Fourier series converges to the average of 
the left limit of the function at L, and the right limit at —L. 

In example 1.1, the Fourier series of f(x) converges to 


0 for -3< 2 <0, 

1 ate = 0; 

2a j6r</a°< 3 

5/2 at x=-—3 and at z =3. 


This conclusion at the end points 3 and —3 follows from the facts that f(—3+) = 
0 and f(3—) = 5, and the average of these limits is 5/2. 
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Figure 1.10: The function w(x) of example 1.3. 


In example 1.2, the Fourier series of g(x) converges to 


—1 for -2<2<1, 


ut a ak, 
3 forl<a< 3/2. 
—-1 atr=3/2, 


—5 for 3/2<24<2 
=3° atv ==2 and ate =2: 


The conclusion at the end points follows from the facts that g(—2+) = —1 and 
g(2—) = —5, and the average of —1 and —5 is —3. 


Example 1.3 Let 


—Axr for —4 <a < —2, 

Asin(3z) for -2<2< 2, 
w(x) = 

3 for2 <2 <3, 

—2£ for3<a2<4. 


Figure 1.10 is a graph of this function. The Fourier series of w(x) on —[4, 4] 
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converges to 


—4z for -4< 4 < —2, 
$(8—4sin(6)) at «= —2, 

Asin(3z) for —2 <2 < 2, 
5(3+4sin(6)) at «= 2, 

—2£ for3<ax<4 

6 at x = —4 and at x = 4. 


The conclusion at the end points follows from the calculation 
w(—4+) = —4(—4) = 16 and w(4-) = —4. 


We do not have to compute the Fourier coefficients of w(x) to draw these con- 
clusions. 


1.2.2 Fourier Sine and Cosine Series 


In solving partial differential equations on an interval [0, L], we will often need 
to expand a function in a series of just sines, or just cosines, on this half-interval. 

The key to such a sine or cosine expansion is to recall some facts about even 
and odd functions. A function f(x) defined on [—JL, L] is called an even function 
if 

f(-—x) =f(z) forO<a< ZL. 

Figure 1.11 shows a typical graph of an even function. The part of the graph 
to the left of the vertical axis is a reflection across this axis of the part to the 
right. (Fold the paper along the vertical axis and trace the part of the graph 
for z > 0). Examples of even functions are x”, 2°, cos(x), and er. 

If f(x) is even on {[—L, L], then 


[seo = of f(a) dx. 


This is because the area under the graph to the right of the vertical axis equals 
the area under the graph to the left. 
We call f(a) an odd function if 


f(—2) = -—f(—2) forO<a< ZL. 


Figure 1.12 shows the graph of a typical odd function. The graph to the left of 
the vertical axis is the reflection through the origin of the graph to the right of 
the vertical axis. That is, fold the graph for x > 0 over the vertical axis, then 
fold again over the horizontal axis. Examples of odd functions are 2°, sin(z), 
and x’ — 4a. 

If f(x) is odd on [—L, L], then 


[/ s@ae= 
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Figure 1.11: A typical even function, symmetric about the vertical axis. 


Figure 1.12: A typical odd function, symmetric through the origin. 


22 CHAPTER 1. FIRST IDEAS 


because the area under the graph to the right of the vertical axis is the negative 
of the area to the left. 

Notice that: 

a product of odd functions is even (for example, z3z° = x°), 

a product of even functions is even (xx? = x°), and 

a product of an even and an odd function is odd (xr®z? = 2’). 


Now go back to the general setting of a function g(x) defined on (0, L]. 
Extend g(x) to an even function G,(x) on |—L, L] by defining 


GGi= gz) for0<a2<lL, 
g(—z) for -L<2<0. 
This defines G.(x) on |—L, L] by leaving g(x) alone for 0 < x < L, and reflecting 
the graph of g(x) on [0, LZ] across the vertical axis to define it for —L <x < 0. 


Expand G,(x) in a Fourier series on [—L, L]. Because G.(x) cos(n7a/L) is 
an even function and G.(x) = g(x) for 0 < x < L, the cosine coefficients in this 


expansion are 
ie ra NTL 
A, = TE i G(x) cos (= ) dx 


= 2f G,(x) cos (==) dx 


— ant g(x) cos (=) dx. 
0 


Further, G.(x) sin(naa/L) is odd on [—L, L], so the coefficients of the sine terms 


vanish: z 
1 
B= I ee G_-(«) sin (=) dz = 0. 


The Fourier series of G.(x) on [—L, L] is, therefore, 
1 = NTL 
j4o+ L) Ancos (F") 


containing only cosine terms. Because G.(x) = g(x) on [0, L], this is a cosine 
expansion of g(x) on (0, LZ]. 
In summary, the Fourier cosine series of g(x) on [0, L] is 


NTL 


4 Ay + 3. An cos (=) ; (1.13) 
n=1 


in which 


L 
/ g(x) cos (=) dx for n = 0,1,2,3,---. (1.14) 
0 L 
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Using G.(x) on [—L, L| and the convergence theorem, we can determine the 
sum of this cosine expansion on [0, L]. Assuming that g(x) is piecewise smooth, 
use the fact that G.(x) = g(x) for 0 < x < L to conclude that the cosine series 
converges to 


1 
5 (9(e-) +g(@+)) if0<a<L. 
For x = 0, compute the limits: 
Serr gage deve el gegen 
= lim, 9(a) = 9(0+) 
and 
Ge0=)= ea i ae Pasi ea) 
= , lim, 9(h) = g(0+). 
Therefore, at x = 0, the cosine expansion of g(x) converges to 
1 1 
5(G(0-) + GO+)) = 5(9(0+) + 9(0+)) = 9(0+). 


A similar argument shows that, at x = L, the cosine series for g(x) on [0, L] 
converges to g(L—). 

The even extension of g(x) to G.(x) was a device used to obtain this half- 
interval expansion of g(x) from the already known Fourier series of G.(x) on 
[L,L]. In computing the coefficients A, in a cosine expansion, we need only 
g(x) and do not have to explicitly construct G.(x). Just write the series 1.13, 
with coefficients from equation 1.14. 


Example 1.4 (A Fourier Cosine Expansion) Let g(x) = e* forO<2< 
2. From equation 1.14, the cosine coefficients of g(x) on this interval are 


9 2 
Ao =5 | edz =e? —-1 
2 Jo 


and, for n = 1,2,---, 


an ae NTL A n.2 
An = 5 f e€ cos (~~) ay er Ge € — 1). 


Further, using the convergence theorem, this series will converge to e® for 0 < 
<2: 


hes — 4 8 NTL 
e€ =a 2s gage) e€ — 1) cos (=). 


Figure 1.13 shows a graph of g(x) = e*® compared with the 10th partial sum 
of this cosine series on [0,2]. This cosine expansion appears to converge very 
quickly to g(z). 
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x 


Figure 1.13: g(x) compared with the 10th partial sum of the cosine expansion 
in example 1.4. 


We can develop a Fourier sine expansion of g(x) on [0, Z| by a similar tactic. 
Now, however, because the sine terms in the series are odd functions, extend 
g(x) to an odd function G(x) on {[—L, L] by setting 


Cae g(x) for 0 <a <= L, 
. —g(—z) for-L<2<0. 


G(x) is an odd function and G(x) = g(x) on [0, Z]. Further, the Fourier series 
for Go(x) on [—L, L} will contain only sine terms, because the coefficients of the 
cosine terms involve integrals of G,(x) cos(naz/L), and these integrals are zero 
because this is an odd function on [—J, L]. 

In summary, the Fourier sine expansion of g(x) on (0, L] is 


SB, sin (=), (1.15) 
n=1 


where 


L 


As with cosine series, we do not actually have to write out G,(xz) to compute 
these coefficients. 
Assuming that g(x) is piecewise smooth on [0, L], this sine series will converge 


9 pl 
B= a g(x) sin (=) dx forty 1, 2398 (1.16) 
0 


to 
1 
5(9(z-) + 9(z+)) forO<a2< L. 
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x 


Figure 1.14: e” compared with the 150th partial sum of the sine expansion in 
example 1.5. 


Without any computation, a sine series converges to 0 at x = 0 and at x = L, 
because sin(0) = 0 and sin(nz) = 0 for every integer n. 


Example 1.5 (A Fourier Sine Expansion) We will write a Fourier sine 
series for e* on [0,2]. The coefficients are 


2 
ie at cf TUT ant n2 
By = ff et sin (™) ae = Or (1-1). 


This sine series converges to e” for 0 < x < 2 (but not at 0 or 2), so we can 
write 


oo 
* 2n0 4 Ook f NE 
€ =o rane (1 Cyne?) sin (“") for0<2 <2. 


Figure 1.14 shows graphs of g(x) and the 150th partial sum of this sine 
expansion. Contrast this with the much more rapid convergence of the cosine 
expansion of this function in example 1.4. 


Problems for Section 1.2 
In each of problems 1-6, write the Fourier series of the function, and determine 
the sum of this series on the interval. Compare graphs of some partial sums of 


the series with a graph of the function. 


1. f(x) =—ax for -l<a2<l. 
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2. f(z) = cos(3xz) for —7 <a<7. 
3. f(x) =sin(2xr) for -2 <2 < 2. 
A. f(x) =1—-|2| for -2< 2 <2. 
-4 for -7r7<2< 0, 
5. f(z) = 
4 forO<a<7. 
6. f(x) = cos(#/2) — sin(z) for -7 << a<r 
In each of problems 7-12, determine the sum of the Fourier series of the func- 
tion on the interval. In doing this, it is not necessary to compute the Fourier 
coefficients. 
2x for -3<2<0, 
7. f(x~)=40 for -2<2<1, 


10. 


11. 


12; 


13. 


eg? forl<2<3. 


i) cos(z) for -2<a2< 1/2, 
~ )sin(x) for 1/2<a2<2. 

—x for -4<2< 2, 
f(x) = 

2 forO<a2<4. 

1 for —-2<a2<0, 
f(@)=4-1 for0<2< 1/2, 

ae for 1/2 <a <2. 

cos(7x) for —2<a <0, 
fla) = 4) 

£ forO< ax <2. 

Le for -3 << x < -1/2, 

Pi a for -—1/2 <2 <1, 
f(z) = 2 / 

4-—¢ for l <a < 2, 


l-x—2? for2<2<3. 


Sum both of the series 


Hint: Expand f(x) = 5x? in a Fourier series on [1,7]. Now make choices 
of x to obtain these series. 
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14, 


Suppose 
1 a NTL NTL 
f(x) = 3% + Dao cos (=) + b, sin (=) 


for -L < x < L. Multiply this equation by f(x) and assume that the 
resulting expression can be integrated term by term to derive Parseval’s 
equation: 


ore L 
pot Dolo +) = 7 fe) ae 


In each of problems 15-22, find the Fourier cosine series and the Fourier sine 
series for f(z) on the interval. Determine what each series converges to on this 
interval. Compare graphs of some partial sums of this series with a graph of the 
function. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


f(z) =4 forO0< a2 <3. 


1 for 0 < 2 < 1, 
f(z) = 

—1 forl<2z<2. 

0 for0<a2<7/2, 
f=. 

sin(z) form7/2<a<T. 


(cy = 25 for 0 a = 1, 
f(a) = 27 for 0 <4 <2. 
f(x) =e"* forO< a2 <1. 


f(z) =sin(3z) for0 <a <7. 


a ior 0 =o <1, 
f(x) = 
2—a2 forl<2z<2. 


Sum the series 


a Ge 
2 An? —1- 


Hint: Expand sin(x) in a cosine series on [0,7] and evaluate this series at 
an appropriately chosen point. 
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1.3. Two Eigenvalue Problems 


In solving initial-boundary value problems, we will often encounter the problem: 
X" +X = 0; X(0) = X(L) = 0. (1.17) 


We want to find numerical values of the constant such that there are nontrivial 
(not identically zero) solutions X (x) of problem 1.17. Such values of X are called 
eigenvalues of this problem, and corresponding nontrivial solutions X(zx) are 
eigenfunctions. 

To find the eigenvalues and eigenfunctions of problem 1.17, consider sepa- 
rately the cases that A is zero, negative, or positive. 

If \ = 0, then X” = 0, so X(x) = cx + d for some numbers c and d. Now 


X(0) =d=0 


and 
X(L) = cL = 0 implies that c = 0. 


This means that X(x) = 0 for all . The only solution for X(x) in this case is 
the trivial solution, so 0 is not an eigenvalue of this problem. 
If \ < 0, then we may write \ = —a*, where a > 0. Now 


AE Ore =, 


with general solution 
X (x) = ce*” + de. 


Then 

X (0) =c+d=0 implies that c= —d, 
0) 

X (x) = c(e** — e %*) = Qcsinh(az). 
And, 


X (L) = 2csinh(aL) = 0. 


Since aL > 0, sinh(aL) > 0, soc = 0 and X(z) is the trivial function. This 
problem has no negative eigenvalue. 
Finally, if \ > 0, write \ = a?, with a > 0. Then 


X" +0°X =0, 
with solutions of the form 
X (x) = acos(axz) + bsin(az). 


Now 
X(0)=a=0 
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so X(x) = bsin(ax). Then 
X(L) = bsin(aL) = 0. 


If 6 = 0 we again have only the trivial solution and have run out of cases. Thus 
attempt to find solutions with b 4 0. This will require that we choose a so that 


sin(aL) = 0. 
We can manage this if aL is an integer multiple of 7, leading us to choose 
nt 
= — fe = Lyles s 
a=— forn 2; 


Denote 
2? 


Ny for 1,258. 


L2 
These are the eigenvalues of the problem 1.17, indexed by n. Corresponding to 
each eigenvalue 4,,, we have an eigenfunction 


X,(x) = sin (=) 


or any nonzero constant multiple of this function. 
We will also frequently encounter the problem: 


X" + AX =0;X'(0) = X'(L) =0. (1.18) 

As with problem 1.17, consider cases on X. 

If \ = 0, then X (x) = cx+d for some constants c and d. Now X'(0) =c=0, 
and X(xz) = d is a solution. Unlike problem 1.17, 0 is an eigenvalue of this 
problem, with nonzero constant eigenfunctions. 

If \ < 0, write \ = —a?, with a > 0, to obtain the general solution 


Ae) =ce +4de 
of the differential equation. Now 
X'(0) =ac-—ad=0 
soc =d and 
X (x) = c(e** +e) = 2ccosh(az). 


Then 
X’(L) = 2casinh(aL) = 0. 


But aL > 0, and sinh(aL) > 0, so c = 0 and this case has only the trivial 
solution. Problem 1.18 has no negative eigenvalue. 
If A > 0, set A = a?, with a > 0. Now X” + a°X = 0, with the general 
solution 
X =ccos(ax) + dsin(az). 
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Now X’(0) = da = 0, so 
X (xz) = ccos(az). 
Then 
X'(L) = —acsin(aL) = 0. 


To obtain a nontrivial solution, we need c # 0. This forces us to choose a so 
that sin(aL) = 0. As in problem 1.17, aL must be a positive integer multiple 
of 7, say aL = nz. Then a@ must be chosen as 


a= forn =1,2,3,---. 


For each positive integer n, 
29 


—2 
is an eigenvalue of problem 1.18, with corresponding eigenfunction 


An = 


Xn(x) = cos (=) forn =1,2,---. 


To summarize, the eigenvalues and eigenfunctions of problem 1.18 are 


n° 7? 


Ay = L2 ) 


Xn(x) = cos (=) for n = 0,1,2,---. 


We are now prepared to solve some important problems involving partial 
differential equations. 


Problems for Section 1.3 


Find the eigenvalues and eigenfunctions of each of the following problems. 
bX AX = 0;X (0) ] XL) =] 0, 
2. X" 4+ 4X =0;X'(0) = X(L) = 0. 
3. X” +rX =0; X(0) = X(L), X'(0) = X"(L). 
A,X” +X =0;X(0) = 0, X(L) + 2X"(L) = 0. 


1.4 A Proof of the Convergence Theorem 


We will prove the Fourier convergence theorem, providing an understanding of 
why the series converges to the left and right limit of the function at interior 
points of the interval. 
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1.4.1 The Role of Periodicity 


Recall that f(x) is periodic if f(x) is defined for all real numbers z and, for 
some positive number p, 


f(x) = f(z +p) 


for all x. We call p a period of f. If p is a period, so are 2p, 3p, and so on. 
When we speak of the period, or fundamental period of a function, we mean its 
smallest period. For example, sin(x) has period 2na for any positive integer n, 
because 

sin(x + 2n7) = sin(z) for all x. 


However, 27 is the smallest period of sin(x), so we say that sin(xz) has funda- 
mental period 27. 

Of course, “most” functions (for example, polynomials and exponential func- 
tions) are not periodic. 

Now consider an issue we avoided in informally developing the idea of a 
Fourier series. For Fourier expansions on an interval [—L, L], or perhaps [0, LZ], 
we considered function values f(x) only for x in this interval. Indeed, this is 
the way we look at things when we use Fourier series to solve initial-boundary 
value problems involving partial differential equations. If we are studying heat 
conduction in a bar of metal, we place the bar along an axis and do not think 
about values of x outside this segment. 

However, even though we think of the function as living on an interval in 
such applications, the Fourier series on [—L, L] is 


300+ [owes ("7") + 0am ("7") 
n=1 


which is not only defined on the entire real line but is periodic of period 2L! How 
can f(x), which is defined only on an interval, be equal to a periodic function 
(its Fourier series)? 

The answer is that the Fourier series actually represents not the function, 
but its periodic extension to the entire real line. 

We can see this with a simple example. Let f(x) = a for -1 <a2< 1. The 
familiar graph is shown in Figure 1.15. Figure 1.16 shows its periodic extension 
f to the entire line. This extension is done by sliding the graph forward from 
[—1,1) onto the intervals [1, 3), [3,5), [5,7),--- and backward onto the intervals 
[-3, -1), [—5, -3),[—7, —5),---, as in the diagram. Then f(x) = f(x) for -1< 
x <1, but f(x) continues on to be defined for all x. Further, f is periodic of 
period 2, just as the Fourier expansion of f(x) on [—1, 1] is. 

In making such an extension, a subtlety appears. Because f is periodic, we 
cannot assign functions values to f arbitrarily at different points. Given any a, 
we necessarily have f(a) = i (a+ np) for any integer n. 

In this example, where f has period 2,f(x) = f(x + 2n) for every integer n. 
In particular, 


f(-1) = f(-1+2) = fd). 
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Figure 1.15: Graph of f(z) = 1 for -l1 <2 <1. 


Figure 1.16: Periodic extension f(x) of the graph of Figure 1.15. 
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It was in anticipation of this that we defined f(x) for —1 < x < 1 instead of on 
~1<a<1. Once f(—1) is specified, then f(1) is predetermined. 

Now notice that, with f (x) defined for all z, there are no endpoints to 
distinguish in stating a convergence theorem. At every real number x, the 
Fourier series of f(x) on [—1, 1] converges to (f(a—) + f(a+))/2. 

In particular, at c = —1, f(—1+) = —1 and F(=15) = 1, so at —1 the series 
converges to 


(f(-1+) + f(l-)) =0. 


And at « = 1, f(1—) =1 and f(1+) = —1, so the series also converges to 


Armed with this point of view, we now develop the machinery needed to 
prove the convergence theorem, beginning with Dirichlet’s formula. We will 
let L = am and work on [—7z,7). This simplifies the frequently encountered 
expression naz/L to just nz. 


1.4.2 Dirichlet’s Formula 


Convergence of any series depends on the convergence of its sequence of partial 
sums. Let f(z) be periodic of period 27. The Nth partial sum of the Fourier 
expansion of f(x) on [—7, 7] is 


N 
Sn(x) = =ao + aC cos(nx) + by, sin(nz)), 


i 
2 
in which the aj,s and bjs are the Fourier coefficients of the function on the 


interval. We rewrite Sy(x) in a way that will help us determine its limit as 
No. 
Insert the Fourier coefficients of f(x) into Syj(x) to write: 
1 “ie 
S = — d. 
n(t) = 5 7 (€) dé 
N 


+= >| * J (€)cos(ng) dé cos(nz) + [ F(€) sin(né) dé sin(na) 
n=1 =e = 


i: : ©) 


N 
LT re + Doonte 2) ag 4.19) 


1 ON 
5 + S | (cos(n€) cos(na) + sin(n€) i) dg 


n=1 
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It is possible to derive a simple expression for the sum in square brackets. 


Let y = € — x and let 
1 
=5 + Soc cos(ny). 


Multiply o by 2sin(y/2) to obtain 
N 
20 sin(y/2) = sin(y/2) + 2 S- cos(ny) sin(y/2) 
i 
= sin(y/2) + /sin({n + 1/2)y) — sin((n — 1/2)y)] 


= sin(y/2) + si n(3/ 2) — sin(y/2)] + [sin(Sy/2) — sin(3y/2)] + 
+ [sin((N — 1/2)y) — sin((N — 3/2)y)| 
+ [sin((N + 1/2)y) — sin((N — 1/2)y)]. 


This is a telescoping sum, with all terms except one canceling on the right. We 
obtain 
20 sin(y/2) = sin((N + 1/2)y). 
Then 
_sin(@y sede ye) 
—  Qsin((E-—2)/2) 


provided that sin((€ — x)/2) # 0. Inserting this result into equation 1.19, we 


have 


Put ¢t = € — x into equation 1.20 to obtain 


Seay = ~[ fer) dt. 


g, (1.20) 


—T— XL 


Because f(x) is periodic of period 27, this integrand also has period 27 and we 
can carry out the integration over any interval of length 27. In particular, we 
can write 

sin((N + 1/2)t) 


Dain(d/2) dt. (1.21) 


1 TT 
Sy(e)==f fet?) 
This is Dirichlet’s formula. The function 


sin((N + 1/2)t) 
2 sin(t/2) 


is called the Dirichlet kernel. It has the following property, which we will use 
shortly. 
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Lemma 1.1 


1 f° sin(N +1/2)t) , 1 f* sin((N+1/2)t) 1 
/ ——ETS t [seep , 


T 2 sin(t/2) oT 2 sin(t/2) 2 


Tt. 


Proof Let f(x) = 1. The Fourier coefficients of f(x) on [—7, 7] are 


a= = | dé =2 
WT Jan 


An = ~[ cos(n€) d€ = 0 and b, = - | sin(n€) dé = 0. 


—W ara {18 


and, for n = 1,2,---, 


Therefore, for this function, Sy(a) = 1 and Dirichlet’s formula 1.21 becomes: 


Oo: Geo 
~ | Eo) re ~ | sm((Y 4-1/2)8) en (1.22) 
nm J_,  2sin(t/2) T Jo 2 sin(t/2) 
But if we let t = —w in the left integral in equation 1.22, we obtain 
OG: Oo .- 
~ | sin((N + 1/2)t) Sires ~ | sin((N + 1/2)w) (-1) dw 
nm j_, 2sin(t/2) oe 2 sin(w/2) 
_ ~ | sin((N +1/2)t) a 
T Jo 2 sin(t/2) 


This means that the integrals on the left in equation 1.22 are equal. Because 
their sum is 1, each integral equals 1/2, as was to be shown. 


1.4.3 The Riemann-Lebesgue Lemma 
We will prove a result needed to compute the limit of Sy(x) as N — oo. 


Lemma 1.2 (Riemann-Lebesgue) Let g be piecewise continuous on |a, ]. 
Then 


b 
lim / g(t) sin(wt) dt = 0. 
W—->0O a 
Proof Suppose first that g is continuous on |a, 5]. Let 


b 
| g(t) sin(wt) dt. 


Let t = €+7/w, with w chosen large enough that b — 7/w >a. Then 


b—7/w 


b—a/w 
= i g(€ + 1/w) sin(wé +1) dé = — / g( + 1/w) sin(we) dé. 


—a/w a—n/w 
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To maintain t as the variable of integration, replace € with ¢ in the last integral: 
b-1/w 
f= -| g(t + 7/w) sin(wt) dt. 
a-—7/w 
Add this expression for J to the definition of J to write 


b b—1/w 
2t = / g(t) sin(wt) dt — / g(t + 7/w) sin(wt) dt 


—n/w 


b—7/w 
= / [g(t) — g(t + 7/w)| sin(wt) dt 


a—n/w a 
+ / g(t) sin(wt) dt — : g(t + r/w) sin(wt) dt. (1.23) 


—n/w a—n/w 


Because g is continuous on a closed interval [a,b], there is some number M such 
that |g(t)| < M on [a,b]. Then 


. T 
| / g(t) sin(wt) at| <M— 
b—1/w wW 


and 
| / g(t + r/w) sin(wt) at| < M~. 
a-—n/w 


For the remaining integral in equation 1.23, use the fact that g is uniformly 
continuous on [a,b]. Let « > 0. Then there is some 6 > 0 such that 


Le 
la(x) — 9y)| < ge if |e - yl <6. 


Then : 
lg(t) — g(t + m/w) < Zeif = <5, 


Therefore, if w > 7/6, and w is also large enough that b—7z/w >aand Mr/w < 
e/3, we have from equation 1.23 and the bounds just obtained that 


TT vie € € € € 
2Ii<M-+M-+-<-+-41-—-<$e. 
j27| Par ae gaa Se aa 

But then - 
I] <5 <cifw > n/d. 


This proves that 
lim J =0. 


Wo 


Now we must confront the case that g has a finite number of jump discontinu- 
ities in [a,b], say at t < to,< --- < ty. Write J as a sum of integrals, over 
[a, ti], [t1,ta],--- , (te, 6]. By redefining g(t) at the end points of each of these 
intervals, if necessary, we can write J as a finite sum of integrals, each having 
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the same form as J, but each having a continuous integrand. (This redefinition 
of g(t) at finitely many points of [a, b] does not affect the value of the integrals). 
By what we have just shown, each of these integrals has limit 0 as w — ov, 
completing the proof of the lemma. 


1.4.4 Proof of the Convergence Theorem 


We will prove that, if f is piecewise smooth on [—7, 7] and periodic of period - 
27, then the Fourier series of f(x) on this interval converges at x to 


5 (Fla) + f(e+)). 


The argument is essentially the one used by Dirichlet. Use Dirichlet’s formula 
and Lemma 1.1 to write 
sin((N + 1/2)t) 


1 f° 
ON | PO 5 a9) 
Hf fle (o + 1) I) a 


in(t/2) 


2 pe egitenin 


wf f(at+t ees dt — f(t) + f(a) 


dt 


dt — 5 F(e-) + 5 f(e-) 


sin((N + 1/2)t) 1 
ce Se dice = fa 
2 f tpe +8) ~ 1 tet Bie) 
‘Ny sin((N + 1/2)t) 
a t) — eee eee 
+2 f Ue@+)- fen as 
To complete the proof, it is enough to show that each of the last two integrals 
in equation 1.24 has limit zero as N — oo. In this event, we will have shown 


i} 
Sw (a) + 5 (F(e-) + Flat). 

To prove that the last integral has limit zero, let 
f(a +t) — f(et) 

2 sin(t/2) 
Using the fact that f’(x) is piecewise continuous on [—7, 7], observe that 
f(a +t) — f(et) 
t0+ t0 2sin(t/2) 

f(@+t)—flx+) 1/2 
m es eer 
t—0+ t sin(t/2) 
f(a +t) — f(tt) ,, t/2 
2s _ lim ——— 
t+04 t t+0+ sin(t/2) 


= fi(et)-1= f'(e4). 


dt + ; flat). (1.24) 


g(t) = for0<t<m7. 
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Now define 
(0) = f(0+). 


Because f is piecewise smooth on [—7, 7] and periodic of period 27, g is piecewise 
smooth on [0,7]. By the Riemann-Lebesgue lemma, with w = N + 1/2, 


ne 


lim g(t) sin(wt) dt 
W—->CoO 0 
= Jim, f Fee aang (errata 2) 


2 sin(t/2) rae: 


This proves that the last integral in equation 1.24 has limit zero as N > oo. 
By a similar argument, we can also conclude that 


0 é 
jim [fle +t) fle) MA) 


dt2=0, 
N-+00 J_» 2 sin(t/2) 


This proves that j 
lim Sy(r) = 5 (f(z+) — f(x-)), 


N—-oo 


as we wanted to show. 
Problem for Section 1.4 


At points of discontinuity, Fourier series exhibit the Gibbs phenomenon, named 
for the Yale mathematician Josiah Willard Gibbs (1839-1903), who was the first 
to offer an explanation. To see the Gibbs phenomenon in a specific case, let 


—1 for -l<2<0O, 
f(x) = 
1 forO <2 <1. 


This function has a jump discontinuity at « = 0, and the Fourier series of f(z) 
on [—1, 1] converges to 0 there. 

Graph f(x) and partial sums S'y(ax) of this Fourier series, for N = 10, 20, 
40, 60, and 100. You will see the partial sums approach closer to the graph of 
the function for —1 < « < 0 and 0 < x < 1. However, at 0, the partial sums 
appear to exhibit oscillations of a height that do not decrease as x approaches 
0 (even though the length of interval to the left or right of 0 on which these 
oscillations occur becomes shorter). This is the Gibbs phenomenon, and it is 
seen in the convergence of Fourier series at jump discontinuities. 

In the late 18th century, it was thought that, if a series of functions converges 
to a function, then the graphs of the partial sums would vary from the limit 
function by less and less as N — oo. The Gibbs phenomenon showed that this is 
not true in the way it was then understood. The length of interval on which the 
oscillations occur does shorten and tends to zero as n — oo, but the oscillations 
remain at about the same height. 


Chapter 2 


Solutions of the Heat 
Equation 


In this chapter we use Fourier series and a technique called separation of vari- 
ables to solve initial-boundary value problems involving the heat equation on a 
bounded interval or rectangle in the plane. The chapter concludes with proofs 
of properties of solutions of the heat equation, including a maximum principle 
and a measure of how sensitive solutions are to changes in initial and boundary 
conditions. 


2.1 Solutions on an Interval (0, Z| 


We will solve the heat equation on an interval [0, Z] for a variety of boundary 
conditions. 


2.1.1 Ends Kept at Zero Temperature 


The problem is 


Uy = kugz for0< a2 < L,t> 0, 
u(0,t) = u(L,t) = 0 for t > 0, 
u(x,0) = f(x) forO<a< ZL. (2.1) 
This models the temperature distribution u(x,t) in a homogeneous bar of uni- 
form cross section and length, L, if the ends are kept at temperature zero, and 
the initial temperature on the cross section of the bar at x is f(z). 


The method of separation of variables, or the Fourier method, consists of 
looking for solutions of the form 


ula t) =A (2 )T ). 
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Substitute this into the heat equation: 


XT’ = kXx"T. 
Then 
fp wt 
kT) OX 


The left side depends only on t, and the right side only on z, and x and ¢ are 
independent. We could, for example, fix ¢ = to, and then X"(x)/X(x) would 
equal the constant T’(to)/kT (to) for all x in (0, L). Therefore, for some constant 
A, called the separation constant, 


és mt 
— = —=-d. 
kT x 

Denoting the constant —A instead of » is customary. We would, however, obtain 


the same solution using A. 
With the variables separated, we have two ordinary differential equations 


X” +X =0 
and 
T’' + AkT = 0. 


Now use the boundary conditions. First, for all t > 0, 
uO.) = X(T O) =G 


If u(x,t) is not identically zero, then T(t) must be nonzero for some ¢ and 
we conclude that X(0) = 0. Similarly, u(Z,t) = X(L)T(t) = 0 implies that 
X(L) =0. 
Then 
Ke DS OFC (0) =X 0. 


This is the eigenvalue problem 1.17, with solutions 


n? 7? 


UNL 
oe 


X,(x) = sin i 


Put these eigenvalues into the differential equation for T: 


Solutions of this equation are constant multiples of 
T (t) = ene m kt/L? 
nib). = 

For each positive integer n, we now have a function 


Un(Z,t) = X,(t)Tn (t) = sin (=) enn kt/L 
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which satisfies the heat equation and the boundary conditions. Now we must 
satisfy the initial condition u(z,0) = f(x). Depending on f(x), it may not 
be possible to do this with a constant multiple of some u,(z,t), or even with 
a finite sum of constant multiples of these functions for different choices of n. 
Generally, we must attempt a solution 


= S> b, sin (=) enn kt /L? 


n=1 


We need Ss 
_ (NTa 
0) = d. by sin (=) = f(z). 


This is a Fourier sine expansion of f(x) on [0, LZ], so choose 


=z 10s (7) 


With these coefficients, the solution of problem 2.1 is: 


let) = ¥ (; [16 g)sin (* — ic) n (==) ermine ne/ee (2.2) 


Example 2.1 Suppose we have a homogeneous bar of length L, with ends 
kept at temperature zero and initial temperature function 


x for0< a2 < L/2, 


u(xz,0) = f(z) = - for L/2<a2< L. 


We know the solution (equation 2.2) for the temperature distribution u(x,t). 
Compute the coefficients 


9 ph/2 L 
m=z f gsin (“7 ) e+e (DL — gjsin (* | dé 
_ 4L , nn 
~ qe Gy) 
The solution of this initial-boundary value problem is 


4L, 1 TA NTL 2 2 
jt) = = oe ( ) s ( ) nn kt/L" 
u(a, t) aD ap sin {>} sin e 


For example, with k = 1 and L = 7, the solution is 


4 1 . (nm. yee 
u(x,t) = zs S> 72 sin (+) sin(nz)e~” *. 
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Figure 2.1: Temperature profiles in example 2.1 for t = 0,0.05, 0.09, 0.3, and 
0.5. 


Figure 2.1 shows graphs of this temperature distribution at times t = 0, 0.05, 
0.09, 0.3, and 0.5. The temperature decreases from the initial temperature as t¢ 
increases, as we expect in a diffusion problem with no source of energy. We may 
also display the solution as the graph of the surface u = u(z, t) in x,t, u—space. 
This is done in Figure 2.2 forO << a2<aand0<t< 1.7. 


Example 2.2 Suppose the initial temperature in problem 2.1 for a bar of 
length 1 is 
ge) = esin(1z): 


Suppose k = 1. For the solution, compute the coefficients 


1 
2 / g(é) sin(né) a 
7 ee forn = 1, 


ie for n = 2, 3, eee 


The solution is 


—n?77t 


a2 =n 4n(1 + (-1)” 
5 Gael) 


Tn? 13 sin(nx)e 


n= 


Figure 2.3 shows graphs of this solution at times t = 0,0.01, 0.05, and 0.08. The 
temperature is close to the initial temperature at t = 0.001 and then decreases, 
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Figure 2.2: Temperature surface in example 2.1 forO <2 <a and0<t< 1.7. 


0.5 
0.4 
0.3 
0.2 


0.1 


Figure 2.3: Temperature distribution in example 2.2 for t = 0,0.01,0.05, and 
0.08. 
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Figure 2.4: Temperature surface in example 2.2 forO <a <1,0<t< 1/2. 


becoming more evenly distributed throughout the bar as ¢ increases. Figure 2.4 
is a graph of the solution in x2,t,u—space for0 <a <landO<t< 1/2. 


2.1.2 Insulated Ends 


If the ends of bar are insulated, then the flow of energy across the ends is zero. 
This model replaces the boundary conditions u(0,t) = u(L,t) = 0 with the zero 
flow conditions u,(0,t) = u,z(0,t) = 0: 


ty = ee Ine << 6.t > 0, 
tig (0, t) == a, (L,¢) = 0 for t > 0, 
w{z,0) = f(z) for 0 < a < ZL. (2.3) 


Although the boundary conditions have changed, the heat equation is the same, 
and we can set u(x,t) = X(x)T(t), exactly as we did for problem 2.1, to obtain 


X" +X =O and T’ + AkT = 0. 
Now, however, 
tte (0,4) = X"(0)T (4) = 0 for t > 0, 


implying that X’(0) = 0. Similarly, u,(Z,t) = 0 for t > 0 implies that X’(L) = 
0. The problem for X is 


X" +X =0;X'(0) = X’(L) =0. 
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This is the eigenvalue/eigenfunction problem 1.18, so 


nx? 


ae 


The n = 0 case corresponds to the constant eigenfunction Xo(z) = 1. 
Now the problem for T is 


Niger Xai (z) = cos (== ) for n = 0,1, 2,- 


n?n2k 


77 TP =0. 


T’ + 
For n = 0, this has the solution 
To(t) = constant. 


For n = 1,2,---, 
T,,(t) = —e” Pn? kt /L? 


or any constant multiple of this function. 
Now we have functions 


uo(z,t) = constant 


and NTL 2.2 2 
Un(xz,t) = cos (~) erry. 


which satisfy the heat equation and the boundary conditions u,z(0,t) = ug(L, t) = 
0. To satisfy the initial condition, we must generally try a superposition 


1 co 
u(x,t) = 500 + S~ Qn COS (=) eon ee. 
n=1 


We have written the constant term as ag/2 in anticipation of a Fourier cosine 
series. Indeed, for the initial condition, we need 


u(z,0) = Fla) = 50+ Yan cos (F* =), 


which is the Fourier cosine expansion of the initial temperature function on 


(0, L]. Thus choose 
-?[ AAs cos ( * a) dé for n = 0,1, 2,- 


The solution of problem 2.3 is 


L 


ua,t)=—> ff) ae 


L 
| f(€) cos (F i) cos (=) ere. OA) 
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Example 2.3 Suppose a homogeneous bar of length 7 has insulated ends, 
and k = 4 for the material of the bar. Suppose the initial temperature is 


f= 2 for0<a< 7/2, 


50 for 7/2<a<q7. 


For the solution, compute 


--| 50 d£ = 50 


WT Ix /2 


and, for n = 1,2,---, 


i= a [ 50 cos(n€) dé 


W Ix/2 
100 
eae 2). 
a sin(n7/2) 
The solution is 
= (100 2 
t)=25-S° ( —si 2 eae 
u(a, t) 2 (= sin(na / ) cos(nx)e 


Figure 2.5 shows this temperature distribution at times t = 0, 0.003, 0.025, 0.097, 
0.038, and 0.5. The temperature starts out near the initial temperature (an 
approximation to the initial temperature by a partial sum of 150 terms of the 
cosine expansion). For 7/2 < x < 7, it decreases as t increases, appearing to 
level off and approach the steady-state value 25, which is the limit of u(x,t) as 
t > oo. Figure 2.6 is a graph of the solution as a surface in x,t, u—space for 
O<a2<7,0<t<15. 


2.1.3 Ends at Different Temperatures 


We will solve the problem 


Ut = kuz, forO<x< L,t>O0, 
u(0,t) = 7, u(L,t) = 7 for t > 0, 
u(x,0) = f(x) forO<a< L. (2.5) 
Here 7; and 72 are nonnegative numbers, and we assume that at least one is 
nonzero. The ends of the bar are maintained at different temperatures. These 


are nonhomogeneous boundary conditions. 
Try to separate the variables. If u(x,t) = X(x)T(t), then we need 


u(0,t) = 7, = X(0)T(¢) and u(L,t) =m = X(L)T(t). 


2.1. SOLUTIONS ON AN INTERVAL (0, L] AT 


50 


40 
30 
20 


10 


5x 
2 8 


3x 
4 


7x 
8 


ala 


3x 
8 


oa 


Figure 2.5: Temperatures approaching the steady-state temperature as ¢ in- 
creases in example 2.3. 


Figure 2.6: Temperature surface in example 2.3 forO <xa<a7,0<t<1. 
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These would force T(t) to be constant for all t, an unrealistic conclusion. 

We can overcome this difficulty by changing the temperature function to 
define a new initial-boundary value problem with homogeneous boundary con- 
ditions, and that we know how to solve. The trick is to do this so that the 
solution of the new problem leads to the solution of the original problem. 

To this end, put 

u(x,t) = U(a2,t) + p(z). 


Substitute this into the heat equation to obtain 
Ut = U; = kts = ks ae w'(x)). 
Then 
Uz = kUz, + kw" (zr). 


This will be the standard heat equation U; = kUz, for U(x, t) if kw” (x) = 0. 
For this we need 
w(xz) = Cr+ D. 


Now look at the boundary conditions to get a standard problem 2.1 for 
U(a,t). First, 
u(z,0) = 7 = U(0,t) + ¥(0), 


and this will give us U(0,t) =0 if (0) = 7. Then 
w(0) = p= T1; 


SO 


Y(x) = Car + 74. 


Next, 
u(L,t) =12 = U(L, t) aa W(L), 


and we will have U(L,t) = 0 if 
w(L) =CL+7 =7:. 
Thus choose ; 
C= FA — 7;) 


to obtain 


1 
(xz) = FAS oF Ty )x ies 
Now the problem for U(z,t) is 


U, = kU, for 0< 2 < Lt > 0, 
U(0,t) = U(L,t) = 0 for t > 0, 
U(x, 0) rs u(z, 0) — (x) 


eee a(n eee 
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This problem for U is just problem 2.1, which has the solution 2.2. Once we 
know U(z,t), u(x,t) = U(z,t) + w(x) is the solution of the original problem. 
The only price we paid for this conversion of the given problem to a simpler 
one is that the initial condition is changed. The initial condition for U(z,t) 
is the original initial temperature function of the original problem, plus a new 
function we invented to simplify the boundary conditions. 

The solution 2.2 for U(z,t) is 


foe) 
U (08) = J by sin (AEE) erm 
n=1 


where 


b= = i ° (4 -F(n-n)}é- n) sin (=) dé 
2[ f(€)sin (77) dé +2 (reas | 


1 
u(x,t) = U(az,t)+ FASE —™])x£+74. 


Finally, 


We may interpret this solution as a decomposition of the temperature distribu- 
tion u(x,t) into a transient part U(z,t), which decays to zero as t > co, and a 
steady-state part ~(x), which is independent of time: 


Jim u(2,t) = ¥(2). 


This type of decomposition is commonly seen in physical systems. For example, 
the current in an RLC circuit can be written as the sum of a transient part, 
which decays to zero with increasing time, and a steady-state part, which is the 
limit of the solution as t + oo. Solutions of mixing and other types of diffusion 
problems also exhibit this type of behavior. 


Example 2.4 Solve the problem 


Ut = TUze for0O< 24 <5,t>0, 
u(0,t) = 1,u(5,t) = 4 for t > 0, 


io =fe= 3-2 for 0 < 2 <3, 
a ~ )10(2—3) for3<a<5. 


Following the discussion, with 7; = 1 and 72 = 4, set 


w(gst) =U (a,4) ++ oa +1, 


50 CHAPTER 2. SOLUTIONS OF THE HEAT EQUATION 


where U(z,t) is the solution of 


Ue= (Uy Ion 0 Ge SO, 
UO t= (54) 0 for2 = 0; 


CeO Ce a 2 


7 _ j2-3e for 0: < <3; 
Bey he oes oe for 3 — =< 5: 


We know that the solution of this problem for U(z,t) is 


= NTL 
£) = Sig sin (ZZ) othr, 
n=1 


where 
Df? NTX 
ae | U(6,0)sin ("Z") ag 
2 nT€& 
“5 if, (2- ah (5) a 
2 nTE 
+f (- oe wh (5) a 
—110 sin( (3nm/5) 32 yn 
Sr anes ae 
Then 
ets a +1 
4 >. (= Sinn) 4 _ eS =(-1)") Sn (=) eT nen t/25- 


n=1 


Figure 2.7 shows the temperature distribution at times t = 0 and t = 0.003. 
Here the distribution at t = 0 is an approximation made by taking the 200th 
partial sum in the series solution. Figure 2.8 shows this distribution at times 
t = 0.005, 0.07, and 0.09. These show the temperature decreasing toward the 
graph of the straight line u = 34 +1, which is the steady-state limit of u(z, t) 
as t + oo. Figure 2.9 is a plot of the surface forO <2 <5 and0<t< 1.5. 


2.1.4 A Diffusion Equation with Additional Terms 


Some models of diffusion processes include additional terms in the heat equation 
to allow for other effects. If we include terms proportional to u and uz, then a 
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Figure 2.7: Comparison of the solution at ¢ = 0 and at t = 0.003. 
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Figure 2.8: Graphs of (approximate) solutions at t = 0.005, 0.07, and 0.09. 
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Figure 2.9: Temperature surface forO <x <5,0<t< 1.5. 


typical problem can have the form 
Ut = kugyz + Auz + Bu forO<2< L, 
u(0,¢) =a(L,¢) = 0 fort > 0, 
ula, 0) = f(a) for 0 < aL. 


If we attempt a separation of variables u(x,t) = X(x)T(t), we find that the 
variables do separate, but the problem for X is 
A B 


BOP EX 4 (; 4 A) X =0;X(0) = X(L) =0. 


This is an unpleasant problem to solve for the eigenvalues and eigenfunctions. 
Here is another approach. In the spirit of the preceding section, we will show 
how to transform this problem to another one we have already solved. Let 


u(x,t) = e®*+Fty(z, t) 


and choose a and £ to obtain a familiar problem for v(z,t). Substitute u(z, t) 
into the partial differential equation. After some routine computation, we obtain 


Ut = kUzg + (2ka + A)vz + (ka? + Aa + B— B)v. 


From this formulation, we can choose a and £ to obtain a standard heat equation 
uv, = kvzz for v. We need 


2ka+A=0 and ka? + Aat+ B-—B=0. 
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Solve these to obtain 
and 


Then vw; = kuzz. Next, 
u(0,t) = e?*v(0,t) = 0 


implies that v(0,t) = 0. Similarly, v(Z,t) = 0. Finally, 
a(e;, 0) =e", 0) = ff) 
implies that 
ole Oa e 7" fx): 
The problem for vu(z,t) is 
Ue = hi for <a Get 0: 
v(0,t) = v(L,t) = 0 for t > 0, 
u(z,0) =e f(x) forO<a< L. 


The solution of this problem is 
- NTZ 2 2,472 
,t)= b.. si ( ) —ninkt/L 
v(a, t) Ze nsin({ —— Je 
where 


9 fh 
= a e % f(€) sin (=) dé. 


The solution of the original problem is 
u(x, t) = e**Fty (x, t), 


with a and / found in terms of k, A, and B. 

We will give an application of these ideas to a model for the diffusion of 
charges on a transistor. Let h(x,t) be the concentration of positive charge 
carriers at time ¢ and position x on a transistor occupying an interval (0, LZ]. 
Solid state scientists and engineers have shown that h(x,t) is modeled by the 
initial-boundary value problem 


he = k (hax — he) for0<a2<L,t>0, 


L 
h(0,t) = h(L,t) =0 for t > 0, 
KL 
Eee tisha _ ,—a(1—2/L) 
h(a, 0) i (1 e ) for0<a< J, 


with a, k, and K positive constants. 
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We will use the approach just discussed, with A = —ka/L and B = 0. Set 


h(a, t) = e%* tt y(z, t), 


where 
va 
PAP 
and as 
a 
Pe age 


The problem for v is 


Uz = kvgz forO <a < L,t>0, 
v(0,t) = v(L,t) = 0 for t > 0, 


KL 
v{z;0) = ot € — e-at-a/2)) forO0<a< UL. 


The solution of this problem is 


co 
Vet) = S- by, sin (=) ere, 
n=1 


in which 
i 
pf peat (1-0-8) sin (=) dé 
ka 0 i 
_ Shinai e-*) 
ka 4n2x? + a2 ° 
Therefore 
1G ae a ea 
8KL aa = ni . NTL —n2 x2kt/L? 
i eee 
n=1 
Finally, 


h(z, t) = ete /2L e—kart/4L* (7 a 
Figure 2.10 shows the diffusion function decreasing over times t = 0.005, 0.052, 


and 0.37. Here we took L =2,K =2,k =3 anda=1. Figure 2.11 is part of 
the graph of the solution as a surface in 3—space. 


2.1.5 One Radiating End 


Suppose a homogeneous bar of length L with constant cross section has one 
end kept at temperature zero while the other end radiates energy into the sur- 
rounding medium. This medium is also kept at temperature zero. We want the 
temperature distribution u(z,t) of the bar. 
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Figure 2.10: u(x,t) for times t = 0.005, 0.052, and 0.037. 


Figure 2.11: Surface graph for 0 << a2<a7and0<t< 1. 
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This distribution is modeled by the initial-boundary value problem 


Uj; = kupy for 0 <a < Lt > 0, 
u(0,t) = 0,u,(L,t) = —Au(Z,t) for t > 0, 
u(x,0) = f(x) for0O< a < L, 


in which A is a positive constant called the transfer coefficient. 
Separate variables in the heat equation by putting u(z,t) = X(ax)T(t) to 
obtain 
X" + AX =0,T' +AkT = 0. 


Because u(0,t) = X(0)T(t) = 0, X(0) = 0. Next, 
X'(L)T(t) = —AX(L)T(t), 
so, assuming that T(t) is not identically zero, 
X'(L) + AX(L) =0. 
The problem for X is 
X" + \X =0;X(0) = 0, X’(L) + AX(L) =0. 


This is not one of the standard eigenvalue problems 1.17 or 1.18 that we have 
solved. The difference is due to the radiating end condition, which is unlike 
conditions we have seen in other problems. Consider cases on A. 


Case 1. 1=0 
Now X(z) = cx +d. Then X(0) = d=0, and 
X'(L)+ AX(L)=c+AcL = 0. 
If A > 0, this requires that c = 0, so this case has only the trivial solution. 
Case 2. \ < 0 
Write \ = —a? with a > 0. Then 
AG j= ce" des 


Because 
X(0)=c+d=0, 


c = —d, so 
X(x) =c(e%* —~ 67). 


The radiation condition at L now becomes 


ca (eo + e~°*) = —Ac (eo = gor} 
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| 
| 
| 
I 
Figure 2.12: First two intersections of y= —w/AL with y = tan(w) for w > 0. 


For a nontrivial solution, we need c 4 0. But in this event, we can divide by c 
to obtain 
a (eo A. es) ey | (eo = ee) : 


Since e e~° > 0, the left side of this equation is positive while the right side 
is negative. This is a contradiction, so the assumption that c # 0 is untenable 
and this case yields only the trivial solution. 


aL 


Case 3. A>0 


Write \ = a? with a > 0. In this case, 
X (x) = ccos(az) + dsin(az). 


Because X(0) = c = 0, we are left with X(x) = dsin(az). Now the radiation 
condition is 


dacos(aL) = —dAsin(aL). 
If d = 0, we are out of cases without a nontrivial solution. The other alternative 
is to suppose d # 0, in which case we must have 
sin(aL) 
cos(aL) 


ay 
= tan(aLl) = ——. 

(aL) =-4 
This equation must be solved for a. The difference between this and other 
eigenvalue problems we have seen (requiring, for example, zeros of the sine 
function), is that it may not obvious whether this equation has positive solutions 
for a, or what these solutions are. 

Look at the problem graphically. Let w = aL. Then 
1 
tan(w) = —-——w. 


AL 


Figure 2.12 shows part of a graph of y = tan(w) for w > 0 and the line 
y = —w/AL. There are infinitely many disjoint branches of the tangent function, 
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and each of these intersects the line y = —w/AL in a point with a positive first 
coordinate. Let these positive first coordinates be w1,we,-::. Then a, = 
wr/L for n = 1,2,---. Given A and L, these numbers have to be computed 
numerically. The eigenvalues of this problem are 
2 
w 
Nee 72 tor’.= 1,2. 


Corresponding eigenfunctions are 


Xn(x) = sin(a@y,Zx) = sin (=) 


This is a far cry from eigenvalues and eigenfunctions encountered with ends kept 
at temperature zero or with insulated ends. There we found the eigenvalues 
by solving an equation sin(aL) = 0, which results in the familiar expression 
a = nn/L. With a defined implicitly by Atan(aL) = —a, there is no such 
simple formula for solutions for a. 

We can, however, proceed to an approximate solution for u(a, t) with the fol- 
lowing observation. Work with the eigenfunctions X,(x) = sin(w,2/L). With 
An = w2/L?, the problem for T is 


k 2 
T' + PT =0, 


with solutions that are constant multiples of 
T, (t) = eo kwnt/L? 
Formally, then, for each positive integer n, we have a function 


Un(z,t) = sin (=) eT hwnt/L" 


This is similar in form to previous problems in which we had a = nz/L. Forging 
ahead, write 


CO 
— Ds, Cyitin (st) 
n=1 
CO 
= S° Cr, Sin (= 
7 L 
n=1 
We must choose the coefficients so that 


uUL0) = fa) Yee sin (= =). 


This is a series of sines, but not a Fourier sine series. However, we will attempt 
an informal calculation like the one carried out in Chapter 1 to find Euler’s 


) ew t/L* 
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formulas for the Fourier coefficients. Multiply both sides of this proposed series 
by sin(w,x2/Z) to obtain 


CO 


f(x) sin(wpx/L) = S> Cn Sin(Wynxz/L) sin(wpx/L). 


n=1 
Integrate both sides of this equation: 
L rE 
/ f(a) sin(wpx/L) dz = Sep i sin(w,2/L) sin(w_x/L) dx 
0 pais 0 


Now look at the terms 
i 
/ sin(w,2/L) sin(w,px/L) dx when n ¢ k. 
0 
A straightforward integration yields 


L 
/ PCR Tene Ae 


DL 
eae (Wn Cos(Wy) sin(wp) — wz sin(wp ) cos(w,)). 
k n 


The numerator in this expression can be written 
cos(Wn) cos(wr) [wr tan(w,) — wz tan(wy)]. 


Now recall that 


tan(w,) = a and tan(wr) = oar 
Then 
L 
[ sin(w,2/L) sin(w,x/L) dx = 
= cos(Wn,) cos(wz) |—w age aes wear | = 0 
ifn A~Ak. 


This is just like the orthogonality relationship that Euler used in obtaining 
the Fourier coefficients. In view of this, every term in the summation of the 
integrals is zero except the n = k term, and we obtain 


L L 
Re CiCreaiat ore / sho uge/ Das 
0 0 


Then 
ie: (x) sin(w,x/L) dx 


i; sin?(w,x2/L) dx 
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Upon carrying out the integration in the denominator, we have 
2wr {- f(x) sin(w,x/L) dx 
Cc. = | —— | 
L Wr — cos(wz) sin(wz) 


This suggests that the solution of the problem is 
— Wnt 2 2 
u(z,t)= YS en,sin (=) aa eee 
(x, t) 2 nsin (> 


in which we use the formula derived for the c,,’s. 

Given A and L, we can approximate the first few terms of the solution as 
closely as we like. As an example, first solve the eigenvalue equation numerically 
to approximate wy), W2,-::ws. With A = DL = 1, we get 


W 1 © 2.028757838, we + 4.913180439, ws = 7.978865712, 
wa © 11.08553841, ws ~ 14.2073673. 


Take f(x) = x. The coefficients in the series solution are 


ie x sin(w,2x) dz 


Ck = 2w 
«we — cos(w,) sin(w x) 


Insert the approximate w;’s and perform numerical integrations to obtain 


C1 © 0.7291747434, co + —0.1561635161, cz ~ 0.06144180676, 
ca © —0.03215845050, cs ~ 0.01967069622. 


The approximate solution is 


u(x, t) = (0.7291747434) sin(2.028757838x)e~0-7291747434k+ 
— (0.1561635161) sin(4.913180439x)e~ 4(4-919180439) kt 
(0.06144180676) sin(7.9788657 12a) e~ 9(7- 978865712) kt 
— (0.03215845050) sin(11.08553841 ae (16)11.08553841k¢ 
+ 0.01967069622 sin(14.2074343673a)e~ (25) 14.2074343673kt 
Problem 17 for this section provides another example in which the eigen- 


functions are not the usual sines and cosines that form the basis for Fourier 
expansions. 


Problems for Section 2.1 


In each of problems 1-7, solve u; = kuz, with the given boundary and initial 
conditions. 


1. u(0,t) = u(1,t) = 0 for t > 0; u(x, 0) = sin(ax) forO< a2 <1. 


2.1. 


10. 


11. 


12. 


oN ODO oO FP WwW WD 


SOLUTIONS ON AN INTERVAL (0, L] 


. u(0,t) = u(3,t) = T for t > 0;u(z,0) = T for0< 2 <3. 
uz(0,t) = uz(4,t) = 0 for t > 0;u(xz,0) = 2? forO< a2 <4. 

. u(0,t) = u(2,t) = 0 for t > 0; u(z,0) = sin(zx) for0< a4 <2. 

tig (0,4) = ug(6, 4) = 0 for t.> 0;2(2;0): =e 7 for 0 <:2:-< 6, 

. u(0,t) = 3, u(5,t) = V7 for t > 0; u(z, 0) = x? forO <2 <5. 

. Uz(0,t) = ug (L,t) = 0 for t > 0; u(z,0) = L—2? forO<2< L. 

. Solve 


Ut = TUzy for O< 2 <5,t>0 
u(0,t) = 1,u(5,t) =4 for t>0 
u(z,0) =e” for O0< a2 <5. 


Graph the solution for selected values of t. 


. Solve 
Utt = DUge forO< a2 < 4,t>0, 
u(0,t) = 0, u(4,t) = 12 for t > 0, 
u(x,0) = 27(4—2) forO<2 <4. 
Solve 


Ut = huge — huz for 0<x<L,t>0 
u(0,t) = u(L,t) = 0 for t>0 
u(z,0) = f(x) for O0<a< ZL, 
in which h is a positive number. 


Solve 


Ut = 4Uzz — 2uz for O<x2< L,t>0 
u(0,t) = u(L,t) =0 for t>0 
u(z,0)=1 for 0<a2<L. 
Graph the solution for some values of the time, with L = 7. 
Solve 
Ut = Uge — Guz for O< x<7,t>0 
u(0,t) = u(a,t) =0 for t>0 
u(z,0) = sin(x) for O0< 2< 7. 


Graph the solution for selected values of t. 
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13. 


14. 


15. 


16. 


17. 
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Solve 


Ut = kuge — hu for O0<xr< L,t>0 
u,(0,t) = uz(L,t) =0 for +> 0 
u(z,0) =2—27/L for O<2< L, 


in which h is a positive constant. 
Solve 


Ut = 4Uzz — 8u for O< x < 2a,t > 0 
us. (0;t) =, (2051). = 0 for t>0 
u(z,0)= 22a — 2) for 0< a < 2x. 


Generate some graphs of the solution for selected values of t. 
Solve 


t = k(ugg — 3u, + 2u) for O< xr<L,t>0 
u(0,t) = u(L,t) =0 for t >0 
\= f(x) for 0 <4 < £, 


A thin, homogeneous bar of length L has insulated ends and initial tem- 
perature B, a constant. Find the temperature distribution in the bar. 


The problem 


ut = kuge for O< tx < L,t>0 
0.) = (ba) = 0 for tS 0 
u(2-0) = 7 (x) for 0 <a <L, 


models heat conduction in a bar of length L with the left end kept at 
temperature zero but with an insulation condition on the right end. Using 
separation of variables u(x,t) = X(x)T(t), show that the problem to solve 
for X is 

X" +X =0; X(0) = X"(L) = 0. 


By considering cases on A, show that this problem has eigenvalues 


a (2n — 1)?x? 
"AL? 
for n = 1,2,---, and corresponding eigenfunctions 


oan (S| | 
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For each 4,,, show that corresponding solutions for T’ are constant multi- 


ples of 
T (t) a e7(2n-1)? a7 kt /4L? 


Show that for n = 1,2,---, the functions 


ee _ ( (2n—1)ra —(2n—1)? 97? kt/4L? 
Un(x,t) = by, sin ( 5 e 


are solutions of the heat equation satisfying both boundary conditions. To 
satisfy the initial condition, attempt a superposition 


foe) 
(2n —1 
=e nsin (| nm | eo (20-1)? x? kt/4L? 


We require that 


ew =o sn(' (2n (One) | 


Explain why this is not a Fourier sine expansion of f on [0, L]. However, 
it is an expansion of f in a series of eigenfunctions of a boundary value 
problem for X. Show that 


if ti (Ce 5p") ee (On oe) Fad 


if n and m are distinct positive integers, and derive a formula for the b,,’s 
by reasoning informally as in the problem with one radiating end. 


18. A thin, homogeneous bar of length L has initial temperature equal to a 
constant, B, and the right end (x = L) is insulated while the left end is 
kept at temperature zero. Find the temperature distribution in the bar. 


19. A thin, homogeneous bar of thermal diffusivity 9, length 2 cm, and insu- 
lated sides has its left end maintained at temperature zero while the right 
end is insulated. The bar has an initial temperature given by f(x) = 2°. 
Determine the temperature distribution in the bar. Calculate lim;_,., u(z, t). 


20. Suppose that we have a long, thin, homogeneous bar of length L, with 
sides poorly insulated. Heat radiates freely from the bar along its length. 
Assuming a positive transfer coefficient A and a constant temperature, T, 
in the surrounding medium, the equation for the temperature distribution 
is 


ut = kuz, — A(u—T). 


Assume insulated ends and an initial temperature of f(x). Solve for 
u(x,t). Hint: Letw=u-—T. 
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21. Solve 


uz = kuz, for —L<a<L,t>0 
u(—L,t) = u(L,t), uz(—L,t) = uz(L,t) for t > 0 
ule,0)= fla) for 0< a < f, 
This initial-boundary value problem models heat conduction in an insu- 
lated wire of length 2L, which is thought of as bent into the form of a ring, 
with the ends joined. The boundary conditions identify the points (—L, t) 


and (L, t) in the sense that the temperature and flux at these points are 
the same. This problem is known as Fourier’s ring. 


22. Let u be a solution of the heat equation 
tie = kn, for 0 < 2 < L.t > 0, 
Let 0<a<6< L. Prove that for any positive t, 


d f?l 2 b e 2 
— | -u(a,t)*dr = kuu,z|? — | kuz(a,t)* dz. 
dt J, 2 ' 

This is the analogue for the heat equation of the energy integral defined 
previously for the wave equation. Hint: Multiply the heat equation by u 
and integrate both sides from a to b, applying integration by parts where 
appropriate. 


2.2 A Nonhomogeneous Problem 
Consider the nonhomogeneous initial-boundary value problem 


ut = kug, + F(x,t) forO<a2< L,t>0, 
u(0,t) = u(L,t) = 0 for t > 0, (2.6) 
u(z,0) = f(@) for 0 <4 <L. 
This is nonhomogeneous because of F'(x,t), which can account for a source of 


loss of energy within the medium. 
In the case that F'(z,t) = 0, this is problem 2.1, with a solution 


fore) 

7 NTL =) 22 2 
5 ‘basin (==) nin kt/L 
n=1 


in which the 6,’s are the Fourier sine coefficients of the initial temperature 
function on the interval. 
This suggests that we attempt a solution of the present problem of the form 


ule. t) = ST, (t) sin (=) (2.7) 
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Now focus on determining the functions T;,,(t) so that 2.7 is a solution of 
the problem. The strategy is to determine an ordinary differential equation for 
SEN CAR 

If ¢ is fixed, then equation 2.7 can be thought of as a Fourier sine expansion 
of u(x,t), as a function of x, on [0, LZ]. From this perspective, T,,(¢) is the nth 
Fourier sine coefficient of u(x,t) on [0,Z]. Of course, we do not know u(z,t) 
yet, but at least formally, this Fourier sine coefficient would be 


La) = I i u(€,t) sin (2) dé. (2.8) 


Assume that, for any t > 0, F(z,t), as a function of x, can also be expanded 
in a Fourier sine series on (0, L}: 


— NTL 
F(z,t) = B B,,(t) sin (=) (2.9) 
where this coefficient (which depends on the choice of t), is 
ZL 
B,(t) = “ / F(€,t)sin (“= dé. (2.10) 
0 


Assuming that we can differentiate equation 2.8 under the integral, we have 
9 pl 
Lt) = al uz(€, t) sin (3) dé. (2.11) 
L Jo L 
Substitute uz = kuz, + F (x,t) into equation 2.11 to obtain 


L 
T= > a ten (E,t) sin (*Z) a+ fF) sin (*#) dé. 


In view of equation 2.10, this is 


T!(t) = = [ ace nan (7) dé + B(t). (2.12) 


Apply integration by parts to the integral term of equation 2.12, using the 
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boundary conditions of the problem at the last stage: 


L 
/ thes (E,t) sin (7) dé 
L L 
aii (“F) welE)] =f usl6, 0 008 (3) dé 


L 
= a) us(E, t) cos (a) dg 
L 


0 
2:2 pa) 
ME by = BE ns 
Substitute this result into equation 2.12 to obtain 
Pay pe 
Ty = ky Tale) + By(t). 

For n = 1,2,---, this is a first-order ordinary differential equation for T,,(t): 

pez 
T(t) + ks Tilt) = By). (2.13) 


We want to solve for T,,(t), chicas to the initial condition 


T,(0) = 2f u(é,o)sin (* | dé 


“4 [100 (%) 4-8 


Equation 2.13 is a special case of 


y’ + p(x)y = q(x), 


which is a linear first-order differential equation. ‘To solve this differential equa- 
tion, multiply it by the integrating factor 


elo P(g) a€ 


to obtain 
a (vel r(é) ‘) — B,, (tele PO 4, 
L 


which can be integrated and solved for y. When this is done with equation 2.13, 
and the initial condition T,,(0) = 6, is used, we obtain: 


t 
T).= / RO Bade Poge ee IE (2.14) 
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Finally, substitute this expression into equation 2.7 to obtain the solution: 


t 
[cteeoie aren) sn 2) 


0 


ues=3> 


n=1 


+57 by sin (=) en kt /L? (2.15) 
n=1 


In calculating this solution for specific F(z,t) and f(x), compute B,,(t) from 
equation 2.10, which can be done because F'(€,t) is given, and then compute 


L 
b= = ¥, f(é)sin (7) dé, 


Example 2.5 We will solve the problem 


Ut = 4Uee +t? cos(x/2) forO<a2<7,t>0, 
u(0,t) = u(a,t) =0 fort > 0, 


AGO 0 for0<a2<7/2, 
25 for n/2<a<r. 


In the notation of the discussion, F(z,t) = t? cos(z/2), k = 4 and L = a. 
Compute the terms appearing in the solution 2.15. 


First, 
2." 8 2 
Batu) = a | t? cos(€/2) sin(n€) dé = aera it. 
Next, 
k 2_2 2 
ll gree er lorye B, (7) dr 
0 
t 
8 2n 2 —4 Ge ) 
ae oe n T) d 
/ r4n2—1° © . 
i —4n?t + 8n4t? +1 — e74n"t 
2 n°n(4n? — 1) 
Finally, 


== f " f(€) sin(né) dé 
= - | 25 sin(n€) dé 


T Sn /2 


oY ate I. 


nT 
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Insert these pieces into the solution (2.15) to obtain 


(ee) 2 
S 1 —4n7t 4+ 8n4t? +1—e74"*)\ 
u(a, t) = (jE sin(nx) 


+50 = (cos(n/2) — (—1)") sin(nx)e~4""*. 


The second term in u(x,t) is the solution of the problem if the source term 
F(z,t) is omitted. Denote this solution u;,(z,t) (h for homogeneous): 


un(z,t) = S- = (cos(n/2) —(-1)”) sin(nz)e4” *. 
n=1 


Then 


uot) =p (est) 


co 2 
1 —4n7t + 8n4t?++1-—e74"7*\ 
“ 2d (ee =H sin(nz). 


This way of writing the solution clarifies the effect of F(z, t) on the diffusion pro- 
cess. Compare graphs of the terms of this solution as surfaces in x,t, u—space. 
Figure 2.13 is up(z,t), Figure 2.14 is u(x,t) — upa(z,t) (just the contribution 
from F(a,t)), and Figure 2.15 is u(x,t), forO <2 <a and0<t< 3. The 
form of F'(z,t) suggests that its effect on the solution becomes greater as t in- 
creases, and this is borne out by comparing the surfaces for the solution with 
and without this term. 


Problems for Section 2.2 


In each of problems 1—5, solve the problem 2.6 with the given information, for 
arbitrary k and L. 


ie Fe) Se) Seb Se). 
23a) =ssm(t) Jia) =. 
3. f(z,t) = cos(x), f(x) = 27(L — 72). 


K for0<2<L/2 

A, le ea ” and = si L). 
(7) ‘. for L/2<a2<L, pad Te) ene 

Dn eet) at flan) ak 

6. Adapt the method of solution of problem 2.6 to derive a solution of: 


uz = huge + F(ax,t) forO<a< L,t>0, 
uz(0,t) = uz(L,t) = 0 for t > 0, 
u(xz,0) = f(x) forO<a< L. 
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f 
ae 
8 


Figure 2.13: up,(z,t) in example 2.5. 


Figure 2.14: u(x,t) — up(a,t). 
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Figure 2.15: u(z,t). 


Hint: Begin with 


nfo # = 5a) +) Ta(t)cos ("="). 


n=1 


Then ; 
TA) if u&, t) cos (=) dé. 
Now write Fe 
F(¢,t) = 5 Ao(t) + d A,,(t) cos (=) ’ 
where 


9 ph 
A,(t) = > / F(€,t) cos (*z ) dé. 
7. Solve the initial-boundary value problem of problem 6 with F(az,t) = at 
and. fia) =I, 
8. Solve 


“yp = KUgy lor Ox<a< £3 > 0, 
u(0,t) = a(t), uz(L,t) = B(t) for t > 0, 
u(z,0)=0 for 0< @ < ZL. 
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Hint: Attempt a solution 


ihe 3 T,,(t) sin (FPS) 


and note the hint to problem 17 of Section 2.1. Let 
, _ (nan : 
a 2L 


T(t) = kAnTn(t) = brit), 


Show that 


where 
bn(t) = = uae na(t) + (-1)""*B(2). 
Solve for T,,(¢), using the en condition T,,(0) = 0. 


9. Solve the initial-boundary value problem of problem 8 with a(t) = 1 and 
Bt) =t. 


10. Solve: 


Ut = kUge + F(az,t) forO< a2 < L,t <0, 
uz(0,t) = a(t), ue(L, t) = P(t) for t > 0, 
u(z,0) =0 forO0<a<L. 


2.3 The Heat Equation in Two Space Variables 
In two space variables, the heat equation is 


This equation models diffusion in a medium described by two independent vari- 
ables, x and y. Sometimes problems involving the two-dimensional heat equa- 
tion can be solved by separation of variables, followed by a Fourier expansion 
in each variable. 


Example 2.6 We will model the temperature function u(z, y,t) for a thin, 
flat, homogeneous plate occupying the region 0 < x < a, 0 < y < 3, if the 
sides are kept at temperature zero, and the initial temperature is given. The 
initial-boundary value problem for uw is: 


ut = k(uze + Uyy) forO< a<ad<y<b,t>0, 
u(x,0,t) = u(z,b,t) = 0 for0<2<a,t>Q0, 
u(0, y, t) = u(a,y,t) =0 for0<y<b,t>0, 
u(x, y,0) = f(x,y). 
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Try to separate the variables, with u(z,y,t) = X(x)Y (y)T(t): 
XYT’ =k(X"YT 4+ XY"T). 


Divide both sides by kX YT to obtain 


fad xX yee 
LT — X + y- 
which we write as yn open 
. aa von - 


The left side depends only on x, the right side on y and t. Because these 
variables are independent, both sides must equal some constant: 


Ce oo 
Then x fh yy" 
y = TA and 75 y =. 
Write these equations as 
ve y” 
X’ Se — +\= —. 
+2 0 and i fe Y 


Because y and t are independent, both sides of the last equation must equal 
some constant: 


Then 
¥" + pY =O and 7’ + (A+ yp)T =0. 


As we might expect, it takes two separation constants to separate three 
variables. 
Arguing as in the one-dimensional case, the boundary conditions imply that 


X(0) = X(a) = 0 and Y(0) = Y(b) = 0. 
The problems for X and Y are 


X" +X =0;X(0) = X(a) = 0, 

and 

Y" + pY =0;Y(0) =Y(b) = 0. 
These have eigenvalues and eigenfunctions 


a nx 
An = Seog AG =— gj (=) 
73 X,(x) = sin - 
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and Bad 
Lm = 5 ¥m(y) = sin (=) ’ 
in which n and m independently take on all positive integer values. 
Now the problem for T(t) is 


nen mr? 
T(t) +k +S )re aig 
With 
n?n2 om? x? 
Onm = az = 2 ] 


the solution is 
Tam(t) = ene 


For each positive integer n and m, the function 
NAL mn 
a 


satisfies the two-dimensional heat equation and the boundary conditions. To 
satisfy the initial condition, we must generally attempt a double superposition 


u(x, y, t) ase - Cranleigh): 


n=l1m=1 


The initial condition requires that 
_ (mr 
u(z,y,0) = 32 Yo cam sin (2 =) sin (*) = F(@,9). 
n=1m=1 


This is a double Fourier series of f(z, y) on the rectangle 0 <2<a,0<y<b. 
We can determine the coefficients cy, by an observation. If y is fixed as any 
number between 0 and b, we may think of u(z, y) as a function of just 2, and the 
last equation is a Fourier sine expansion of this function on (0, a]. To emphasize 
how we want to think about this expansion, write it as 


wear0) = ¥> | eamsin (™F4)| sin (™EE) 


The entire sum in square brackets is the nth Fourier coefficient of the expansion 
of u(x, y,0), as a function of x, on [0,a]. Therefore, 


Looms (FE --[ f(éy )sin ("* *) ae 


In this expression, the integral on the right is a function of y, and on the left is 
its Fourier sine expansion on [0,6]. For any given n, the mth coefficient Cym is 


omni Ef 16s (2) han) 
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This is a double integral over the rectangleO <27<a,0<y<b. 

To illustrate, suppose f(z, y) = z(a—x)ycos(ry/2b), a product of a function 
of x with a function of y. In such a case, the double integral of f(x,y) is a 
product of integrals with respect to x and y. The individual integrals are 


a a? _ {_34)\n 
[sa 2)sin(nné/a) ag = =I 


and 
b 2 m+1 
16b?(—1)™+ 
| ncos(mn/2b) sin(nan/b) dn = ~ (4m? — 1)?” 


Then Crm is 4/ab times the product of these integrals, and we have the solution 


u(x, y) cS 


3 ss 128(—1)™"*1(1 — (—1)")a6 


Nn a3 (4m? _ 1)2 sin(n7z/a) sin(mmy/b)e~ orm **, 


n=1m=1 


Problems for Section 2.3 


1. Solve 


Ut = Urge + Uyy forO<a<7,0<y<7,t>0, 
u(e,0;t)=ule,nt) = O04or0-< 2 < 21,7 > 0; 
u(0,y,t) = u(z,y,t) = 0 for0<y<72,t>0, 
u(x, y,0) = sin(x)y(a — y) forO< a<7,0<y<7,t>0. 


2. Solve 


Ut = Ugg + Uy, forO<2<1,0<y<1,t>0, 
n(O;gst) =U yt): =0 for 0U< y< 1a 0, 
uy(z,0,t) = uy(z,1,¢) =0 forO< a2 <1,t>0, 
u(z,y,0) = K forO<4<1,0<y<l. 


3. Solve 


te = Kee + Ug,) for 0 2 7,0< y < 7,0 > 0, 
u(z,0;t) = ulx,7,t) =O for 0< 2 < 27,t> 0, 
tg (Ovyst) = tala, yt) =O tor. 0 =< y <at> 0 
u(x, y,0) = xcos(x/2)y(a — y) for0 << a<m,0<y<r. 
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2.4 The Weak Maximum Principle 


We will establish an important property shared by every continuous solution 
of the heat equation in one space dimension, regardless of initial and boundary 
conditions. 

From calculus, we know that any real-valued function u(z, t) that is contin- 
uous on the closed rectangle 0 < x < L,0 < ¢ < T must achieve a maximum 
value on this rectangle. This maximum value may occur at any point of the 
rectangle, and may occur at many points (consider, for example, a constant 
function). 

However, we claim that, if u is also a solution of a heat equation uz = kuge, 
then this maximum value is achieved at a point on the lower horizontal side or 
on a vertical side of the rectangle. This is the weak maximum principle for the 
heat equation. 

While the principle says that u(x,t) must achieve its maximum at a point of 
the lower or vertical sides, it does not exclude the possibility that this maximum 
is also achieved at an interior point of the strip. This is why the adjective “weak” 
is used in naming this maximum principle. 


Theorem 2.1 (Weak Maximum Principle for the Heat Equation) 
Let u(x,t) be continuous on the closed rectangle R in the x, t—plane, consisting 
of points (x,t) with 

O0<x<L0<t<T. 


Suppose that uz = kuz, on this rectangle. Then u(z,t) assumes its maximum 
value on R at a point on the base t = 0, or on a vertical side x = 0 or r= L. 


There is a physically based rationale for this conclusion. A solution of the 
heat equation on (0, L] may be interpreted as a temperature distribution in a 
bar of length Z. In the absence of a source of energy, we would not expect the 
temperature in the bar at any later time to exceed either the initial temperature 
(t = 0) throughout the bar, or the temperature at the ends of the bar (x = 0 or 
x= lL). 


Here is a proof of the theorem. 


Proof Let C' consist of points (z,0) with 0 < x < L, and points (0,t) and 
(L,t) with 0 <t <7. These are the lower and vertical sides of R (Figure 2.16). 

We know that, by continuity, u(x,t) must achieve a maximum value M on 
R, and also a maximum Mo on the closed, bounded set C. Because C is part 
of R, then certainly Mo < M. We will show that M < Mo, which will imply 
that M = Mo and prove the theorem. 

Let « = M — M., and suppose that « > 0. Choose a point (2g,to) in R 
such that u(xo,to) = M. Because M —- Mc = € > 0, then (29, to) is not in C. 
Therefore 

O<a<LandO0<t<T. 
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Figure 2.16: u(x,t) has a maximum on a lower or vertical side. 


Define a new function 
€ 


AL? (% = t0)?. 


w(az,t) = u(x,t) + 


Consider w(z,t) at points of C. ForO0<2< L, 
st 
4[? 
=M- Be <M 
— ri : 


(x —a)? <M—-e+—— 7? 


w(x, 0) = u(x,0) + TE 


Similarly, 
w(0,t)< M and w(L,t) < M for0 <t<T. 


But w(2o,to) = u(zo,to) = M. Therefore the maximum of w(z,t) on R is 
at least M and is achieved at some point (21,t,) of R not on C. Because 
0<a,<Land0<t, <7, we must have 


w:(21,t1) > 0 and wez(x1,t1) < 0. 


Then 
w1(%1,t1) — kwWee(a1,t1) > 0. 
But 
E 
ww 01; i) Shwe Bi) = he eis th) = hes (OG = ho 
ke 
~ 572 <0 


This is a contradiction, and we conclude that M = Mc, completing the proof. 


By considering —u(z,t), we can show that a continuous solution of the heat 
equation also achieves its minimum value at a point on the lower or vertical 
sides of R. 
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We will use the weak maximum principle to derive two important properties 
of continuous solutions of the general initial-boundary value problem: 


Ut = kuge + F(a,t) forO<a<L,t>0, 
u(0,t) = g(t), u(L,t) = A(t) for t > 0, 
u(z,0) = f(z) forO<a< JZ, (2.16) 


It is assumed here that f, g and h and F are continuous. 
First we prove a uniqueness result for solutions of this problem. 


Theorem 2.2 (Uniqueness of Continuous Solutions) The initial-boundary 
value problem 2.16 can have only one continuous solution. 


Proof Suppose u; and uz are continuous solutions. Let w = uz — ue. It is 
routine to check that 


w= kwey for0<ax< L,t>O0, 
w(0,t) = w(L,t) = 0 for t > 0, 
w(z,0)=0for0<a2< L. 


Let T > 0 and let R be the rectangle consisting of points (x,t) with 0 < a < 
L,0 <t< TT. The initial and boundary conditions imply that w(z,t) = 0 on 
the lower and vertical sides of R. But w(z,t) achieves its maximum at a point 
of these sides, so w(z,t) <0 on R. 

But w(z,t) also achieves its minimum on R at a point of these sides, so 
w(x,t) > 0 on R. We conclude that w(xz,t) = 0 at all points of R. Because T 
is any positive number, this means that w(z,t) is identically zero, so ui(z,t) = 
ua(x,t) for0 <a < L,t > 0, as was to be shown. 


Finally, we will show that continuous solutions of problem 2.16 depend con- 
tinuously on the initial and boundary data. This means that small changes in 
g(t), h(t) and f(x) result in correspondingly small changes in the solutions. 


Theorem 2.3 (Continuous Dependence on Initial-Boundary Data) 
Let ui(z,t) and u2(z,t) be continuous solutions of the problem 2.16 with, re- 
spectively, initial temperature and boundary conditions f,(x), gi (t),hi(t) and 
fo(x), go(t), ho(t). Let € be a positive number, and suppose that 


|fi(x) — fa(x)| <€ forO<2<L, 
|91() — g2(x)| < € for t > 0, 
|hi(t) — ho(t)| < € for t > 0. 


Then, 
|ui (x,t) — ug(xz,t)| <¢ forO<a2<L,t>0. 
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Proof Let w = u, — u2. Then 


ie = hw, for 0a FS 0, 
w(x,0) = fi(x) — fo(x) for0< a2 < ZL, 
w(0,t) = gi(t) — go(t), w(L,t) = hi(t) — ho(t) for t > 0. 


Let T be any positive number and consider w(z,t) on the lower and vertical 
sides of R:0<a2<L,0<t<T. On the lower side of R, 


Jw(x, 0)| = |f(@) — fa(x)| Se. 


On the left vertical side, 

|w(0, t)] = |gi(t) — ga(t)| Se. 
And on the right vertical side, 

}w(L, t)| = |hi(t) — ha(t)| Se. 


By the weak maximum principle, |w(z,t)| < « on R. Because T can be any 
positive number, then |w(z,t)| <¢forO<a2<L,t>0. 


In particular, solutions for different boundary and initial data will be at least 
as close as these initial data. 

An initial-boundary value problems (such as 2.16) is said to be well posed 
if it has a unique solution and solutions depend continuously on the initial and 
boundary information. Although we have not proved an existence theorem for 
problem 2.16, we have shown that continuous solutions must be unique and 
depend continuously on the initial and boundary conditions. 


Problems for Section 2.4 


1. Fill in the details of the following alternate proof of the weak maximum 
principle. Let 
M = max;, 4) in RUCa, t). 


There is at least one point (zo,t9) in R at which u(x, to) = M. If Mo < 
M, this point is not in C. Denote 


w(t) = u(x,t) — e(t — to), 


with € any positive number. Then w is continuous on R and w(zo,to) = 
u(xo,to) = M > Mc. Choose « sufficiently small that w(xo, to) is greater 
tan the maximum achieved by w(z,t) on C. Then the maximum of w(z, t) 
on R is achieved at a point (2,,t,) not in C. Now reason as in the proof 
of the theorem. 
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2. Prove the following theorem. Suppose 


Ut = kuge for —oo <4 <oo,t > 0, 
u(x,0) = f(x) for — co < & < oo. 


Suppose f(x) is continuous on the whole real line. Let u(x,t) > 0 uni- 
formly in ¢ as x > oo and as x — —oo. Then 


Ju(a,t)| < max|f(z)|. 


Hint: Apply the weak maximum principle on —a < x < a,t > 0, and then 
let a> ow. 


3. Let C be a simple closed curve in the x, y— plane, bounding a region D. 
Formulate and prove a weak maximum principle for the two-dimensional 
heat equation 


ut = k(Usz + Uyy) 
on the three-dimensional region consisting of all (x, y,t) with (z,y) € D 
and 0 <t<T, where T > 0. 


4. Let D be a region of the x, y — —plane bounded by a simple closed curve 
C’. Consider the problem 


Ut = K(Uar + Uyy) + F(a,t) for (x,y) in D,t > 0, 
u(z,y,0) = y(z, y) for (x,y) in D, 
u(z,y,t) = p(x, y,t) for (x,y) on C,t > 0. 
Let y, w and F be continuous. Assuming that this problem has a solution, 


prove that this solution is unique and depends continuously on the initial 
and boundary data. 


Chapter 3 


Solutions of the Wave 
Equation 


This chapter deals with models of wave motion under a variety of conditions, 
including fixed ends, moving ends, forcing terms, and damping effects. We also 
delve into the structure of solutions of the wave equation, continuous dependence 
of solutions on initial and boundary data, and solutions in unbounded media 
and in higher dimensions. 


3.1 Solutions on Bounded Intervals 


3.1.1 Fixed Ends 


Consider a homogeneous string or wire of length L, fixed at its ends. At time zero 
it is displaced and released with a given initial velocity. The initial-boundary- 
value problem for the function describing the wave motion is: 


Un = CUre forO<x<L,t>O0, 
u(0,t) = u(L,t) = 0 for t > 0, 
u(x, 0) = p(x), u(x, 0) = w(x) forO<a< L. (3.1) 
Separate the variables in problem 3.1. Put u(x,t) = X(x)T(t) into the wave 


equation to get 
ATS OXYT 


SO 


Both sides must be constant, because x and ¢ are independent and either could 
be fixed while the other varies in this equation. Therefore, for some » to be 
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determined, 


Then 
X"4)X =0,T" +ACPT =0. 


Reasoning as we did with the heat equation, the boundary condition 
u(0,t) = X(0)T(t) = 0 


implies that X(0) = 0. Similarly, X(L) = 0 and the problem for X is a familiar 
one: 

KPAX = 0X (0) = XL) = 0, 
with eigenvalues and eigenfunctions 


2,2 


nen <. FARE 
GS Fa Xn(z) = sin (=) 
for n = 1,2,3,---. For each positive integer n, the problem for T is 
2-99 
ae 
ce 7 10), 


with solutions 


t t 
T(t) = eg cos (*F ) + dy, sin (* ) . 
For each positive integer n, we now have a function 
niact . ni7ct . (NT 
ti, (e;t) = [on cos ( i ) +d, sin (*) sin (=) , 


To satisfy the initial position and velocity conditions, we must usually write a 
superposition 


ue.t)= S> ti (2, b) 


n=1 


ua n7ct . n7ct ; NL 
= d. e, cos (=) +d, sin (=) sin (=) (3.2) 


and choose the coefficients to fit these conditions. 
From the initial position function, we require that 


iE Oy 2s sin (=) = p(x): 


This is a Fourier sine expansion of y(z) on [0, LZ], so 


eee : i “Oda (3) dé. (3.3) 
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Now turn to the initial velocity condition. Assuming that we can differentiate 
the series term by term, compute 


= t t 
(25) = S- — [cn sin (e ) + dy COs (“*)) sin (=) ; 
n=1 


We require that 


u(x, 0) = > a 1 sin (=) = V(z). 


n=1 
This is a Fourier sine expansion of y(a) on [0, ZL]. However, because of the differ- 


entiation, the constant d, is multiplied by a factor of nac/L in this expansion. 
This product is the entire coefficient in this expansion, so let 


L 
== f ve@sin(7) ae 


= 2 [vesin (8) a (3.4) 


With the coefficients given by equations 3.3 and 3.4, equation 3.2 is the 
solution of the problem. 


This means that 


Example 3.1 Suppose a string has c = 2 and length L = 1. The ends are 
fixed. The segment of string between 1/3 and 2/3 is lifted horizontally, and the 
string is released from rest from that position. We want to describe the ensuing 
motion of the string. 


This is the initial-boundary value problem 


Utt = 4Uzz for0O< a <1,t>0, 
u(0,t) = u(1,t) = 0 for t > 0, 
u(z,0) = v(x), u(x,0) = 0 forO< a2 <1, 


where 
x for 0 <2 < 1/3, 
p(xz)=<¢1/3 for 1/3 <2 < 2/3, 
l-a@ for2/3<a2<1. 


Figure 3.1 is a graph of the string at the time of release, t = 0. 
The solution is given by equation 3.2, with d, = 0 because the string is 
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x 


Figure 3.1: Initial position of the string in example 3.1. 


released from rest. From equation 3.3, 


1 
= 2 f p(€) sin(n7€) d& 
1/3 2/3 
— 2 f €sin(n7€) dé + 2 5 sin(nexé) dé 


1 
+ 2 | (1 — €) sin(n7€) dé 
2/3 


= — (sin(na/3) + sin(2n7/3)). 


The solution is 


CO 
u(x,t) ae 2 da a Zi (sin(n7/3) + sin(2n7/3)) sin(n7z) cos(2nzt). 
17? 2 7? 
Figure 3.2 shows the position of the string at times t = 0.05, 0.1, 1.4 and 1.68. In 
this time frame the wave moves downward from the initial position as t increases. 
The wave at time to is the graph of u(x, to) as a curve in the z,u—plane. The 
influence of the initial position is revealed in these string profiles at times close 
to zero. The wave motion can also be displayed as a surface in x,t, u—space, as 
in Figure 3.3. The intersection of this surface with the plane t = to is the shape 
of the string at this time. 


Example 3.2 Suppose a string of length 1 is not displaced initially, but is 
set in motion at time t = 0 with an initial velocity v(x) = 3(1—2). With c = 6, 
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Figure 3.2: Wave profiles at t = 0.05, 0.1, 1.4, and 1.68 in example 3.1. 


Figure 3.3: Wave surface of example 3.1 in x,t, u—space. 
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0.01 


—0.01 


-0.02 


Figure 3.4: Wave profiles at t = 0.041, 0.053, 0.067, 0.074, 0.081, 0.092, 1.13, 1.18, 
and 1.21 in example 3.2. 


the motion is modeled by the initial-boundary value problem 


Ut = 36uzz forO<x<1,t>0, 
u(0,t) = u(1,t) =0 for t > 0, 
u(x,0) = 0,uz(z,0) = v(x) = 311-2) forO<a< 1. 


Equation 3.2 is the solution, with each c, = 0 because there is no initial 
displacement. From equation 3.4, compute 


ie 1 
dy, = ae (1 — €) sin(n7€) dé = 3,3" 
The solution is 
oe , 
ued) = 3 d. 73 sin(n7z) sin(6nzt). 


Figure 3.4 shows the position of the string at times 
t = 0.041, 0.053, 0.067, 0.074, 0.081, 0.092, 1.13,1.18, and 1.21. 
For t = 0.041 to 0.081, the string is moving to the right and increasing in 


amplitude. For the last three times, the waves are moving downward. Figure 
3.5 displays the wave function as a surface in 3— space. 
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Figure 3.5: Wave function as a surface in 3—space in example 3.2. 


Example 3.3 Consider the problem 


wy = Sue, tor 0 <a <7,t > 0, 
u(0,t) = u(x,t) = 0 for t > 0, 


u(x,0) = 2?(m — x), u(x, 0) = sin(x) forO <a <r. 
This string has length 7 and fixed ends, and is released from the given position 
with the given velocity. Compute the coefficients in the solution: 


n3 


n= = [O(n 8)sin(ng) dé = - (1 + 2(-1)") 
0 


and 
vie 


ee infin a =f" if n = 2,3,4,-+°; 
0 


~ 3nt 1/2 ifn=1. 


the solution is 
a(e¢) = > ati + 2(—1)”) sin(nzx) cos(3nt) + = sin(z) sin(3t). 
, — a 3 


The summation term is the solution with the given initial displacement, but 
zero initial velocity. The other term is the solution with no initial displacement, 
and the given initial velocity. Because this initial velocity is just sin(x), this 
part of u(z,t) is a single term. 

Figure 3.6 shows the shape of the string at times ¢t = 0.013, 0.27, 0.41, 0.57, 
0.74, and 0.91. 

Over these times, the wave peaks move downward. For the last two times 
the graph is entirely below the horizontal. Figure 3.7 displays the solution as a 
surface in 3—space, forO <a<7,0<t<3. 
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Figure 3.6: Wave profiles in example 3.3 at times t = 0.013, 0.27, 0.41, 0.57, 0.74, 
and 0.91. 


Figure 3.7: Wave function as a surface in 3—space in example 3.3. 
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3.1.2 Fixed Ends with a Forcing Term 


If the ends are fixed, but there is an external force acting on the string, then the 
initial-boundary value problem describing the motion can sometimes (depending 
on the force) be solved by a transformation of the problem to one we have already 
solved. Here are two illustrations of this idea. 


Example 3.4 We will solve the problem 


Ut = C7Une + Ae” for0O<a<L,t>O0, 
u(0,t) = u(L,t) =0 for0<a<L,t>0, 
ue, 0) = ola) (a 0) = O ford <a <b, 


The initial velocity is zero and A is a positive constant. 
If u(x,t) = X(x)T(t) is substituted into this wave equation, we obtain 


XT" = X"T + Ae®, 


and it is impossible to separate the variables. 
Try putting 
u(x,t) = v(2,t) + f(a), 


as we did with the heat equation when the ends of the bar were kept at different 
temperatures. Now 


Ute = Vit = C’Uge = C?(Vee + f"(z)) + Ae®. 


This will be a standard wave equation vz, = c?Uze for u(x,t) if we choose f(z) 
so that 


ce? f(x) + Ae* = 0. 
We need 


Integrate twice to get 


A 
f(x) = —2e + Aix + Ko, 


in which K, and Ko have to be chosen to make this method work. 
Now look at the boundary conditions. First, 


u(0,t) = 0 = v(0,t) + f(0) = v(0,t) — 4 + Ko. 


This will allow us to set v(0,t) = 0 if we choose 


A 


Ko=-—. 
C2 
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So far A 4a 
f(z) = ae + Kye+ 2 
Next 
u(L,t) = o(L,t) + f(L) 
Ay, A 
= v(L,t)— ae +KiL +5 =0 
and we can set v(L,t) = 0 if 
A A 
—se" +AyD+ 3 = (): 
C C 


This leads us to set 


We now have 


f(x)=- eS e+ 5 (¢ *_l)a+ 


Finally, look at the initial see i First, 


u(z, 0) a v(z, 0) ite f(z) = p(x), 


Qo] 


SO 

u(x,0) = p(x) — f(a). 
And 

ur(x, 0) =) = vuz(z, 0). 


The problem for u(x,t) is, therefore, 


Vit = C’Ung for 0 <a < L,t>0, 
v(0,t) = v(L,t) = 0 for t > 0, 
u(a, 0) _ p(x) a f(x), ve(x, 0) = 0. 


This problem has the solution 


= t 
i= > Gi sin eS COS (= ) 
n=l 


with ‘ 
2 _ (NTL 
c= Ff (€ ~ F(6))sin (7) a 
The solution of the forced problem for u(x,t) is 


A A A 
u(x,t) = v(a, Dare eg (6 A) aes 
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Figure 3.8: Comparison of unforced and unforced motion at t = 0.2 in example 
3.4. 


For comparison, the solution of the problem with the forcing term Ae” removed 


is 
ug (zt) = S- k, sin (=) cos (=) : 


9) L 
ka = —4 ; (€) sin (77) dé, 


As an example, let c= 2, A =1,L =7, and v(x) = xcos(z/2). Now 


where 


Te Sia 1 
f(z) = — Fe +77 (e —ljet+s. 


Using the notation of the discussion, the coefficients for u(x,t) are 


C= 
a 1 


“7 =a Le Ree ee) 


and, for uo(z, t), 
32n(—1)" 
(2n — 1)2(2n + 1)?7° 
Figure 3.8 compares graphs of u(z,0.2) (upper curve) and uo(z, 0.2) (lower 
curve). Figure 3.9 and 3.10 makes these comparisons for t = 0.6 and t = 0.8, 
in turn. Figure 3.11 is a graph of uo(z,t) as a surface, for 0 < x < m and 


kn = 
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Figure 3.9: Forced and unforced wave profiles at t = 0.6 in example 3.4. 
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Figure 3.10: Forced and unforced wave profiles at t = 0.8 in example 3.4. 
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Figure 3.11: Unforced wave surface uo(x.t) in example 3.4. 


0<t < 2, while Figures 3.12 and 3.13 show v(z,t) and u(z,t), respectively. We 
can compare Figures 3.11 and 3.13 to see the influence of the forcing term on 
the motion, while Figure 3.12 is the solution u(z, t) of the transformed problem 
used to obtain u(z, t). 


The method used with the forcing term Ae*” will work for many forcing terms 
of the form g(x). However, if the forcing term depends on t, a more sophisticated 
approach is needed. We will solve problem with forcing terms P(xz,t) when we 
develop characteristics and d’Alembert’s solution. 


Example 3.5 We will solve the problem 


Ute = C’Uee + K cos(4z) for0 <a <7,t>0, 
n{0,¢) = u(x,t) = 0 for t > 0; 
u(z,0) = p(x) = «(a — x), uz(z,0) = 0 forO< a <z. 


K is a positive constant. 
Let u(x,t) = v(a,t) + f(x). Then 


Ut = Ute = C7Uge = C7 (Veg + f"(x)) + K cos(4z), 


so 
Vit = C?Ung + C7 f" (x) + K cos(4zr). 


This will be a standard wave equation for u(z,t) if cf’ (x) + K cos(4x) = 0, or 


a= 4 cos(4x). 
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Figure 3.12: Solution v(z,t) of the transformed problem in example 3.4. 


Figure 3.13: Forced wave surface u(x,t) in example 3.4. 
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Integrate twice to get 
f(z) = ae cos(4x) + ax + b 
~~ 16¢? 


with a and 6} to be determined to form a tractable problem for vu(z,t). First, 


K 
u(0,t) = 0 = v(0,t) + f(0) = v(0,t) + 1622 + b. 
This will be v(0,t) = 0 if 
= K 
16c? 
So far, 
K K 
ia) 16a cos(4z) + ax — 162" 
Next, 


u(m,t) =0 = v(7,t) + f(x) 


K 
+an — —~ = v(7,t) + a7. 


= vu(m,t) + as 
Ire 16c?2 16c?2 


This will give us u(z,t) = 0 if a = 0, so 


K K K 
Ge G— i622 cos(4z) — 62 = Tecz (c0s(4e) —1). 


From the initial conditions, 
uz(xz, 0) = u(x, 0) = 0 


and 
u(x, 0) = v(a,0) + f(x) = v(2) 
imply that 
v(x,0) = v(x) — f(z). 
The problem for v(z,t) is 


Vin = C’Vee for0<a< r,t > 0, 
v(0,t) = v(z,t) = 0 for t > 0, 
v(xz,0) = v(x) — f(x), (2,0) = 0 forO<a<n. 


This has the solution 


oO 


OG y= ys Cn, Sin(nz) cos(nct), 


n=1 
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Figure 3.14: u(z,0.8) and u(x, 0.8) in example 3.5. 


where 


= [ (oe) ~ #6) sining) ae 
2 K : 
: ih gem ~ &) ~ =F (cos(ae) ~ 1] sing) a 
ines, 
((—1)” — 1) (82c? + Kn? —2(ne)?) ifn #4. 


Cn = 


CESS 16) 
The solution of the forced problem for u(x, t) is 
u(x,t) = u(x,t) + f(z). 


The solution of the problem with the forcing term removed is 


CO 
uo(a#,t) = > c* sin(nz) cos(nct), 


n=1 
where 


2 ; 
== [en —e)sin(ne) ag 


2 (a: 


mn 
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Figure 3.15: u(x, 1.2) and uo(z, 1.2). 


Figure 3.16: u(z,1.6) and uo(z, 1.6). 
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Figure 3.17: u(x,2.1) and uo(z, 2.1). 
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Figure 3.18: u(x, 2.7) and uo(xz, 2.7). 
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Figure 3.19: Unforced wave surface uo(x,t) in example 3.5. 


Figure 3.20: Surface u(x,t) with the forcing term in example 3.5. 
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For example, let K = 16 and c = 2. Figures 3.14-3.18 compare the wave 
profiles u(x,t) and uo(x,t) for t = 0.8,1.2, 1.6,2.1, and 2.7, respectively. In 
each, the forced wave has the larger amplitude. Figure 3.19 is part of the surface 
uo(x,t), and Figure 3.20 is part of the surface u(x,t) forO<a<7,0<t<3. 


3.1.3 Damped Wave Motion 


We will consider the motion of a fixed end string, released from rest after an 
initial displacement, but also acted on by a damping force.. Damping can take 
many forms. We will treat the case that the damping force is proportional to 
the velocity of the string. 

Let the string have length 7. The initial-boundary value problem is 


ute + kup = C7uzz for0< a4 <7,t>0, 
w(O0,t) = ula, 2) ==, 
u(x,0) = p(x), u(z,0) = 0 forO<a<r7. 


Separate the variables by setting u(x,t) = X(x)T(t) to obtain 
XT" +kXT! = 7 X"T. 
Upon dividing by c? XT, we have 


(pu kT’ Xt 
oT er me 


Then 
X" 4+dX =Oand T” + kT’ + APT = 0. 


From the boundary conditions, X(0) = X(a) = 0, so the problem for X has 
eigenvalues and eigenfunctions 


An = n?, Xy(x) = sin(nz). 


The assumption of zero initial velocity means that T’(0) = 0, so the problem 
for T is 
T’ +kT' +n7°T =0;T'(0) = 0. 


To solve for A and T, substitute T(t) = e™ into the differential equation to 
find the characteristic equation 


r?+tkr+n?c? =0. 


The characteristic roots are 


p= ; (-k + k? = 4n2?) 


A general treatment requires cases. We will restrict our attention to the case 
in which the damping eventually kills the motion, but is not so strong that it 
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prevents some oscillations first. Suppose k < 2c. Then k? — 4n?c? < 0 for every 
positive integer n, and the solution for T(t) contains sine and cosine terms 


T,,(t) = e~*/2 (A, cos(anct) + Bn sin(anct)) , 


for n = 1,2,---, where 
An = V 4n2c? — k?. 


The condition T’(0) = 0 requires that 


k 
so k 
B, = —— n 
" 2an 


The solutions for T are therefore constant multiples of 


T(t) =e *t/? (cos(anct + _ sin(anct) : 


Form a superposition of the functions up(x,t) = X,(x)T,,(t): 
16.2) 


— >» bnew kt/? (cos(anct) + a sin(anet) sin(nz). 


= nm 


Finally, choose the coefficients to satisfy the initial position condition: 


u(x,0) = p(x) = = b, sin(nz) 
This is the Fourier sine expansion of v(x) on [0,7], so choose 


pe ie ; 
in == J g(é)sin(ng) ae 
WT Jo 
to complete the solution. 


Example 3.6 Suppose, in this model of damped motion, k = c = 1 and the 
initial position is given by 


1+ 3 (¢-) for0 <2 < 7/3, 
Ola) <41. for a/3 <0 = 2/3; 
1-3 (2-22) for 2n/3<a<n. 


Now 


On = V4n2c? — k? = V4n? -1 
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and 


The solution is 
Ue = 


>, bre '/? (cos( An? — 1t) + sin(/4n? — it) sin(nz). 
n=1 


1 
2V4n? — 1 


If the damping term, ku;, is omitted, the problem is a standard one with 
solution 


itt) = S- by, sin(nx) cos(nt). 
n=1 
Figures 3.21-3.24 compare u(z,t) and uo(z,t) at times t = 0.2,0.5, 2.5 and 
5.1, respectively. Figure 3.25 shows the (damped) solution surface u(x,t), while 


for comparison, Figure 3.26 shows the solution surface uo(x, t) for the undamped 
problem. 


Problems for Section 3.1 


In each of problems 1-11, write the solution of problem 3.1 for the given 
information. Graph wave profiles at a selection of times. 
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Figure 3.22: u(z,0.5) and u(z, 0.5). 


Figure 3.23: u(x, 2.5) and uo(z, 2.5). 
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Figure 3.24: u(#,5.1) and uo(z, 5.1). 
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Figure 3.25: Surface graph of the damped solution u(z,t) for 0 <t < 12. 
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Figure 3.26: Surface graph of the undamped solution uo(x,t) for 0 < t < 20. 


1. (a) = 1 — coa(a), O(a) = 0,c= 3, D= ar 
2, o2) =v) = ec— 2,0 > 1. 

3. (2) = a1 — 2), (ea) = 0,¢e =6,5— 1, 

4, ple) = sin(a), dia) = Oe = 4, b= oz. 

5. win) =), aie) = © * 4 = 3, b= 2, 

6. p(x) = 1—cos(x), ¥(z) =0,c=4,L = 2n. 
{. oie) =sinie), we) — 2,8 = 3,0 =", 

8, pla) = 2° (2 — 2), (2) = 2" c= 5,0 = 2. 

9. v(x) = sin?(x), (x) =1,c=1,L=n7. 

10. v(x) = x(1 — x”), H(z) = cos(z),c = 3, L = 1. 

11. It is interesting to observe the effect of c on the wave motion. Adjust the 
solution found in example 3.1 for the cases that c = 0.2,0.8, 1.5, 3, and 6. 
Graph the solution for each of these values of c on the same set of axes, 
for the times used in the example. What is the effect of c on the motion 
of the string? 


12. Carry out the program of problem 11 for example 3.2. 


13. Carry out the program of problem 11 for example 3.3. 
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14. 


15. 


16. 


ve 


18. 
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Use separation of variables to solve the telegraph equation 
us + Aur + Bu = C7Uz, for0<a«< L,t>0, 
with A, B, and C positive constants. The boundary conditions are 
u(0,t) = u(L,t) = 0 for t > 0, 
and the initial conditions are 
u(z,0) = p(x), ue(z,0) =0 forO<a< L. 


Assume that A*L? < 4(BL? + c?n*). This plays a role in solving the 
differential equation for T(t), which results from separating the variables. 


The current i(z,t) and voltage u(x,t) at time t and distance x from one 
end of a transmission line satisfy the system: 

—VUz, = Ri + Lit, 

—iy = Svut+ Kr, 
where F is the resistance, L the inductance, S the leakage conductance, 
and K the capacitance to ground, all per unit length and all assumed 
constant. By differentiating appropriately and eliminating t, show that 2 


satisfies a telegraph equation (problem 14). Show that v also satisfies a 
telegraph equation. 


Let 0(x,t) be the angular displacement at time t of the cross-section at 
x of a homogeneous cylindrical shell about the x—axis. It can be shown 
that 

64 = 07027 for0O<a2< L,t>0. 


Solve this equation subject to the conditions 
6(x,0) = v(x), 6:(2,0) = 0 forO< a2 < ZL, 
assuming that the ends of the shell are fixed elastically. This means that 
6..(0,t) — a0(0,t) = 0, 6,(0, t) + ab(L,t) = 0, 
for some positive number a. 


In example 3.5, write the solutions for K = 0.4,2.5,5.6,10.2, and 15.1. 
Let c = 2. For each of the times given in the example, graph the solution 
for each of these values of K on the same set of axes. This will suggest 
the effect of this constant on the resulting motion. 


Solve 


Ute = 9Uge + Ax? for O< 2 <1,t>0, 
u(0;t) = u(1,t) = 0 for t> 0, 
ule, 0) S160) = Ofor 0 < <1, 


A is a positive constant. Generate graphs of the wave profile at different 
times, first with A = 1.5, then with A = 5.7 and A = 15.3. 


3.1. 


19. 


20. 


21. 


22. 


23. 


24. 


20. 
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Solve 
Utt = 4Uzz + cos(z) forO<au<7,t>0, 


u(0,t) = u(z,t) = 0 for t > 0, 
u(x, 0) = uw(z,0) =0 for0O<a<z7. 


Generate graphs of the solution at different times. 


Write the solution of problem 19 with cos(ax) in place of cos(x) as a 
forcing term. Choose some values of ¢ and, for each, graph the solutions 
corresponding to a = 0.5,1.2,1.6,2.1, and 2.8 on the same set of axes. 
This suggests the effect of a on the motion of the string. 


Solve 


Ut = Une — 3e ” for0O <2 <2,t>0, 
u(0,t) = u(2,t) = 0 fort > 0, 
u(x,0) = uz(z,0) = 0 for0< a < 2. 


Graph the solution at various times. 


Solve 
Utt = lOUuzgz —€ * for0O< 2 < 3,t> 0, 
u(0,t) = u(3,t) = 0 for t > 0, 
u(z,0) = u(2,0) = 0 for0< a2 <3. 
Solve 
Ute = 9Uzez + 4a forO<ar<1,t>0, 
u(0,t) = u(1,t) = 0 for t > 0, 
u(x,0) = 0,uz(v,0) = 1 forO< a2 <1. 
Solve 


Utt = Ati forO<a< 9,t > 0, 
u(0,t) = 0,u(9,t) = 1 fort > 0, 
u(z,0) = 0,uz(2,0) = 2 forO<2< 9, 
Generate graphs showing the shape of the wave profile at different times. 
Try to solve 
Ut = 4Ugz + t? forO<a2<1,t>0, 
u(O,t) = u(1,t) = 0-for t > 0, 
u(z,0) = ur(z,0) =0 forO<a< 1. 
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26. 


rae 
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Consider the general wave equation 
Ute = CUre + 9(z,t)for0<a2<L,t>0. 


Suppose u(x,t) is a continuous solution with continuous first and second 
partial derivatives. Prove that 


afd 
dt J, 2 
if0<a<a<b<Landt>0. Hint: Multiply the wave equation by u:, 


integrate the resulting equation from a to b, and use integration by parts 
on one of the resulting integrals. It will also be useful to notice that 


b 
(u? + c?u2) dz = uur], + f guy dt 
a 


UrUtt = TA 


with a similar relationship for u,uzt. 
Assume that the problem 


Ut = C7Ure + f(z,t) forO<a2< L,t>0, 
uz(0,t) = A(t), uz(L, t) = B(t) for t > 0, 
u(x,0) = v(x), u(x, 0) = d(x) forO<ar< ZL 


has a solution. It is assumed that f, A,B, yp and w are continuous. Show 
that this solution is unique. Hint: Suppose there are solutions u and v 
and let w = u—v. Determine an initial-boundary value problem satisfied 
by w. Let 


1 L 
E(t) = 5 } Ge avin ds 


for t > 0. Calculate E’(¢), using an integration by parts on the term 
involving wz;, and show that E’(t) = 0, hence that E(t) is constant. 
Finally, show that this constant must be zero to conclude that w? + c?w2 
is identically zero. Use this to show that w(z,t) = 0. 


In each of problems 28-32, write the solution for damped wave motion (fixed 
ends of the string, released from rest), for the given information. 


28 


29. 
30. 
Sl. 
32. 
33. 


k= le=5,0l2) =sin(a), 
k=1/2:6=>2 0a) = @e0s(@/ 2). 
R= 1je=]4,o(7) = @sin(z). 

b= 2,6 =4,0(2) 

k= VW Ae=1,G@) =—2an =a)". 


= 27(7 — 2). 


Redo problem 28 with k left unspecified. For a particular time, graph 


the solution for k = 5; i; T 2, 1 to get some sense of the impact of the 
damping term on the solution. Try this for a selection of other times. 
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3.2 The Cauchy Problem 


Jean-Baptiste le Rond d’Alembert (1717-1786) was the illegitimate son of a 
French artillery officer and a well-known author. He was left on the steps of 
the Saint-Jean-le-Rond de Paris church, and his name is after the patron saint 
of that church, by custom of the time. He was later adopted, and his paternal 
father paid for his education. 

d’Alembert left his mark on mathematical physics by obtaining a transfor- 
mation that reveals the structure of solutions of the wave equation and provides 
a powerful method for solving problems in wave motion, including some beyond 
the reach of separation of variables. 

Begin with the standard wave equation 


_ 22 
Ute = C Ure: 


The lines x — ct = ky and x + ct = ko, with k; and ke arbitrary constants, are 
called characteristics of the wave equation. Using these, define a transformation 


E=2-ced,n=2+ct 


from the z,t~—plane to the €,n—plane. This transformation is one to one, 
which means that it defines a unique correspondence sending each point in the 
x,t—plane to exactly one point in the €,7—plane, and conversely. The inverse 
transformation is 


1 1 
L= gStn).t= 5067 — §): 


If we substitute these into u(x,t), we obtain a function of € and 7: 


U(E,m) = u(x(E, 7), t(f, 0). 


Using the chain rule, compute the partial derivatives 


te = UE, + ON = OF: + U,, 
Une = (Uge + Ven) + (Une + Unn) = Ugg + 2Uen + Unm, 
up = Ug(—c) + Un (c) = c(-Ug + Up), 
ute = —c(Uge(—c) + Uen(c)) + c(Une(—e) + Unn(c)) 
= CU se = 2c?Uen + omg Dies 
In terms of the new variables, the wave equation transforms to 
Utt — Ure = 0 = 4c? Ven, 
or 
Uen = 0. (3.5) 


This is the canonical form of the wave equation (see problems 7-12 of Section 
1.1). Now follow a line of reasoning developed by d’Alembert in the 1740’s. 
Write equation 3.5 as 

(Un )e = 0. 
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This says that U,, is independent of € and hence is a function of 7 only, say 
Ue = wy). 


Integrate this with respect to 7: 


U(én) = [ Uan= f w(n) an + FE) 


The constant of integration with respect to 7 may be a function of €, because 
such a function has partial derivative zero with respect to 7. Now f w(n) dn is 
just another function of 7, say G(7). We conclude that U(€,7) must look like 


U(é,n) = F(E) + G(n), 


in which F and G can be any functions of a single variable, having two contin- 
uous derivatives. 

Because € = x — ct and 7 = x + ct, we reach the important conclusions for 
functions defined for all real z and for t > 0: 

1. Any continuous solution of uz = c?uzz must be a sum of a function of 
x — ct and a function of x + ct, 


u(x,t) = F(a — ct) + G(x + ct), (3.6) 


for some twice continuously differentiable functions F' and G of a single variable. 
2.Conversely, if F are any G are continuously differentiable functions of a 
single variable, then 


u(x,t) = F(a — ct) + G(x + ct) 


is a solution of uy = C?Ure- 


3.2.1 d’Alembert’s Solution 


The first problem we will solve using this observation is called the Cauchy prob- 
lem for the wave equation on the real line: 


Ut = C’Urz for —00 <4 <w,t>0, 
u(x,0) = v(x), ur(x, 0) = (x) for —- co <4 < oO. (3.7) 


This problem is posed on the entire real line, so there are no end points and 
no boundary conditions. We will write a solution for this problem in terms of 
the initial position and velocity functions. Begin with the fact that u(x,t) must 
look like 

u(x,t) = F(a —ct)+ G(x + ct). 


The idea is to use y and w to choose F and G to produce a solution satisfying 
given initial conditions. First, 


u(z,0) = F(x) + G(z) = y(z) (3.8) 
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and, by chain rule differentiations, 
uz(z,0) = —cF’(x) + cG' (x) = (2). (3.9) 
Integrate equation 3.9 and rearrange terms to obtain 
1 xv 
-F(a) + Gla) = = i (8) ds — F(0) + G(0). 
0 


Add this to equation 3.8 to obtain 


2G(x) = v(x) + “ff w(s)ds — F(0) + G(0). 


Solve this for G(z): 


G(x) = s(n) + Pa a w(s) ds — =F (0) + 5G(0). (3.10) 


But then, from equation 3.8, 


= 50t2)- 3 f v(o)ds+ SF (0) - 3600) (3.11) 


Finally, use equations 3.10 and 3.11 to write 


u(x,t) = F(a — ct) + G(x + ct) 
1 


i sola — ct) — - [- w(s) ds + 5 (F(0) — G(0)) 


x+ct 
+ =o + ct) + zf W(s) ds — 5 (F(0) ~ G(0)). 


Upon making cancelations and combining the two integrals, we obtain d’Alembert’s 
solution of the Cauchy problem for the wave equation on the real line: 


1 1 a+ct 
u(x,t) = ~(y(a@ — ct) + v(x + ct)) + — : w(s) ds. (3.12) 
2 2c x—ct 
Example 3.7 We will solve the Cauchy problem 


Utt = 9Uzr for —cO< 4<w,t>QOJ, 


u(x,0) = cos(x), uz(x, 0) = sin(2x) for — co < 4 < ow. 
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With y(x) = cos(x) and w(x) = sin(2x), and c = 3, the solution 3.12 is 


wet) = 5 (costa — 3t) + cos(x + 3t)) 


1 2t+3t 
+ — i. sin(2s) ds 
6 xz—3t 


= 5 (costa — 3t) + cos(x + 3¢) 
— 5 (cos(2(a + 34)) — cos(2(x — 34))) 


Using trigonometric identities, this solution can also be written 


u(x,t) = cos(x) cos(3t) + = sin(2r) sin(6t). 


From the d’Alembert solution, we know that the Cauchy problem 3.7 has a 
solution, and that this solution is unique. We will also show that the solution 
depends continuously on the initial data, so this Cauchy problem is well posed. 


Theorem 3.1 (Continuous Dependence on Initial Data) Let u;(z,t) 
be the solution of problem 3.7 satisfying 


u(x, 0) = yi(x), ue(x, 0) = Yi (2). 
Let u2(x,t) be the solution satisfying 

u(x, 0) = po(x), ue(2,0) = Ya(z). 
Let € > 0 and J’ > 0. Then there exists a positive number 6 such that, if 

ei (2) — pa(x)| < 6 and [qi (x) — fo(x)] < 6, 
for all x and for 0 <t< T, then 
|ui (x,t) — ug(x,t)| <€ 

for all z and forO <t<T. 


Proof We know that 


1 xztct 
et) = (ele et) + era +et)) + w1(s) ds 
x—ct 
and 
1 zt+ct 
ttt) = 5 (e2(a — ct) + yo(x+ct))+ i wWo(s) ds. 
xz—ct 
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If 6 is a positive number so that the initial position and velocity functions satisfy 
the inequalities of the theorem, then 


|ui (x,t) — ua(z, t)| 


1 i 
= glerle — et) — pala — ct) + Slee + ct) — po(x + ct)| 


1 ztct 
+ [bi -vale)lds 
Ase hg ery ery 
ie ely ae a 


Given € > 0, we will therefore have 
|uy(xz,t) — ug(x,t)| <e 
if 6 is chosen as any positive number satisfying 
(1+T)6 <e, 


or 
€ 


6 
0< <Fa7 


This proves the theorem. 
3.2.1.1 Forward and Backward Waves 


We can write any solution of the wave equation as 
u(x,t) = F(a — ct) + B(x + ct). 


This provides a valuable interpretation of solutions. Think of F(x — ct) as the 
wave F(x) moving to the right (a forward wave) along the x—axis with velocity 
c, while B(x + ct) is the wave B(x) moving to the left (a backward wave), 
along the x—axis with velocity c. At any time t, the sum of these waves is the 
total wave profile u(x,t). This allows us to envision the solution wave as the 
superposition of two waves moving in opposite directions along the line. 

Given the initial position and velocity functions y and w, we can write 
explicit formulas for these forward and backward waves. The solution can be 
written 


xz+ct 
) = x (p(w - ct) + ola + et) + = | wb(s) ds 


= 
S 
. 


+ I| 
Dole ple ple 
—N 
6 
— 
& 
| 
(e) 
~R 
ee” 
| 
oO |e 
oo 

i 

o 
ee 
Pita 
wy 
ee” 
Qu 
in 

So 


= F(x —ct)+ B(x + ct), (3.13) 
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where ‘ 
F(s) = 50(8)— 5, f we)ae (3.14) 

and F 
B(s) = 518) + 5 / (€) a€. (3.15) 
Example 3.8 Look at the solution of problem 3.7 with c = 1,y(x2) = 0 and 


xz’? sin(z) for -t<a2<r7, 
ae) ={ oe 


0 for |x| > 7. 


From equations 3.14 and 3.15, the forward and backward waves are F(x — t) 
and B(x +t), where 


delice < 
Poy so= 58 sin(s) for |s| <7, 
0 for |s| > 7. 


The forward wave is F(a —t), and the backward wave is B(x +t), while the 
solution is the superposition 


u(a,t) = F(a —t)+ B(x +t). 


Figure 3.27 is a graph of the initial position function, which is u(x, 0) = F'(x,0)+ 
B(a,0). Figure 3.28 shows the forward wave moving to the right for times 
t = 0,2,7, whereas Figure 3.29 shows the backward wave moving to the left at 
these times. 


Figures 3.30-3.34 show the solution wave u(x,t) as a sum of the forward 
and backward waves at times t = 1/2,1,2,5/2, and 4. By the last time, the 
waves have separated and are moving without further interaction in opposite 
directions along the line. This occurs whenever the initial position function is 
nonzero only on a bounded interval, as is the case here. 


Problems for Section 3.2.1 


In each of problems 1-9, solve the Cauchy problem 3.7 on the real line for the 
given initial position and velocity functions and value of c. 


L ple eee VESTS Tf 


(1) = 

2. v(x) = x?, (x) = sin(2x),c = 4. 

g(x) = e-!#l, f(x) = sin?(x),¢ = 3. 
(x) 
(x) 


p(x) = cosh(z), P(x) = 27,c= 2 


eS ee 


= cos(x) — sin(x), ¥(x) = sin(z),c = 2. 


x 
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Figure 3.27: Initial position u(z,0) in example 3.8. 


Figure 3.28: Forward waves at t = 0, 2, 7. 
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Figure 3.29: Backward waves at t = 0, 2, 7. 


Figure 3.30: Superposition of forward and backward waves at t = 1/2. 
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Figure 3.31: Superposition at time ¢f = 1. 


Figure 3.32: Superposition at t = 2. 
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Figure 3.33: Superposition at ¢ = 5/2. 


Figure 3.34: Superposition at t = 4. 
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p(x) =2+2,%(2) =e%,c=1. 
(x) = cos(x), (2) = e~*,c = 4. 
( 

( 


) 
) 

p(x) = — w(x) =cos(x),c = 1. 
) 


oO OM N ® 


Oe) =a" (xe) =a cos(a) c= 3. 


10. Let w be a solution of 
Utt = C’Uzez for — co <2 <0o,t>0, 
u(x,0) = v(x), u(2z,0) = 0 for — co < & < oo. 
Let v be a solution of 


Utt = C’Unz for —0o <2 <0o,t>0, 
u(x,0) = 0, uz(z,0) = Y(xz) for —-co< 4 < ow. 


Show that w+ v is a solution of 


Utt = C’Uge for —-cO <2 <00,t>0, 
u(x, 0) = p(x), u(x, 0) = v(x) for —co << & < ~w. 


11. Write the solution of the Cauchy problem with c = 1, y(x) = sin(x) and 
w(x) = 0. Then write the solution with v(x) = sin(x) + € and ¢(xz) = 0 
in which € is any positive number. Show that these solutions differ in 
magnitude by e¢ for all x and t > 0. 


12. Write the solution of the Cauchy problem with c = 1, y(x) = cos(x) and 
w(x) =a. Then write the solution with p(x) = cos(x)+e and w(x) = x+e, 
with € any positive number. Show that these solutions differ in magnitude 
by no more than «(1 + 7) for all z and 0 < t < T, for every positive 
number 7’. 


13. Let u(x,t) be a solution of the problem 


Utt = Ure + f(ax,t) for —oo< 4 < co,t>0, 
u(x, 0) = uz(x,0) = 0 for t > 0. 


Let w(z,t,T) satisfy 


Wer — Wi =0 for —co<2r<oo,t>T, 
well) =O eT 7D) Hf eT): 


Show that ; 
u(a,t) = f w(x, t, T) dT. 
0 


This conclusion is known as Duhamel’s principle for the wave equation. 
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z+c(t— ar 
ule,t =f J dé dr 
)= 2c z—c(t—T) 7) 


is a solution of the problem 


14. Verify that 


Utt = C’uge + f(z, t) for —coo<xa<o,t>Q0, 
u(x,0) = u(z,0) =0 for —-co<4< om, 
u(0,t) = 0 for t > 0. 


In each of problems 15-20, write the solution of the Cauchy problem with 
c =1, the given v(x), and w(x) = 0, as a sum of forward and backward waves. 
Graph the progression of these waves and their sum for different values of t. 


15. p(x) =e"* 
1— for -l<a<l 
16: (a).= al) tore st, 
0 for |z| > 1. 
Tae xcos(z) for —7/2<a4< 7/2, 
0 for |x| > 7/2. 
1—2? for |x| <1, 
18. = i 
oe) . for |x > 1. 
3_9%_2 for -l<a<2 
ere Flee or -l<a¢ <2, 
0 for x < —1 and for z > 2. 


20. v(x) ge+x for -l<2x<1l, 
. ox) = 
© 0 for |x| > 1. 


3.2.2 The Cauchy Problem on a Half-Line 


We will use the solution of the Cauchy problem on the line to solve the Cauchy 
problem for the half line: 


Unt = C’Une for zr >0,t>0, 
u(x, 0) = y(x), ur(x,0) = p(x) for x > 0, 
(0,4) = 0 fort >: 0: (3.16) 


This is the Cauchy problem for the wave equation for the half-line. Because this 
half line has an end point x = 0, a boundary condition is specified there. We 
have taken the left end of the string to be fixed. 

We will use a device called the method of images, in which the plane is folded 
over the t—axis to extend the half line problem to a problem on the whole line, 
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which we have solved. This is achieved by extending the initial position and 
velocity functions to odd functions defined for all z. 


_ J (2) if « > 0, 
el ere ife <0 


and 


— Jz) it 00; 
i ie se ifr < 0. 


On the half line x > 0, ®(2) = v(x) and V(x) = y(x). Now consider the 
Cauchy problem for the entire line, with initial position u(z,0) = ®(x) and 
initial velocity u;(x,0) = V(x). We have solved this problem: 


No] Re 


1 x2+ct 
u(x,t) = — (®(a — ct) + O(a + ct)) + oF i ' W(s) ds. (3.17) 


This function satisfies the wave equation for all z, hence also for x > 0. Further, 
if x > 0, 


u(a,0) = 5(8(2) + B(x) = F(a) + (2) = ole) 


and 


Therefore, for x > 0, u(x,t) as defined by equation 3.17 is also a solution of 
this Cauchy problem on the half line. Keep in mind, however, that this solution 
is written in terms of extensions of the initial position and velocity functions 
of the original problem. This was necessary because v(x) and w(x) are defined 
only for x > 0, while, in d’Alembert’s solution, x — ct can be negative even if 
x> 0. 


Example 3.9 Solve 
Utt = Uge for x > 0,t > 0, 
u(0,t) = 0 for t > 0, 
u(z,0) = g(x) =1-—e 7, u(x, 0) = w(x) = cos(x) for x > 0. 


Equation 3.17 gives the solution in terms of the odd extensions of y(x) and 
w(x). These extensions are 


= —e * i > 
aC) v(x) =1-e . x > 0, 
—yp(—z) =-l+e* ifx<0O. 
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and 
w(2) = ie = cos(zx) if rz > 0, 
—w(—-x) =-—cos(x) ifa<0. 
The solution is 
1 1 xz+t 
jt) = =(®(a— ® _ W(s) ds. 
ulayt) = 5 (®(e-1) +8249) +5 | W(s)ds 


We will write u(x,t) explicitly in terms of x and t. This requires two cases. 


Case 1. If  —t > 0, then 


1 zt+ct 
wot) = 5 (Plz —ct)+ @(2+4+ct))+ 5 / WU(s) ds 
x—ct 
~(x-t) SG \a4 fo 
=;(1-e +l-e +5 cos(s) ds 
2 2 xz-t 


= ]- se (e’ +e") + 5 (sin(e + t) —sin(x — t)) 
= 1-—e *cosh(t) + cos(t) sin(t). 


Case 2. If rx —t < 0, then 


Wit) = 5 (O@(2 —t) + ®(2 + t)) + a W(s)ds 
AP gh —(x+t) 
a ( l+e +l-e ) 
1 0 xzt+t 
Aime / —cos(s) ds + / cos(s) ds 
Ba) es 0 
1 1 0 z+t 
a Effet —“x,-t) {7g — 
=1 (ee )— [pints] + [5 sints)] 


After some manipulation, this yields 
u(x,t) =e *sinh(z) + sin(z) cos(t). 
In summary, 
ee : . cosy) cos(x) sin(t) for s—t>0, 
e-* sinh(a) + sin(x) cos(t) for x —t <0. 
Problems for Section 3.2.2 


In each of problems 1-10, write the solution of the problem 3.16 for the given 
initial position and velocity functions. 
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3.2.3 Characteristic Triangles and Quadrilaterals 


Characteristics, in combination with d’Alembert’s solution, provide a way of 
solving several important types of problems involving the wave function. 
Recall that the characteristics of the wave equation uz = C?uz, are the 
straight lines 
x—-ct=k,,x+ct=ky 


having slope 1/c and —1/c, respectively, in the x,t—plane. There are exactly 
two characteristics through any point Po : (zo,to) with to > 0. As shown in 
Figure 3.35, these are the characteristics x — ct = 49 — cto and x+ct = %9 + cto, 
intersecting the x—axis at (xo — cto,0) and (xo + ctp,0). These two points, 
together with (xo, t)), are the vertices of the characteristic triangle at (20, to). 
The base of this triangle is the interval [x9 — cto, Zo + cto] on the x—axis. 

If we are considering a Cauchy problem on the entire real line, then we know 
that the solution at Po is 


Zo+cto 


u(ao, te) = 5 (lao ~ eto) + plo + eto) + 5- / wb(s) ds. 


o—cto 


This solution value depends on two things: the values of y at the base vertices 
Xo — cto and Xo + cto of the characteristic triangle at (ro, to), and the value of 
w on the entire base of this triangle (because of the integration). 

We may also write u(zo,t)) as a sum of forward and backward waves as 


u(xo,to) = F(xo — cto) + B(xo + cto). 


Along the left slant side of the characteristic triangle, x — ct = ro — cto, so a 
disturbance initially at (xo — cto,0) is carried forward with constant velocity 
c along this characteristic. Along the right side of the characteristic triangle, 
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X+ct=X9+Cto 


x -ct=Xg-Cto 


(Xq — Cto,0) (Xo + Cto,0) 


Figure 3.35: Characteristic triangle at (Zo, to). 


Figure 3.36: Characteristic quadrilateral. 
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x+ct = 2% + cto, so a disturbance initially at (2p + cto,0) is carried back with 
constant velocity c. This says that a solution of the wave equation propagates 
disturbances with constant velocity along the characteristics. 

In addition to characteristic triangles, we will use characteristic quadrilat- 
erals. Figure 3.36 shows two pairs of parallel characteristics. These intersect 
at four points, which are the vertices of a characteristic quadrilateral. Denote 
opposite pairs of these points of intersection as P;, Pp and Q1,Q2. We will show 
that, for any solution of the wave equation uy. = c?ugz, regardless of initial and 
boundary conditions, the sum of the values of u at one pair of opposite vertices 
equals the sum of the values of u at the other pair: 


This has the important consequence that, if the value of a solution is known at 
any three vertices of a characteristic quadrilateral, then it is also known at the 
fourth vertex. To verify this, use the fact that any solution must have the form 


u(x,t) = F(x — ct) + G(a 4+ ct) 
for some functions F and G of a single variable. Label the characteristics 
r+cec=K,,x2+ct = Ko,c-—ct= K3,x-ct= Ka, 


as in Figure 3.37. The points of intersection are 


1 1 1 1 
Pea faa eae) Gk =F = cm 
1 & 1+ Ks), 55 (KA »)) , Po (5 (ie + K4), 5, (Ka Ks)) ; 


Qh = (5 (Ko + Ka). 5-(Ka — Ka) Qo = (F(R + Ka), (i — Ki) 


Now compute u(z,t) at each of these points. At P,, x —ct = K3 and 
x+ct = Ki, s0 


Similarly, 


u(P2) = F(K4) + G(K2), u(Q1) = F(K3) + G(Ko), 
and u(Q2) = F(K4) + G(k)). 


Then, 
u(P1) + u(P2) = F(K3) + F( Ka) + G(K1) + G(K2) = u(Qi) + u(Q2). 


The power of characteristic triangles and quadrilaterals in solving wave prop- 
agation problems with moving ends and forcing terms will be seen in the next 
three sections. 
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x-ct=K, 


x+ct=K;, 


Figure 3.37: u(P,) + u(P2) = u(Q1) + u(Q2). 


Problems for Section 3.2.3 


1. Suppose the initial displacement and velocity functions in the Cauchy 
problem on the real line vanish outside of some interval of finite length. 
Specifically, suppose, for some a > 0, 


of) Sale) S01 |x| ><a: 


Prove that, for any t > 0, the solution must vanish for x outside of the 
interval [—a — ct,a + ct]. 


2. For the Cauchy problem on the real line, with c = 1 suppose there is 
an interval [a,b] such that y(x) and w(x) both vanish for x outside of 
this interval. Assume that the solution of the problem is continuous with 
continuous first and second partial derivatives. Show that 


/ [ee + ti | a ia = / [uz + i |e dx 


—-oOo —co 


for every T > 0. Hint: First show that 
(3tpUe)e = (u2 +u?):. 
Form a double integral over the rectangular region 


Sh = 2) 7S ft 27, US F. 
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(Xq — Cto,0) (Xo + Cto,0) ‘ 


Figure 3.38: Characteristic triangle A at (x0, to). 


Apply Green’s theorem to this integral. 


The integral 


B 
/ [u2 + ai dx 


a 


is called the energy of u(x,t) in the interval [a, 6] at time T. The conclu- 
sion of this problem is a conservation of energy principle, stating that the 
total energy of the solution over the entire line is constant over time. 


3.2.4 A Cauchy Problem with a Forcing Term 


We will use the characteristic triangle to solve a Cauchy problem on the real 
line, with a forcing term: 


Ut = C’Uge + P(a,t) for — 00 <x < 00,t>0, 
u(x,0) = v(x), u(x, 0) = v(x) for —co <4 < cw. (3.19) 


We may think of P(z,t) as the magnitude of a damping or driving force. 


Suppose we want the solution at Po : (xo, to). The characteristic triangle at 
Po has vertices (20, to), (20 — cto, 0) and (xp + cto, 0). Let A denote this triangle 
and all the points it encloses. The boundary C of A consists of three line 
segments, denoted J, LZ, and M in Figure 3.38. We will perform a calculation 
which will help us determine u(zo, to). Look at the double integral of —P(z, t) 
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over the solid triangle A: 


= If. P(x,t)dA = [feu — uit) dA 
S If (5. (@us) 2 5(u)) dA 


= ¢ uz dz + cuz dt, 
C 


with the line integral obtained by applying Green’s theorem to the double inte- 
gral. Evaluate this line integral as the sum of the line integrals counterclockwise 
over the three segments making up C. 

On I, t =0 so dt = 0 and z varies from Xp — ctp to 4p + cto: 


Zotcto zot+cto 
[ew dx + cuz) dt = / ut(x, 0) dx = / w(s) ds. 
I x 


o—cto Xo—cto 


On L,x+ct = 29+ cto, so dx = —cdt and 


—1 
fu dx + cu, at = | (-cuedt + ug (=) az) 
e L Cc 
=-cf wdt+urde=~e f du 
L L 


= —c(u(2o, to) — u(xo + cto, 0)). 


On M, x — ct = x9 — cto, so dx = cdt and 


1 
/ ur dr + uy dt = | cuz dt + c7uz (=) dx 
M M c 


=] o(uedt + ue dx) =e [ du 
M M 


= c(u(Xo — cto) — u(Zo, to)). 


[renin [2 


+ c(u(xo — cto, 0) — 2u(xo, to) + u(xo + cto, 0)) 


Then 


Io+cto 
= c(y(zo + cto) + y(@o0 — cto) — 2cu(zo, to) + / w(s) ds. 


xo —Ccto 


Solve this equation for u(zo, to) to obtain 


1 1 xro+cto 
uo, to) = 5((¢0 + cto) + (a ~ cto)) + 5- | w(s) ds 


2c 
ee i] P(x, t)dA 
2c A " ; 


o—cto 
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X+ceT=x+et 


) 


(X + ct-—cT,T) 


(X —ct+cT,T) 


(x + ct,0) 


Figure 3.39: Limits of integration for f [, P(X,T) dX dT. 


In this derivation we have used zo and to for coordinates of the point at 
which the solution is computed. This allowed us to use x and t for the variables 
in the x,t — —plane. However, this is awkward if (%o,t¢o) is an arbitrary point. 
We will therefore rewrite the solution at an arbitrary point (x,t), using X and 
T as the variables in the space/time plane. In this notation, 


z+ct 
u(t) = T(v(e-et) +o(e+et))+5- f v(e)ds 


i - i ie P(X,T) dX dT. (3.20) 


for all real x and for ¢ > 0. 

This is the solution of problem 3.19. In this notation A is the characteristic 
triangle having vertices (x,t), («—ct,0) and (x+ct,0) in the X,T— plane. Two 
sides of A are on the characteristics X — cT = x—ct and X +cT = 2+ ct, and 
the base of A is the interval [x — ct, x + ct] on the X— axis. 

It is usually easiest to carry out the X—integration first in the double inte- 
gral. The limits of integration can be read from Figure 3.39. For any T > 0, X 
extends from + — ct + cT to x +ct—cT, and T from 0 to t. These are obtained 
from the intersections of the horizontal line at height T with the left and right 
sides of the characteristic triangle at (x,t), respectively. Then 


ffromexer= [([Tramer) a as 


Example 3.10 We will solve the problem 


Ut = 4Uzz + ecos(t) for —co<a<o,t>QO, 


u(x,0) =e”, u(x, 0) = sin(x) for — 00 < x < ~w. 
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The solution is given by equation 3.20. First evaluate the double integral, 
using equation 3.21 (and Figure 3.39). With c= 2, 


t x+2t—2T 
| X cos(T) dX dT = / / X dX | cos(T) dT 
A 0 \Ja-2t+2T 


t 1 e+2t—2T 
= | 5x7] cos(T’) dT 
0 x—2t+2T 


= ih ; ((z + 2t — 2T)* — (x — 2t + 2T)?) cos(T) dT 
0 


= [ste Dycostt) aT 
0 
= 4x(1 — cos(t)). 


The solution is 


u(z,t) = ; (ee + eo), + if sin(s) ds + «(1 — cos(t)) 


—2t 


=e * cosh(t) — 7 (costa + 2t) — cos(x — 2t)) + x(1 — cos(t)). 


With some manipulation, we can also write 


u(x,t) =e * cosh(t) + 5 sin(2) sin(2t) + x(1 — cos(z)). 


Problems for Section 3.2.4 


In each of problems 1-10, solve problem 3.19 for the given information. 


P(r) = cosh(2) (a) = b PG, t) = 320 ,e=1. 


p(x) = 14 2,¢(2) = sin(x), P(a,t) = x — cos(t),c = 7. 


1. v(x) =2, U(x) = e-*, P(z,t) =2+t,c=4. 
2. v(x) = sin(x), L(x) = 2x, P(2,t) = 2xt,c = 2. 
3. v(x) = au ) = cos(2z), P(x, t) = tcos(x),c = 8. 
4. v(x) = x?, (x) = xe-*, P(x, t) = esin(t),c = 4. 

(x) 

(x) = 


v(x) = cos(2z), (2) = 1 — cos(x), P(x, t) = t?,c = 2. 
v(x) = x3, W(x) = sin?(x), P(x, t) = e~* cos(t),c = 1. 
v(x) = xsin(x), (x) = e~*, P(a,t) = xt,c =2. 

10. v(x) =1—2?, v(x) = xsin(z), P(z,t) = tsin(z),c = 6. 


ee Rs Ae 
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t 


(0,4L/c) (L,4L/c) 


(L,3L/c) 
X+ct=3L 


(0,3L/c) 


x-—ct=-2L 
(0,2LIc) (L,2L/c) 
poe x+cect=2L 
(0,L/c) 
x-ct=0 X+ct=L 


Figure 3.40: Characteristics partitioning the strip 0<2< L,t>0. 


3.2.5 String with Moving Ends 


As an example of the power of characteristic quadrilaterals, we will solve a 
problem of a string of finite length, with a given initial position and velocity, 
but with ends moved by given control functions. The initial-boundary value 
model is 
Ute = C7Upe for0<a<L,t> 0, 
u(x,0) = v(x), u(z,0) = Y(z) forO<a< LD, 
u(0,t) = a(t), u(L, t) = b(t) for t > 0. (3.22) 


We can separate the variables in the wave equation, leading to 
X" 4X =0,T" +APT =0. 
However, look at the boundary conditions. These require that 


a(t) 
X (0) 


X(0)T(t) = a(t), or T(t) = 


and ( 
a 
X(L)T(t) = b(t T(t)=—~. 
(L)T(t) = b(t), or T(é) X(0) 
Then T(t) would be a constant multiple of a(t) and also of b(t). This would 
make a(t) and b(t) constant multiples of each other, and there is no rationale 
for this. 
We can use characteristics quadrilaterals to solve this problem. Figure 3.40 
shows the x,t—plane, and the vertical lines x = 0 and x = L. Think of these 


132 CHAPTER 3. SOLUTIONS OF THE WAVE EQUATION 


Figure 3.41: Characteristic quadrilateral in region II. 


lines as vertical walls or barriers. ‘The characteristic x — ct = 0, having positive 
slope 1/c and emanating from the origin, can be thought of as a beam of light 
that strikes the wall x = L at (L,L/c). From here it reflects upward to the left 
along the characteristic x + ct = 2L, and hits the wall x = 0 at (0,2L/c). This 
beam reflects upward to the right along the characteristic x — ct = —2L, which 
strikes the wall « = L at (Z,3L/c), then reflects back upward to the left, and 
so on. 

Similarly, the characteristic emanating from (£,0), and aimed upward to 
the left, has equation x + ct = L. It hits the wall x = 0 at (0,L/c), reflects 
upward to the right along the characteristic x — ct = —L to hit the wall « = L 
at (L,2L/c), reflects upward to the left along the characteristic x + ct = 3L to 
hit the wall « = 0 at (0,3LZ/c), and so on. 

These characteristics and the base and vertical walls subdivide the strip 
S:0<2< L,t > QO into regions, labeled J, J, III,IV,V,VI,---. These regions 
include their boundary line segments. We will use characteristic quadrilaterals 
to write a solution for u(x,t) in each region, starting at I and working side to 
side and up through S. In doing this, keep in mind that we know the value of 
the solution on the vertical and bottom sides of S, because 


u(O,t) = a(t), u(L,t) = b(2), atid uaz, 0) =o). 

First look at region I. A person standing at P : (x,t) in this region does not 
feel any effects of the boundary conditions, and the solution here is given by 
d’Alembert’s formula: 

1 
u(x,t) = 5(o(@ ~ ct) + ola + et)) 
1 at+et 
+ all w(s) ds for (x,t) in region I. 
C Ja—ct 


Next suppose P is in region II, as in Figure 3.41. Using the characteristics 
through P, construct a characteristic quadrilateral at P having two vertices 
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Figure 3.42: Characteristic quadrilateral in region III. 


B and C on a boundary characteristic of region I, and one vertex A on the 
left boundary of S. u(B) and u(C) are known because we know the solution at 
points of region I. And u(A) is known from the boundary condition u(0,t) = a(t). 
From equation 3.18, we know u(z, t): 


u(x,t) = u(A) + u(C) — u(B). 


This strategy produces u(z,t) for all (2, t) in region II, including its boundary. 

Next turn to region III. If P is in this region, construct the characteristic 
quadrilateral of Figure 3.42, using pieces of characteristics as sides, with two 
vertices, B and C on a boundary line of region I, and one vertex A on the 
right boundary line of the strip. We know u(B) and u(C) from the solution 
in region I, and, from the boundary condition u(L,t) = b(t), we know u(A) as 
well. Therefore, we know u(z, t). 

From here, work upwards in the strip S. Suppose P is in region IV (Figure 
3.43). Construct a characteristic quadrilateral with one vertex at P, a vertex 
A on part of the boundary of region II, a vertex B on part of the boundary of 
region III, and a vertex C on part of the boundary of region I. We know u(A), 
u(B) and u(C), hence also u(z, t). 

From here, go on to region V, then VI, VII, and so on. 

The method involves a good deal of elementary computation (mostly alge- 
bra), because at each stage we must find equations of characteristics through 
specific points, then the coordinates of points of intersection of pairs of charac- 
teristics, then the values of u(z,t) at these points. 


Example 3.11 Consider the problem 
Utt = 9Ugz forO< 4 < 4,t>0, 
u(x, 0) = v(x) = xsin(7Zx), u(z,0) = w(2) = x(a — 4) for0< 2a <4, 
u(0,t) = u(4,t) = Ont? for t > 0. 
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Figure 3.43: Characteristic quadrilateral in region IV. 


We will determine u(x,t) at arbitrary points in regions I, IJ and III. In carrying 
out the calculations of the vertices of the needed characteristic quadrilaterals, 
use the notaxtional device introduced in the preceding section (Figure 3.39). 
Let (z,t) be the point at which we are computing the solution and (X,T), a 
variable point in computing lines and their intersections. 

With this convention, the region of interest for this example is 0 < X < 4, 
T > 0. We also have c = 3. 


In region I, we can use the d’Alembert solution: 


u(x,t) 

1 | 7 aes 
er ((a — 3t) sin(a(a — 3t)) + (x + 3t) sin(a(ax 4+ 3t))) + r a s(s — 4) ds 
= 5 ((x — 3t) sin(a(x — 3t)) + (x + 3t) sin(a(a + 3t))) + 27t + 3¢° — Act. 


Next let (x, t) be in region II. Figure 3.44 shows a characteristic quadrilateral 
constructed with one vertex on the line X = 0 and one side on part of the 
boundary of region I. The characteristics and vertices are labeled in the diagram. 
Then 


zc st+a 3t+a2 3t—x 3t-—2z 
u(ayt) =u (0,3) +u( eae ) -u( 5G ) 


We can compute u(0,¢ — 2/3) from the boundary condition at X = 0, and 


. 3t+2 3t+2 oe 3t—a2 3t-—2£ 
2° 6 2° 6 


from the solution in region I, which we know. This is a straightforward but 
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T-t=-(X+x)/3 


T-t=-(X—x)/3 


((3t + x)/2,(3t+ x)/6) X=4 
T-t=-(X-x)/3 


(0,(3t ~ x)/3) 


Figure 3.44: Characteristic quadrilateral in region I in example 3.11. 


lengthy calculation. We obtain, for region II, 


x — 3t 


Wenn ( ) + sult (Se) sin(a(e +438) 


1 1 
— 5 (2 — 3t) sin(a(a — 3t)) + 3at? + 5° — Agt. 


Now move on to region III. From the characteristic quadrilateral labeled in 
Figure 3.45, 


site y=u( a) 
sa ee ar 
Sites qo EGE a 12-—z2-—3t +£+3t-—4 
, 3 2 , 6 ; 


We know u(4,(—4 + 3¢ + x)/3) from the boundary condition at X = 4, and 
we know the other two values of u from the solution in region I. Again, a 
computation yields 


eye 5 ( Sings 58 ee CC eee) 


—4 3t\7 64 
+ on (tet) +2 4120 


4 1 16 
+4 Agt + go — 3xt? = ral — 16t — 37 
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T-t=(X-xy/3 
T =-(X - 4)/3 


(4,(3t + x — 4)/3) 


T—t=(X+x-8)/3 


(12 — x — 3t)/2, (x + 3t - 4)/6) 


(x — 3t + 4)/2, (3t + 4 — x)/6) 


Figure 3.45: Characteristic quadrilateral in region III in example 3.11. 


for (a,t) in region III. 


In developing the details of this method of solution, we have glossed over an 
issue of compatibility of the initial and boundary conditions at (0,0) and at 
(L,0). To illustrate the idea, consider u(0,0). On one hand, this is u(z, 0) 
at x = 0, so we would expect that u(0,0) = y(0). But u(0,0) is also u(0, t) 
at t = 0, we we also expect u(0,0) = a(0). This requires that y(0) = a(0). 
Extending this reasoning to the other end of the bar and including the initial 
velocity condition, the compatibility conditions are 


a(0) = v(0), a'(0) = (0), a” (0) = c*p"(0) 
and, at the right end of the medium, 


b(0) = v(L),'(0) = ¥(Z), and b"(0) = c*y"(L). 


Problems for Section 3.2.5 


In each of problems 1-5, obtain expressions for u(x,t) in regions I, II and III, 
for problem 3.22. 


1. c=1,L=2,9(2) = 2(2— 2), p(x) = 0, a(t) = b(t) = —#?. 
2) 622,23, 04) =sinaz), pa) =0:40=b0)=2. 


3. ¢=3,L =2,¢(2) =27(2 = 2), ba) = 0,a(¢) = 1827; b(t) = —368". 


3.3. THE WAVE EQUATION IN HIGHER DIMENSIONS 137 


4.c=4,L =1,9(2) = xsin(rz), (x) = 42, a(t) = 16rt?, b(t) = —16rt? + 
At. 


5. c= 1, L=2,9(x) = 2(2—2)?, v(x) = 2, a(t) = —4t?, b(t) = 2t? + 4¢. 


6. Obtain expressions for u(x,t) with (2,t) in regions I, II and III and IV, 
for problem 3.22 if 


c= 2,L=1,9(x) = xcos(rx) + 2, v(x) = x”, a(t) = 0, b(t) = Qt? +¢. 


7. Derive the compatibility conditions given at the end of this section. 


3.3. The Wave Equation in Higher Dimensions 


This section is an introduction to wave problems in higher dimensions. We will 
discuss two types of results. First, we will use double Fourier series to solve 
a problem for a bounded medium in two dimensions. This is similar to the 
solution of a two-dimension diffusion problem in Chapter 2. Following this, we 
will develop the Kirchhoff-Poisson integral formula for a solution in 3—space. 


3.3.1 Vibrations in a Membrane with Fixed Frame 


Imagine a flat membrane or plate being acted on in some way, with boundary 
fixed on a frame (as, for example, with a drum). A point of the membrane 
(other than on the frame) is free to oscillate in a vertical plane, but does not 
move horizontally. 

To be specific, suppose the frame is a rectangle. At time zero, the membrane 
is lifted to some initial position and released from rest. The initial-boundary 
value problem for the wave function describing the motion is 


Utt = C7 (Use + Uyy) for0<a2<L,0<y< K,t>Q0, 
u( 2; 0;t): = ule ht) = 0for 0a = Et > 0; 
u(0,y,t) = u(L,y,t) =0 for0<y< K,t>0, 
u(x, y,0) = y(a,y), u(x, y,0) =0 for0<24<LO<y<K. (3.23) 


The variables can be separated. Let u(x, y,t) = X(x)Y (y)T(t) to obtain 
XYT" = 2(X"VT + XY"T). 


Then 


Because x, y, and t are independent, both sides of this equation must equal 
some constant A, so 
pu Vie at 


eT Y X a 
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Then ae y" 
X" +X =0 and A=—=. 
a an mia a Y 

In the second equation, y and t are independent, so for some constant jp, 

(eis bade 

A==> =- 

i aa ual 

Then 
Y” + pY =0 

and 


TP 4(\+ pet =0. 


From the boundary conditions, X(0) = X(ZL) = Y(0) = Y(K) = 0. Now 
the problems for X and Y are 


X" +X = 0; X(0) = X(L) =0 


and 
Opi a0, Oj) (ik) = 0, 


with eigenvalues and eigenfunctions 


n> x? 


ae 


X,,(x) = sin (=) for n = 1,2,3,-:- 


and 


mr? 


i Fa Ym(y) = sin (=) for m = 1,2,3,---. 


Here n and m independently vary over the positive integers. 
For J’, observe that, because of the zero initial velocity, 


X(x)¥(y)T"(0) =0 


so T’(0) = 0. The problem for T is 


27-2 2,-2 
Te & +5 ) OT =0;T'(0) =0. 


This has solutions that are constant multiples of 


Teint)’ = Cos @nqict); 


Woe. pala 
For each positive integer n and m, we now have a function 


(=) cos(Anmct), 


where 


inl 2,01) = lyst ee sin 
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which satisfies the two-dimensional wave equation and the boundary conditions, 
as well as the condition that the initial velocity is zero. 
A superposition of these functions is a double sum 


u(z,y,t) = 3 3 brm sin (=) sin (=) COS(AnmCct). 


To satisfy the initial position condition, choose the coefficients b,,, so that 


u(x, y,0 a bam sin (“ =) si i n (=) = ory) 


n=1m=1 


This is a double Fourier sine series expansion of v(x, y) on the rectangle 0 < x < 
L,0<y< K. We encountered such a problem in connection with temperature 
distributions in flat plates, and found that we should choose 


4 K L 
bam = Ta / | v(E, ¢) sin (=) sin (=) dé dC. 


With these coefficients, u(x, y,t) is the solution. 


Example 3.12 We will solve the problem for the case that LD = K = 7 and 
p(x, y) = cy(a — x)(a — y). All that is required is to compute the coefficients: 


A Ww Tv . . 
Ga I I &(m — €) sin(n€)¢(m — ¢) sin(me) dé d¢ 


= ag ((-)" - 1)((-1)" - 1). 
The solution is 
u(z,y,t) = 
= 3 3 (cy ie) sin(nz) sin(my) cos(nmct), 


where 


Oni Vv nem. 


Problems for Section 3.3.1 


1. Solve problem 3.23 if c = 3, L = 3, K = 6 and y(z, y) = sin(raz/3)y(6—y). 


2. Solve problem 3.23 ifc = 2,L = 7, K = 2m and y(z, y) = x27(n—2)y? (20 - 
y). 
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3. Outline a procedure for solving the two-dimensional wave equation with a 
fixed rectangular frame, if the membrane is not initially displaced, but an 
initial velocity is imposed on the membrane by requiring that u;(z, y,0) = 


w(z, y). 


4. Solve the initial-value problem of problem 3 ifc = 4,2 = K = 1,y(z,y) = 
sin(72) sin(7y). 


5. Solve the problem if there is both an initial displacement and an initial 
velocity, ife =1,L = K = 1, y(z,y) = x(x—1)?y(y—1) and W(2, y) = zy’. 


6. Solve the problem if there is both an initial displacement and an initial 
velocity ife=1,L=1,K =7, g(x,y) = ycos(rz/2) and (a2, y) = x+y. 


3.3.2 The Poisson Integral Solution 


We will solve the Cauchy problem for the wave equation in three dimensions: 


Utt = Ure + Uyy + Uzz 
u(x, ¥, zy 0) = (az, ¥; 215 tila, Y, zy 0) aa wa, ¥, Zz) (3.24) 


in which z, y, and z can independently assume all real values. We have taken 
c= 1. Assuming familiarity with vector calculus and the divergence theorem of 
Gauss, we will derive an integral formula for the solution. This integral formula 
has an important consequence for waves in 3—space. 

We can solve problem 3.24 by adding the solution of the problem with zero 
initial velocity to the solution of the problem with no initial displacement. We 
will use this observation, together with another which is perhaps more sub- 
tle, to solve the problem. Suppose we look at problem 3.24 with zero initial 
displacement and initial velocity n(x, y, z). Call this problem 3.25. 


Utt = Ure + Uyy + Uzz; 


Wee) = Ui 230) Se): (3.25) 


We claim that, if v is a solution of problem 3.25, then v; is a solution of 
problem 3.24 with initial velocity n(x, y, z) and zero initial velocity. 


Theorem 3.2 Let u(z, y, z) be the solution of problem 3.25. Then uy (2, y, z) 
is the solution of problem 3.24 with initial position (x,y,z), and zero initial 
velocity. 


Proof Let u = v;. We must first show that u satisfies the wave equation. 
Compute 


te = (Ui) = Wal = Ox Pg + Ue)i 


= (Ut)zx + (vt) yy + (Vt) 22 = Une + Uyy + Uzz- 


3.3. THE WAVE EQUATION IN HIGHER DIMENSIONS 141 


Now look at the initial conditions. Immediately 


u(z, y, z,0) = v4(z,y, 2,0) = n(z, y, 2). 
Further, 
Uz(Z, Y,2, 0) = Vir (2, Y,2, 0) 
= [Ver + Vyy + Vzz],-9 = 9 


because, in problem 3.25, u(z,y,z,0) = 0 for all (x,y,z). This proves the 
theorem. 


Using Theorem 3.2, we can solve problem 3.24 if we can solve problem 3.25. 
For, if wy is the solution of 3.25 with initial velocity w(x, y,z), and uy is the 
solution of 3.25 with initial velocity y, then 


Ou 
re + Uy. (3.26) 


What makes this result useful is that there is an integral formula for the 
solution of problem 3.25. 


ulZ, Y, ay t) i 


Theorem 3.3 (Kirchhoff’s Integral Solution of Problem 3.25) Let 
be continuous with continuous first and second partial derivatives for all (x, y, z). 
Then, for all real x,y,z, and t > 0, the solution of problem 3.25 is 


1 
u(x, y, z,t) = — // W(X, Y, Z) doz, (3.27) 
Ant S(a,y5z3t) 


in which the integral is a surface integral over the sphere S(z, y, z;t) of radius t 
about (x,y,z), and (X,Y, Z) is the variable of integration on S(z, y, z;t). 


S(x,y, 2;t) consists of all points (X,Y, Z) with 
(Xa (Sg) agar. 


The integral in equation 3.27 is known as Kirchhoff’s integral for the wave 
equation. 


Proof We will first show that u satisfies the wave equation. It is con- 
venient to use boldface for vectors, with x = (x,y,z) denoting an arbitrary 
point of 3—space, and X = (X,Y, Z) an integration variable. In this notation, 
12,4, 2,t) = u(x,t): 

Denote S(x,y, z;t) as S;. Let U be the sphere of radius 1 about the origin, 
and let do be the differential element of surface area on U, while do; is the 
differential element of surface area of S;. Then 


do, = t?do. 
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Let n; be the unit outer normal vector on S;, and n the unit outer normal on 
ih 
With this notation, equation 3.27 becomes 


i= a ie b(X) dor. (3.28) 


Transform this surface integral over S; to one over U, in which the variable is 
x, by putting 
X=x4t¢x. 


We obtain 


16)= = iT] ewer sy ie (3.29) 
U 
Now compute 
Ure + Uyy + Uzz = = ice + Dyy oe Weelerex dao 
are ail! (Wea (X) + Hyy(X) + v2z(X)) doz, (3.30) 


and 


i Sot) = well w(x + tx) do+ a ff Viw(x + tx) -ndo 


1 
= race t)+ vex) -n; doz, (3.31) 


in which V is the gradient operator. Apply Gauss’s divergence theorem to the 
last integral to write it as 


[fv )- ne doy = ff awvorsv 


where B; is the solid ball of radius t about (z,y,z). By a straightforward 
calculation, 


div (VW) => Wea i Vyy = Voy: 


Now equation 3.31 becomes 


B, 


Denoting this triple integral as J, the last equation is 


u(x,t) = 51 ea j+z ae (3.32) 
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Differentiate this equation with respect to ¢t to obtain 


Ute (X, iS ule, t) + se, t)+ Ae ie Age 
1 1 1 1 
=-(-- eee i pee 
t (24 bate tn Ant )+ Ant 
1 
— —],. 3.33 
Ant tr ( ) 


with the term in large parentheses vanishing by equation 3.32. Now, 
T= ff bax) + buy(X) + Yee(®)) do. (3.34) 
By equations 3.33, 3.34 and 3.30, 


1 
tue = ay ff, (=e + Vou) + vee) da 
= Ure + Uyy + Uzz- 


Therefore the function defined by equation 3.27 satisfies the wave equation. 
There remains to show that u(x, t) satisfies the initial conditions. First, 


u(x, 0) = 0 


by putting t = 0 into equation 3.29. Finally, from the first line of equation 3.31, 


because 


// do = area of U = 4n. 
U 


This completes the proof of the theorem. 


Corollary 3.1 (Poisson’s Formula) The solution of problem 3.24 is 


u(x,t) = 7 aa Ife X) dos] + |] »@ae (3.35) 


This conclusion, which is known as Poisson’s formula, follows immediately 
from equation 3.26 and Theorem 3.3. 

Poisson’s integral formula suggests a principle named for the Dutch natural 
philosopher Christian Huygens (1629-1695), who was a contemporary of Newton 
and Leibniz. The integrals in the solution for u(z, y, z,t) are surface integrals 
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over the sphere of radius t about (x, y, z), and these depend on the values of the 
initial position and velocity functions only at points on this surface. For this 
reason 5; is called the domain of influence of the solution. 

Suppose an initial disturbance vanishes outside a solid ball Br of radius R 
about the origin, and imagine standing at (x,y,z) outside this ball. Let p be 
the distance from the origin to (x,y, z). S; intersects Br exactly when 


p-R<t<pt+R. 


This means that the disturbance is felt first at time p — R, but after time p+ R 
the effect has passed, because the initial disturbance vanishes outside Br and 
the domain of influence no longer intersects any nonzero data. This is called 
Huygens’s principle, and it applies to solutions of the wave equation in 3 space 
dimensions. 

If we think of the disturbance as a sound wave (say a whistle blown by a 
person at the origin), this means that we first hear the sound at time p — R, 
continuing to experience it until time p+ R, after which time the sound vanishes. 


Problems for Section 3.3.2 


1. Suppose in problem 3.24 that the initial position function is identically 
zero, while the initial velocity is constant. Show that the solution is inde- 
pendent of x. Does this make sense from a physical point of view, thinking 
of the solution as a sound wave? 


3.3.3 Hadamard’s Method of Descent 


French mathematician Jacques Hadamard (1865-1963) developed a method that 
can be used to solve the Cauchy problem for the wave equation in two dimen- 
sions, using the Poisson integral solution for three dimensions. Because the 
method descends from three to two dimensions, it is called the method of de- 
scent. 

Letting c = 1, the problem in two dimensions is 


Utt = Ura + Uyy, 
u(z, Y, 0) = p(x, y), Ue(z, Y, 0) = w(a, y). 
The idea is to think of the x,y—plane as consisting of all points (#,y,0) in 
3—space, The Cauchy problem in the plane can be thought of as a Cauchy 


problem in 3—space, in which the initial position and velocity functions are 
independent of z. This problem in R? has the solution 


1 
u(z,y,t) = x Ot a Il. y(E, 1) ) da a eale w(E,7) do;. 


Because y and w are functions of just x and y, these surface integrals can be 
projected to double integrals over a region of the plane. Let n; denote the unit 
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outer normal to S; and consider a typical surface element on S; having area do. 
This surface element projects onto a d& by dy rectangle centered at (x, y,0) in 
the (€,7,0) plane. The area of this rectangle is related to the area of the surface 


element by 
1 
d§ dn =n k= eve ay: — (n — y)? do. 


Here we have used the fact that the sphere of radius t about (z, y, 0) has equation 
(€-2)?+(n-yP? +P =e. 


The fact that the sphere has both an upper and a lower hemisphere introduces 
a factor of 2 and we have 


We y(E,n) doy = 2t Il, aS dé dn, 


in which D; is the disk of radius t about (z, y) in the plane, and consists of all 
(€,7) with 


ee ee ee 
A similar reduction holds for the integral of ~ over S;. This yields an integral 
solution for the problem in the plane: 


ek (0) 
u(x, ¥,t) = 5 ot , es CS ET dg dn 
i, w(é,n) 
"On lo Ve =E= a= ny) pee 


There is a significant difference between the solutions in the plane and in 
3-—space. The domain of influence of the initial data at a point in 3— space 
at time t is the surface of a sphere of radius t about the point, and Huygens’s 
principle holds. In the plane, however, the domain of influence of (€,7) at time 
t is the solid disk of radius t about the point, not just its circular boundary. A 
disturbance, say in a small disk D about the origin, will eventually be felt at 
(x,y) and then be felt at all later times, because once D; intersects D at some 
time, it will do so at all later times. Huygens’s principle does not hold in the 
plane. 

If Hadamard’s method is applied to descend from the plane to the line, one 
can obtain d’Alembert’s solution. This is problem 1. 


Problems for Section 3.3.3 


1. Use the method of descent to derive d’Alembert’s formula from the integral 
obtained for the plane. 


2. Using d’Alembert’s solution, does Huygens’s principle hold for the line? 


Chapter 4 


Dirichlet and Neumann 
Problems 


4.1 Laplace’s Equation and Harmonic Functions 
In two dimensions, the heat equation is 
Ut = k(use + Uyy)- 


In the limit as t — oo, and in the absence of sources or sinks of energy, the 
effects of the initial conditions are no longer felt in the solution and we think of 
uz as zero to obtain Laplace’s equation 


Laplace’s equation is also known as the potential equation and also as the steady 
state heat equation. 
In three space variables, Laplace’s equation is 


Use + Uyy + Uzz = 0. 
In vector calculus, the del symbol V denotes the gradient operator, where 
V7u(a, y) = Yar + Uyy 
and, in three dimensions, 
V2u(z,y, 2) = Uae + Uap Ue 
Now Laplace’s equation can be written 
V2u = 0. 


V? is read del squared. The del symbol V is also called nabla after the Greek 
word nevel, for an ancient Hebrew harp, which has the shape of an inverted 
upper case Greek delta A. 
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A function satisfying Laplace’s equation in two or more dimensions is called 
a harmonic function. Sums and constant multiples of harmonic functions are 
again harmonic. If u is harmonic at each point of some region D, then we say 
that u is harmonic on D. 

In this chapter we explore properties of harmonic functions, methods of 
solution of boundary value problems involving Laplace’s equation, and existence 
questions for these boundary value problems. 

Harmonic functions occur in many contexts. In complex analysis, if f(z) = 
u(x, y) + tv(a, y) is a differentiable function of a complex variable z = x + iy 
defined over some region D of the complex plane, then both u and v are harmonic 
on D. 

For example, 


fie) =24 = (xt iy)* = xt — 6x7y? + y? + i(4e3y — 4ary?). 
Both of the functions 
u(x, y) = x* — 62*y* + y* and v(z, y) = 42° y — 4ary? 
are harmonic on the entire plane. 


4.1.1 Laplace’s Equation in Polar Coordinates 


Depending on the region of interest, we may want to use polar coordinates (r, 6) 
instead of rectangular coordinates (x,y). As preparation for this, we will derive 
Laplace’s equation in polar coordinates. Suppose u is harmonic on a region D 
of the plane, and let 

x =rcos(@),y =rsin(@) 


to obtain a new function 
U(r,@) = u(r cos(@), r sin(@)) 
of r and @. By the chain rule, 


U,. = uz cos(@) + uy sin(6), 
Ure = Une €08*(0) + 2p, cos(9) sin(O) + uy, sin? (8), 
Us = —ugr sin(@) + uyr cos(@), 
Ugg = —Ugr cos(@) — uyr sin(8) 
~ rsin(@) [Ure (—r sin(9@)) + usyr cos(@)| 
+r cos(@)|uyx(—r sin(@)) + uyyr cos(@)| 
= —rU, +r? [Ure sin? (0) — 2uzy cos(@) sin(9) + uy, cos?(6)]. 


Observe that ‘ ; 
Or 2 72 Voe = Uge + Uyy — Urs 
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so Laplace’s equation in polar coordinates is 
1 1 
U6 “++ me + ~3 Vos => 0. (4.1) 


It is easy to produce examples of harmonic functions in polar coordinates. 
To begin with a simple case, look for functions U(r) that are independent of 6. 
Then Ug = 0 and Laplace’s equation has no @— term. 


1 
Urry + —U, = 0, 
r 


or 
rU,, + U, = 0. 


Because U is a function of just r, write this as 
rU" +U' = (ru')' =0. 

Integrate to get 

rU'=c 
so 

Ul =<. 

t 
A second integration yields 
U(r) =cln(r) +k 


with c and k arbitrary constants. This function is harmonic for r > 0. 
We can find harmonic functions U(r, @) of both r and @ by separating vari- 
ables in equation 4.1. Put U(r,@) = R(r)O(6) to obtain 


1 1 
R"O+-R’'O+ —=9" = 0. 
r T 
Write this as 


r?R" + rR! 2, Oo" .. 


R 6 A. 


Then 
rR" +rR'-AR=0 


and 
6” +O = 0. 


Because (r,@) and (r,—8) are polar coordinates of the same point, we require 
that 
O(7) = O(-7). (4.2) 


This is a periodicity condition. Now consider cases on X. 
Case 1. \ = 0. Then 0(0) = a + b. To have 


O(r) =an+b=O0(-7) = -anr +65, 
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we need a = 0, so this case yields only the constant solution for O(6). 


Case 2. Suppose \ < 0, say \ = —k? with k > 0. Now 
6” — 0 =0, 


with solutions 
(0) = ae*® + be~*?. 
This function can satisfy conditions 4.2 only if a = b = 0, so this case does not 


produce any nontrivial solutions. 


Case 3. Suppose \ > 0, say \ = k? with k > 0. Then 
0” +10 =0, 
with solutions 
0(0) = acos(k@) + bsin(ké). 


This function will satisfy condition 4.2 exactly when & is an integer. Because 
k > 0, then \ = k? for k = 1,2,3,---. 

Now consider the equation for R(r). This is an Euler equation, with solutions 
of the form R(r) = r®. Substituting this into the differential equation with 
\ = k*, we must have 


o(a — 1)r?r®—? 4 arr?) — Ar® = 0. 


Divide by r® to obtain 
a(a=1)+o~k? =0: 


Then a? = k*, so a = +k and solutions for R are 
R(r) = er*® + dr-*. 
This means that 
U(r,0) = (er* + dr—*)(acos(k0) + bsin(k6)) 


in which k can be any nonnegative integer (we repeat these solutions if k is a 
negative integer). 
In summary, we have obtained the harmonic functions 


1 and In(r), 


which are independent of 6, with In(r) defined for r > 0, as well as 9—dependent 
harmonic functions 
r® cos(k0), r* sin(k6) for r > 0 


and 
r—* cos(k6), r~* sin(@) for r > 0, 
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Figure 4.1: Spherical coordinates (p, 9, y). 


with k any nonnegative integer and 9 any real number. These functions will be 
used to solve Dirichlet and Neumann problems for disks. 


4.1.2 Laplace’s Equation in 3 Dimensions 
Spherical coordinates (p, 6, y) are related to rectangular coordinates by 


x = pcos(y) cos(@), y = pcos(y) sin(@), z = psin(y). 


Figure 4.1 shows the significance of the coordinates p,@ and y. p is the distance 
from the origin to (x, y, z), 8 is the polar angle, and ¢ is the azimuthal angle. 
Laplace’s equation in spherical coordinates is 


iss i taps gs OO 

—U Se Ee —— Uy = U. 
a ar sin?(¢) pe? em 
One solution that depends only on p is 


1 1 
Pp far? +y24+22 
This is defined for all of 3—space with the origin removed. Other solutions can 


be produced using separation of variables. 
Problems for Section 4.1 
1. Write f(z) = 23 — 4z* + 2-1 in the form u(z, y) + iv(2z,y), with u(z, y) 


and u(x, y) real-valued. Show that u(z, y) and v(x, y) are harmonic for all 
x and y. 
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2. Suppose u is harmonic on a region (2 of points in the plane. Let a and b 


be given numbers, and let * consist of all points (x + a,y+ 6) for (x, y) 
in Q. O* is a translation of Q in the plane. Define 


v(a*,y") = ula” — a,y" — b) 


for all (2*,y*) in Q*. Show that v is harmonic on 0*. This shows that 
translations of harmonic functions are harmonic. 


. Let @ be a real number and let 


x” =cos(#)x + sin(A)y, 
y* = —sin(6)zx + cos(@)y. 


This defines a rotation through the angle @ radians in the plane. The 
inverse transformation is 


x = x" cos(@) — y* sin(@), y = x sin(@) + y* cos(@). 


Suppose u is harmonic on Q, and let 2* be obtained by applying this 
rotation to each point of 2. Let 


w(a*,y*) = u(2* cos(6) — y* sin(@), «* sin(@) + y* cos(@)) 


for each (2*, y*) in 2*. Show that w is harmonic on 2*. This means that 
rotations take harmonic functions to harmonic functions. 


. Let B be the open ball of radius a about the origin in 3—space. B consists 


of all points at distance less than a from the origin. Suppose u(z, y, z) is 
harmonic on the region exterior to B, consisting of all points at distance 
strictly greater than a from the origin. 


An inversion I of B is defined to be the mapping 


az 


x)= xe 


for x in B andx 40. 


(a) Show that J(x) is on a line from the origin through x, and that the 
product of the distance from the origin to x and from the origin to I(x) 
is a”, for each nonzero x in B. 


(b) Prove that every point y outside of B (so |y| > a) is the image of 
exactly one nonzero x in B(0,a). This is why J is called an inversion. It 
inverts the open ball about the origin, sending each of its points (except 
the origin) to a unique image outside the ball, in such a way that these 
correspondences are one to one. 


(c) Let w(x) = u(J(x)) for each x in B. Show that w is harmonic on the 
set B with the origin removed (the punctured ball of radius a about the 
origin). 
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ra mae, 4 


91(x) —(L,0) 


Figure 4.2: Boundary data for the Dirichlet problem for a rectangle. 


4.2 The Dirichlet Problem for a Rectangle 


Let D be aset of points in the plane, bounded by acurve C’. A Dirichlet problem 
for D consists of finding a function that is harmonic on D and assumes given 
values on C’. This is the boundary value problem 


V°u(x,y) = 0 for (x,y) € D, 
u(z,y) = g(x,y) for (x,y) on C, 


with g(x,y) a given function. 

The Dirichlet problem derives its name from German mathematician Johann 
Peter Gustav Lejeune Dirichlet (1805-1859), who did pioneering work in number 
theory, function theory, differential equations, and Fourier analysis. 

There is no general method for solving Dirichlet problems for arbitrary re- 
gions. Indeed, for some fairly innocent looking regions D and data functions 
g(x, y) defined on the boundary, this problem may have no solution. This issue 
is addressed in Section 4.7. 

We will use separation of variables to solve Dirichlet problems for the case 
that the region is a rectangle. Let R be the rectangle consisting of all (z, y) 
with O<2<L,0<y< K. The boundary of R consists of four line segments 
and function values are specified on each side. This Dirichlet problem is 


V-u(z,y) =O for0<2<L0<y<K, 
u(x, 0) = gi(x), u(x, K) = go(x) for0O<a2< lL, 
u(L,y) = hi(y), u(0, y) = ha(y) for0<y< K, 
with the functions g;(x), go(x), hi(y), and he(y) prescribing the values u(z, y) 


is to have on the boundary sides. This information is displayed in Figure 4.2. 


If we try a separation of variables, we get a rude surprise. Put u(z,y) = 
X(x)Y(y) into V2u(z, y) = 0: 


X"Y + XY" =0. 
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Then 


because x and y are independent, so 
X"4A4X =0,Y" —AY =0. 

Now everything falls apart. On the lower side of R, we need 
u(x, 0) = X(x)¥ (0) = guile), 

so X(x) must be a constant multiple of gi(#). On the upper side, 
u(x, L) = X(x)Y(L) = go(z), 


so X(x) must also be a multiple of g2(x). Together, these require that g,() 
and go(x) must be constant multiples of each other, even though these functions 
have no connection to one another and can be chosen independently. The same 
kind of difficulty occurs for Y(y) upon considering the conditions given on the 
vertical sides. 

There is a way around this difficulty. Form four Dirichlet problems, P;, P2, Ps, 
and P,. In each problem, one side has the boundary data from the original prob- 
lem, whereas the other three sides have zero boundary data. This is displayed 
in Figure 4.3. 

Suppose these problems have solutions u;(x,y),--- ,ua(xz,y), respectively. 
We claim that 


u(z,y) = > wj(2,y) 


is the solution of the original problem. 
Clearly u is harmonic on the rectangle, because each u; is. For the boundary 
conditions, verify by substitution that 


u(x, 0) = uz(x, 0) + ue(x, 0) + ug(x, 0) + u4(z, 0) 
= g(x) +0+0+0=491(2), 


u(x, K) = ui(2, K) + ue(xz, K) + us(x, K) + ua(a, K) 
=0+0+4 go(x) +0 = ga(z), 
u(L, y) == ui(L, y) a u2(L, y) a u3(L, y) at ua(L, y) 


=0+hi(y)+04+0=hily), 
and 

u(0, y) = ur(0, y) + u2(0, y) + u3(0, y) + u4(0, y) 
=0+04+0+ho(y) = holy). 


There remains to demonstrate that we can solve a Dirichlet problem for a 
rectangle if there is only nonzero data on one side. Example 4.1 illustrates the 
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Figure 4.3: Partitioning a Dirichlet problem for a rectangle. 
idea if the nonzero data are given only on the top side. The same strategy works 
for any side. 


Example 4.1 Let R be the rectangle consisting of all (z,y) with O < x < 
3,0 <y <7. We will solve the Dirichlet problem 


V?ul(x,y) = 0 for (x,y) in R, 
u(z,0) =0 for0< 2 <3, 
u(0,y) = u(3, y) = 0 for0< y < 7, 
u(z,7) = f(x) = zsinh(3 — x) for0<2 <3. 


Let u(x, y) = X(x)Y(y) in Laplace’s equation to obtain 
X" +X =0,Y"” —AY =0. 


Use the three sides with zero boundary data to obtain conditions on X(a) and 
Y(y). First, 


u(0,y) = X(0)¥(y) =0 


so X(0) = 0. Similarly, u(3,y) = X(3)Y(y) = 0 implies that X(3) = 0, and 
u(x,0) = X(x)Y(0) = 0 implies that Y(0) = 0. The problems for X(x) and 
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Y(y) are 


X" +X =0; X(0) = X(3) =0, 
Y” —\Y¥ =0;Y(0) =0. 


The problem for X has eigenvalues and eigenfunctions 


2,2 


N= —-) Xn(2) = sin (=) 
for n = 1,2,---. Now the problem for Y is 
22 
y"(y)— “" -y =0:¥(0) =0. 


This differential equation has general solution 
Y(y) = aen™¥/3 te be Pt y/3_ 


Because Y (0) = a+b = 0, b = —a, so solutions for Y are constant multiples of 
Y,(y) = sinh (=) 


For n = 1,2,---, we now have functions 


(8) = Cann () sinh (=) ; 


which are harmonic on the rectangle, and satisfy the homogeneous boundary 
conditions on the left, right and lower sides. To satisfy u(z,7) = f(x), let 


[e.2) 
US) = S> Cn sin (=) sinh (—) 


and choose the coefficients so that 
= NTL Tn 
u(a, 7) 2. Cn sin { —— } sin ( 3 ) x sinh(3 — x) 


This is a Fourier sine expansion of x sinh(3 — x) on [0,3], so we must choose 
the entire coefficient to be the Fourier sine coefficient: 


3 
Cy, sinh (+) 7 sf €sinh(3 — €) sin (73) dé. 


Upon carrying out the integration, we obtain 


36n7 


(n2x2 + 9)? sinh(7n7/3) (cosh(3) aa (—1)") 


Ch = 
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The solution is 
u(x,y) = 


= Fre Na) (cosh(3) — (—1)”) sin (=) sinh (=) ; 


Problems for Section 4.2 


In each of problems 1-5, solve the Dirichlet problem for the indicated rectangle 
and boundary conditions. 


1. 
u(0,y) = u(1,y) =0 for0O<y<z7, 
u(z,0) = sin(zz),u(z,7) =0 forO<a< 1. 
2 
u(0,y) = y(2 — y), u(3, y) = 0 for0<y < 2, 
(a0) = (a 2) = 0. for 0 <= 8. 
3. 
u(0,y) = u(1,y) =0 for0<y <4, 
u(x,0) = 0, u(x, 4) = xcos(rx/2) forO< a2 <1. 
A, 
u(0, y) = sin(y), u(7, y) = 0 for0 <y <7, 
u(z,0) = a(n — 2), u(z,7) = 0 forO<a<n. 
5. 


u(0, y) = 0, u(2, y) = sin(y) for 0 << y < 7a, 
u(x,0) = 0, u(x,7) = xsin(rx) for0 <2 < 2. 


Apply separation of variables to solve each of the following mixed boundary 
value problems (in which boundary data is a mixture of function values, and 
values of partial derivatives of the function). 


6. 
V-u=0for0<2#<LO0<y<K, 


u(z,0) =uy(z,K)=0 for0<2¢<L, 
u(0,y) = 0,u(L,y) = g(y) forO<y<K. 
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V-u=O0for0<2<L0<y<K, 
tifa; 0) = 0; ue, Kh) = f(z) for Ua < LG, 
“0, g) =z l,y) =0 for 0< yy <ck, 


4.3. The Dirichlet Problem for a Disk 


As with rectangles, we can solve Dirichlet problems for disks. Let D be a disk 
of radius p about the origin. Using polar coordinates, we will solve the Dirichet 
problem 


1 1 
V?u(r, 0) = Urr + —ur + Suge = 0 forO<r<p,—m<O0<7, 
r r 


u(p,@) = f(@) for —7 <O< 7. 


We have already done a lot of the work. Recall from Section 4.1 that the 
functions 
1,r” cos(n@), r” sin(n@) 


are harmonic for n = 1.2,---. We will attempt to write a solution of this 
Dirichlet problem as a superposition of these harmonic functions: 


u(r, 0) = 50 + S- (anr” cos(n@) + byzr” sin(né)) . (4.3) 


n=1 


The harmonic functions r~” cos(n@) and r~” sin(n@) are not used in this super- 
position because they are undefined at r = 0, the center of the disk. 

u(r, @) is harmonic over the entire plane. To satisfy the boundary condition, 
we need 


ls 


u(p, cot Do (anp” cos(n@) + bpp” sin(n@)) = f(A). 


This is a Fourier series expansion of f(@) on |—a, 7]. The coefficients are 
ag = — f(§) dg, 
Tv -—TT 
Tr 1 e 
dnp" = — f f(g) cos(ng) dé, 
1 


bap" =— | F(é) sin(ng) dé. 


for n = 1,2,--- 
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Then 
a= F(a, 
1 “is 
an = ee | f(€) cos(né) dé 
bn = fF) sin(ng) de 


Example 4.2 Solve 


V2u(r,0) = 0 for 0<r<3,-17 <0 <7, 
u(3, 6) = f(@) = |cos(6/2)| for -t7 <O0< 7. 


The solution is equation 4.3 with p = 3. Compute 


ay = = | \oos(6/2)| a6 = =. 
an = gaz | |coslé/2)| cosine) af = = 
bn = gr | loos(6/2)|sin(ng) a = 0. 
The solution is 
u(rs0) = 2 4 Ay Oo cosind) 


n=1 
forO<r<3,-7<0<8@. 


Sometimes a Dirichlet problem is posed on a disk, but articulated in rect- 
angular coordinates. In this case we may proceed by converting the problem to 


polar coordinates. 
Example 4.3 Solve the Dirichlet problem 
V°u(z,y) = 0 for 2? + y? < 12, 
v(x, y) = x? — y for x7 + y* = 12. 
This problem is posed on the disk of radius p = 2\/3 about the origin. With 
x =rcos(@) and y = rsin(@), 
the boundary function translates to 
a? — y = p* cos*(@) — psin(0) 
= 12cos?(6) — 2V/3sin(6). 
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The problem in polar coordinates is 


1 1 
V2u(r, 0) = Ure + 7 Ur + —uee = 0 for r? < 12,-17 <0<7, 
rT 
u(2V3, 0) = f(@) = 12cos*(0) — 2V3sin(@) 


By equation 4.3, the solution is 


6) = a9 + + ul aynr” cos(n@) + bar” sin(n@)) 

in which 1 wT 
CO f(€) d€ = 12, 
ee | : 

"(25/3)" ie eh onan 

sa4i0 for 72, 

— )1/2 forn=2, 
and 


1 

x avin f(€)sin(né) dé 
= for n = 2,3,---, 
— )-1) forn=1. 


The solution is therefore 
1 
u(r, 6) =6+ af cos(20) — rsin(@). 


This is a finite sum because only ag and 6b; are nonzero. 
If we want the solution in rectangular coordinates, use the identity 


cos(20) = cos?(9) — sin?(6) 
to write 1 
v(z,y) =6 + 5(@ —y") —y. 


To check this calculation, on the boundary of the disk, x? + y? = 12, so y? = 
12 — x? and 


1 
v(x, y) =6+5(2° -(12—2*))-y=2"-y, 


as required. 
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4.3.1 Poisson’s Integral Solution 


We will write an integral solution of the Dirichlet problem for a disk about 
the origin, starting with a disk of radius 1. Insert the integrals for the Fourier 
coefficients of f(@) into equation 4.3, with p = 1, and rearrange terms: 


af \- =r" | a en ray eer yee 7 f (€) sin(n&) dé sin(n)] 


142 S> r” (cos(n€) cos(n@) + sin(n€) n(n) f(€) dé 


T 
i 
oe 
3 > 
—ar-— 
+ 


250 r” cos(n(6 — ) f(€) dé. 


n=1 


The quantity 
1 ee 
PaCS = ee Si cos(n¢) 
n=1 


is called the Poisson kernel, and in terms of this kernel function, the solution is 
u(r,0)= - P(r;8— €)f(€) dé. (4.4) 


—T 


forO<r<land —2 <6< 7. This is reminiscent of the Dirichlet kernel used 
in the proof of the Fourier convergence theorem. 

We will sum the infinite series in the Poisson kernel to write it in simpler 
form. Begin with Euler’s formula 


e’S = cos(¢) + isin(C). 


Let z = re**. This is the polar form of a complex number z having polar 
coordinates (r,¢). By Euler’s formula, 


z? = re™ = 7” cos(n¢) + ir” sin(n¢), 
so r” cos(n¢) is the real part of z”: 
r™ cos(n¢) = Re(z”). 
Then 


14250 r”cos(n¢) = Re (:+23°2"), 


n=1 n=1 
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What we gain from this manipulation is that the series }>~_, 2” is a geometric 
series whose sum is known: 


- z 
eS Nil 7 ae ae a 
o— Leg 


This enables us to write 


All that remains is to determine this real part. Multiply the numerator and 
denominator by 1 — re~*S, which is the complex conjugate of the denominator, 


to obtain 
1+re% 1+re%\ (1—re-* 
1—ree (; eo (ang) 
1—r?4+r(e% — 7%) 
1 —r? + 2irsin(C) 
1+ r? — 2rcos(¢) 


From this, we immediately read the real part of this quantity as 
1l-r? 
1+ r? — 2rcos(¢) 
Summarizing the calculation, we have 
dass 
1+ re 17" 
142 . = Re {| ————~ }] = ———_>~—_———.. 
~ a Be OS) (; _ — 1 +r? — 2rcos(¢) 


n=1 


This gives the Poisson kernel as the quotient: 


1 L=q 
P i SS EE eee 
(36) 2n 1+ r? — 2rcos(¢) 
Now equation 4.4 is 
1 ae 1—r? 
GS ae oS Se . 4, 
u(r, 8) = [ Tope raloe (4.5) 


This is Poisson’s integral formula for the solution of the Dirichlet problem 
for the unit disk. It is valid forO <r <land—17<@< 7. 
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By a change of variables, we can adapt this expression to obtain a solution 
of the Dirichlet problem on the disk of radius p about the origin: 


(= 5 fe eee iat ee 7,57 (4.6) 
ee) On _, p2 +r? — 2pr cos(@ — €) 
Sometimes it is useful to rewrite this as 
1 20 log = r2 
=— ——- 4, 
Wr) = 5 | aoe alae (4.7) 


using the fact that f(@) is assumed to be periodic of period 27. In fact, the 
integral can be taken between a and a+ 27 for any number a. 

Equations 4.5—4.7 are all known as Poisson’s integral solution of the Dirichlet 
problem for a disk. 


Example 4.4 We will use Poisson’s integral to rewrite the solution of the 
problem of example 4.2. There we had p = 3 and u(p,0@) = f(@) = | cos(@/2|. 
The solution is 


| ee a Q—r? 
u(r, 0) = = 9472 — reoatd — 6) | s/ Ie 


Which is to be preferred, a series or an integral solution? This depends on 
what we want to do with the solution. If, for example, we want numerical 
values at particular points, there are techniques for approximating integrals 
to high degrees of accuracy. Series are not as well suited to such numerical 
approximations, except in special cases. 


Problems for Section 4.3 


In each of problems 1-3, use equation 4.3 to write a solution of the Dirichlet 
problem in polar coordinates, for the given disk and boundary function. 


le p= Tu(7;0) = cos" (0): 
2. p = 6,u(6,0) = sin?(4) + cos?(6). 
3. p = 4,u(4,6) = sin?(9) cos? (6). 


In problems 4 and 5, solve the Dirichlet problem by converting it to polar 
coordinates and using equation 4.3. 


A. 


V7ul(x,y) = 0 for x7 +y? <9, 
u(x, y) = 2” for x7 + y? = 9. 
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6. 
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V7u(x,y) = 0 for x7 + y? < 16, 
u(x, y) = xy” for x? + y* = 16. 


Consider the Dirichlet problem for the disk r < p, with u(p,0) = f(8). 
Suppose f(@) is an odd function and is periodic of period 27 on [—7, 7]. 
Show that the solution u(r,@) is also an odd function of 6. If f(@) is an 
even function of 6, is u(r,@) even as a function of 6? 


. Solve the Dirichlet problem for an annulus (the region between two con- 


centric circles). The problem may be stated: 
V7u(r, 0) = 0 for 0 < py <0 < po, -—7 SO <7, 
u(pi1,9) = 9(8), u(p2,0) = (9) for —m SO <7. 
Hint: It is assumed that p; > 0. In this case attempt a series similar to 
that of equation 4.3, except now include the terms In(r), r~” cos(n@) and 


r—”sin(n@), because the origin is not in the annulus. Use the boundary 
conditions on both of the boundary circles to find the coefficients. 


In each of problems 8-13, solve the Dirichlet problem for annulus, which is 
specified by giving boundary data on each of the boundary circles. 


8. 

9. u 
10. 
11. 
12. u 
13. 
14. 
15. 


16. 


17. 


- = 1,u(2,0) = 2 

6) = 1, u(2, 0) = cos(@). 

) = sin(@), u(2, 0) = cos(6). 

) = 1, w(2, 4) = cos?(6). 

) = sin(26), u(4, @) = sin(46@). 
u(2,0) = sin?(@), u(4, 0) = cos?(8). 

Derive equation 4.6 from 4.5. 


By differentiating under the integral, verify that the function defined by 
equation 4.6 is harmonic (in polar coordinates) on the disk r < p. 
Choose u(r,@) = r” sin(n@) in equation 4.5, with n a given positive integer. 
Evaluate u(1/2, 7/2) to derive the integral formula 


* — sin(né€) = 
i 5 — 4 sin(€) . 7 


3(Q"=1) sin(nm/2). 


Use equation 4.5 with u(r, @) = r” cos(n@) to evaluate 


* — cos(n€) 
j. a 4 cos(€) = 


for n an arbitrary positive integer. 
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18. Derive integral formulas by choosing u(r, 6) = r” cos(n@), with n a given 
positive integer, and evaluating u(1/2,7/2) in Poisson’s formula. 


4.4 Properties of Harmonic Functions 


In this section we will explore some important properties of harmonic functions. 
Although this can be done in n variables, for the most part we will work in 
the plane and 3—space, assuming familiarity with vector calculus, line integrals, 
and the integral theorems of Gauss and Green. We will also need to know some 
topology of R”, which we will review first. 


4.4.1 Topology of R” 


Let R” denote the space of ordered n—tuples (21, 2%2,--+ ,£n) of real numbers. 
We think of R? as the plane, consisting of points (x,y), and R® as 3—space 
consisting of triples (x,y, z) of real numbers. 
Objects in R” are often called n—vectors, and we will denote them in bold- 
face, for example 
x= (a1, £9,° ae ae 


If 
X= (£1,-+* fn) and y = (%1,-+* 5 Yn) 


the distance between x and y is defined by the metric 


Ix—y|= 


In the plane, this is the usual 
Ix—y|] = V (a1 — y1)? + (@2 — y2)?. 


Because the distance between x and y is the same as the distance between 
y and x, this distance function is symmetric: 


Ix—y| = ly — |. 
Distance also satisfies a triangle inequality 
Ix — 2] <|x—-y|+|y —2|. 


This says that the distance between x and z cannot exceed the distance 
between x and y plus the distance between y and z. We all know this from our 
experience in walking from one place to another. 

The inequality also follows from the fact that any side of a triangle has length 
less than or equal to the sum of the lengths of the other two sides (Figure 4.4). 
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lx-zl 


Figure 4.4: Triangle inequality in R”. 


If A is a set of points in R”, we will write x € A if x belongs to (is an element 
of) A. 

Given a point a € R”, the open ball of radius r about a is denoted B(a,r), 
and consists of all points x € R” at distance less than r from a. 

Sets are conveniently specified using set notation. For this open ball, write 


B(a,r) = {x|x € R” and |x — a] <r}. 


The left-most curly bracket announces that a set of points or objects of some 
kind is about to be defined. Following this bracket is some suitable name or 
symbol, say, for example, x. Following this, the vertical line | announces the 
beginning of the rules that x must satisfy, or properties x must have, to be in 
the set. Finally, the right curly bracket indicates that the definition of this set 
is complete. In everyday terms, a set is a club, and the set notation lists the 
rules of membership. 

Stated more generally, the set of all objects having some property P can be 
denoted 

{x|x has property P}. 


There is nothing special about use of the symbol x in defining this set. Any 
”reasonable” symbol can be used. For example, the set just defined can also be 
specified by 

{y|y has property P}. 

We will write A C B, read A is a subset of B, if every object in A is also in 
B. This does not preclude the possibility that the sets are the same, consisting 
of exactly the same objects. Note that A C A for every set A because it is 
trivially true that every element of A is also in A. If both A C Band BC A, 
then A = B and the sets are identical, containing the same elements, because 
every object in A is in B, and, conversely, every object in B is in A. 

Set difference is defined as follows. If B and A are sets, then B— A denotes 
the set of elements of B that are not in A. If A and B have no elements in 
common, then of course B — A = B. We may think of this as scooping A out 
of B. 
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Open ball about a Closed ball about b 


Figure 4.5: Open and closed balls in the plane. 


If B Cc A, then B— A = @, the empty set having no elements, because 
BC A implies that there is no element of B that is not in A. 

The closed ball of radius r about b is denoted B(b,r), and consists of all 
x € R” at distance less than or equal to r from b: 


B(b,r) = {x|x € R” and |x — b] < r}. 

In the plane, an open ball B(a,r) consists of all points interior to the circle 
of radius r about a, while B(b,r) consists of all points in the open ball about 
b, together with those on the boundary circle (see Figure 4.5). The exclusion 
of points on the bounding circle for the open ball is often indicated by drawing 
this circle in dashed lines. 

In R°, circles are replaced by spheres, with the open ball about a point 
consisting of all points interior to some sphere about the point, while the closed 
ball contains these points as well as those on the surface of the sphere. 

An open ball about a point is also known as a neighborhood of the point. 

Now let A be a set of points in R”. A point a € A is called an interior point 
of A if there is some neighborhood of a, all of whose points belong to A. In 
the plane, this means that we can draw a circle about a (perhaps of very small 
radius) enclosing only points of A. In 3—space this means that we can find a 
sphere about a enclosing only points of A. Thus a point is interior to A if, while 
standing at the point, there is some distance we can reach out in any direction 
and encounter only points of A. 

The interior of A consists of all interior points of A. All interior points of 
A are in A, so the interior of A is a subset of A. However, there may be points 
in A that are not interior points. 

A point b in R” is called a boundary point of A if every neighborhood of b 
contains at least one point in A and at least one point not in A. In this sense, 
boundary points are on the edge of A. A person standing on a boundary point 
can reach out and touch a point not in A and a point in A, no matter how close 
the reach is restricted to be. A boundary point of A may or may not belong to 
A. 

The boundary of A consists of all the boundary points of A. The boundary 
of A is denoted OA. If A has no boundary points, then 0A = ©. 
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Figure 4.6: Points (x,y) with z > 0 and y > 0. 


Example 4.5 In the plane, let 
A= {(z,y)|xz >0 and y > O}. 


A is depicted in Figure 4.6 and consists of all points in the plane having 
positive coordinates, together with those on the vertical axis above the origin, 
but not including the origin or points on the horizontal axis. 

Every point (xz,0) with x > 0 is a boundary point of A not contained in A. 
Points (0, y) with y > 0 are also boundary points of A, but are contained in A. 
These are all the boundary points of A: 


OA = {(z,y)|e@ =0 and y>0orz>0 and y=0}. 


The small open dot at the origin in the diagram, and the dashed positive 
x—axis, are reminders that these points are not in A. 

Every point (x,y) with xz > 0 and y > 0 is an interior point of A, and these 
are all the interior points. 


Example 4.6 Let A = B(a,r), an open ball of radius r about some point 
ain R”. Then every point in A is an interior point of A. The boundary points 
are exactly those at distance r from a, and none of these is in A. 


Example 4.7 Let A = B(a,r) — {a}. This is the open ball of radius r 
about a, with the center a removed. (Think of a circle or sphere with the center 
punched out). Every point of A is an interior point. However, the boundary 
points are now those at distance r from the center, together with the center 
a. The center is a boundary point because every neighborhood of the center 
contains the center (which is a point not in A), as well as points in A. 


A point can never be both an interior point and a boundary point of a set. 
However, each point in a set must be either an interior point or boundary point 
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Figure 4.7: Vertical strip consisting of (x, y) with |x| < 1. 


of this set. Keep in mind, however, that a set may have boundary points that 
do not belong to the set. 

A set A is an open set if each of its points is an interior point of A. And A 
a closed set if A contains all of its boundary points. 

In example 4.5, A is neither open nor closed. A is not open because it 
contains some of its boundary points, and these are not interior points. It is not 
closed because there are boundary points of A that are not in A. Although the 
language might suggest otherwise, the terms open and closed are not opposite 
concepts when referring to sets. 

In example 4.6, any open ball about a point is open (all of its points are 
interior points, and it contains no boundary points). 

In example 4.7, the punctured open ball (center removed) is open (all of its 
points are interior points) and not closed (it has boundary points, but none of 
these is contained in the set). 


Example 4.8 R” itself is open (all of its points are interior points), and 
also closed (it has no boundary points, and so vacuously contains all of them!). 


Example 4.9 Let S consist of all points (z, y) in the plane with -1 <2 <1 
and y arbitrary: 
S={(z,y)|-l<a< Il}. 


This is the infinite vertical strip of Figure 4.7, consisting of all points strictly 
between the vertical lines x = 1 and x = —1. 

Every point of S is an interior point. The boundary points are all the points 
on the vertical sides, specifically, points (1, y) or (—1, y). No boundary point of 
S belongs to S, and all points of S are interior points. S is open and not closed. 

Let T consist of all points (x, y) with —1 < x <1. This is the strip S together 
with all points on the right vertical side. The points (1, y) are also boundary 
points of T’, but are contained in T and are not interior points. Therefore T is 
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not open. But T is not closed either, because some boundary points of T (those 
of the form (—1,y)) are not in T. 


The closure of a set A consists of all points in A, together with all of the 
boundary points of A (if there are any). This set is denoted A. For example, the 
closure of an open ball B(a,r) consists of all points in the open ball (distance 
less than r from the center), together with all points on the surface of the ball 
(at distance r from the center). 

It is always true that A C A, but these sets may not be equal. This occurs 
when there are boundary points of A that are not in A, which can happen, for 
example, if A is open. 

One can prove that a set is closed exactly when the set is equal to its own 
closure. Further, different sets may have the same closure. 

In example 4.9, S = T,, with both closures consisting of all points (x, y) with 
—1<a2<l. In this case, neither set equals its closure, because neither set is 
closed. 

In example 4.5, the closure of A consists of all points (x, y) with x > 0,y > 0, 
formed by including all of the points of A and all its boundary points. This is 
a closed set, but does not equal the set itself, because some boundary points of 
A that are not in A are included in the closure. 

A set A of points in R” is bounded if it can be fit inside some open ball of 
sufficiently large radius. Put another way, A is bounded if, for some number R, 


|x| < R for allx € A. 


This says nothing about whether the set is open, closed, not open, or not closed. 
It simply says that A cannot contain points arbitrarily far from the origin. A 
set is unbounded if it is not bounded. Every open ball is a bounded set, and 
the closure of any bounded set is a bounded set. In the plane, the (open) upper 
half-plane, consisting of all (x,y) with y > 0, is unbounded. 

There are two other properties of sets that we will use. A set is compact if 
it is closed and bounded. And a set A is connected if, given any two points x 
and y in A, there is a polygonal path (made up of a finite number of straight 
line segments) from one point to the other and lying entirely in A. This is not 
a general topological notion of connectedness, but is intuitively appealing and 
is suited to the analysis we will carry out. 


Example 4.10 Let S consist of two disjoint solid disks in the plane. A 
typical such set is shown in Figure 4.8. S is not connected. No path can get 
from a point in one disk to a point in the other without going outside both 
disks. 


Finally, a domain is a set of points in R” that is both open and connected. 
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Figure 4.8: A non-connected set in the plane. 


Problems for Section 4.4.1 


In each of problems 1—9, determine all the interior point and boundary points of 
the set, as well as whether the set is open, closed, bounded, connected, and/or 
compact. Also determine if the set is a domain. 


1. 
S={(z,y)|0<2<land0<y< Il}. 
25 
P={(a,y)|\c <Oandl<y< 4}. 
3. 
Q={(z,y)\1 <2? +y? <4}. 
4. 
W ={(z,y)|-—l<2<6andz< y}. 
5. 
M = {(a,y)|x and y are rational numbers }. 
6. 
D = {(x,y)|x and y are irrational numbers }. 
7. 
P = {(x,y)|% > 3 or x < —2}. 
8. 
B= {(a2,y,z)|z" + y? + 2? > 4}. 
oO: 


T = {(z,y,2)|\e + y+ z= 7}. 
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10. E consists of all (x,y, z) in R? that are within distance 7 of (—3, —4, —3) 
or within distance 2 of (11, 15,12). 


11. If A is any set of points in R”, the complement of A is the set AC consisting 
of all points of R” that are not in A. Show that A and A® have the same 
boundary points. 


12. Let AC R”. Show that A is open if and only if A® is closed. 


13. Show that R” and the empty set @ are both open and closed. Can any 
other subset of R” be both open and closed? 


4.4.2 Representation Theorems 


Functions that are harmonic on domains in R” have representations as integrals. 
These are important in deriving and understanding further properties of har- 
monic functions and in solving Dirichlet problems. We restrict our attention to 
integral representations in the plane and 3—space. These provide some insight 
into what generalizations to R” might look like. 

If A is a set of points in R? or R?, let C?(A) denote the set of all functions 
that are continuous, with continuous first and second partial derivatives, on A. 
A function in C*(A) is called a C? function on A. 


4.4.2.1 A Representation Theorem in R® 


We begin with a representation theorem for C? functions on bounded domains 
in 3—space. This will require familiarity with surfaces, closed surfaces, outer 
normal vectors, normal derivatives, surface integrals and the divergence theorem 
of Gauss. 

We will also need the following lemma from 19th century British amateur 
natural philosopher George Green and, independently, Ukrainian mathemati- 
cian Michel Ostrogradsky. In the statement, recall that 


O 
5 = Vu-n, 


where n is the unit outer normal to the surface. 


Lemma 4.1 (Green’s Second Identity in R?) Let Q be a bounded 
domain in R?, and assume > that OQ is a piecewise smooth closed surface. Let u 
and v be C? functions on 2. Then 


Ov Ou 
ae 2) ae path 
// (uV“v — vV~u) dV ie G us| do. 
Q 
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Proof Let n be the unit outer normal to OQ. Apply Gauss’s divergence 
theorem to the surface integrals to obtain 


iad 
= ff uve-ndo— ff vvu-ndo 
“een yav — ala 


It. is a straightforward calculation to verify that 
div(uVv) — div(vVu) = uV2v — vV7u, 


and this completes the proof. 


We will use this lemma to derive a representation theorem for C? functions 
in 3—space, which we will then apply to harmonic functions. 


Theorem 4.1 (Representation Theorem for C? Functions in R*) Let 
(2 be a bounded domain in R? with piecewise smooth closed boundary surface 
dQ. Let u € C?(Q). Then, at any x € 2, 


)= # Da iF = = - WW) 5, yal 


“ally =. ) 


The notations doy and dVy are reminders that the variable of integration is 
y, while x is any point of 2. 


Proof For y € 2 with y # x, let 


1 
u(y) ea 
We would like to apply Green’s second identity to u and v, but v is not defined 
at x. However, 2) is an open set, so x is an interior point of 9 and there is a 
neighborhood B(x, €) of x containing only points of 2. Denote B(x, «) = B. By 
choosing € small enough, we can ensure that B is wholly contained in 2. Form 
Q,. by removing all points of B from ©. It is easy to check that 2, is also a 
domain (open and connected). Figure 4.9 suggests this construction. 
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Figure 4.9: Q, is formed by cutting B out of Q. 


Now, v is harmonic for y 4 x, so V7v = 0 onQ,. By Green’s second identity, 


La 
ff, ( UW) a, "Te zs ag doy. 


OQ, consists of two disjoint parts: the boundary OQ of N, and S = S(x,€), 
the sphere bounding B (Figure 4.9). The surface integral over 02, is the sum 
of the surface integrals over 0C2:Q and S, so the last equation can be written 


La 


- ff (wg ae doy 
+ ff (ol Cor. 5 (s3 =) ~ ly : x] | doy (4.9) 


We want to determine what happens to the terms of this equation in the 
limit as « > 0. First, the convergent improper triple integral over 2. approaches 
the triple integral over (2: 


Ws rout mele a +4 


The surface integral over OQ on the right side of equation 4.9 is independent 
of €, and, therefore, remains unchanged as € —> 0. 
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Figure 4.10: Exterior normal y — x to B at y. 


Finally, we will show that the surface integral over S in equation 4.9 has 
limit 47u(x). If y € S, then 


ee 
ly—-x| € 


To compute the normal derivative of v on S, recall that the line from any 
point of a sphere to its center is normal to the sphere. This means that for any 
y € S, the vector y — x is normal to S and points out of the ball B. We want 
the normal vector oriented away from (2, so choose a vector along —(y — x), 
toward x, and into the ball (hence exterior to 2; Figure 4.10). To obtain a unit 
vector with this orientation, let 


y = yiit+ yoj + y3k and x = 211+ aj + x3k 


and choose 


iG) Se 
2 eames 
__ (yi — i)i + (y2 — £2)j + (ys — @3)k 


(yr — £1)? + (yo — £2)? + (y3 — 3)? 
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Now compute the normal derivative 


an (p=ai) “7 (p—a) 20 


_ ___ (vi = Bi)i+ Ya = t2)5+ (Ys — 23) n(y) 
((y1 — 21)? + (ye — £2)? + (y3 — a3)?)9/? 
(yi — &1)? + (yo — x2)? + (y3 — £3)? 
((y1 — @1)? + (yo — £2)? + (y3 — ¥3)?)? 
1 
7 (y1 — £1)? + (yo — Zo)? + (ys — 23)? 


Therefore 


If, (em (pom) - poate) 
[G00 52) 
= ff wo x) doy + + ffs (luo — u(x)] | doy. 


Because the integration is with respect to y, u(x) factors through the integral, 
and 


3 a u(x) doy = u(x) (area of S) = 47u(x). 


Finally, 


J. (luty) — uo] = 2°82) ay 


1 
=o = (4ne? )maxyes|u(y) — u(x)| + ~(4rre*)maxyes| 


duly) 
On | oa 


as € —> 0 because by continuity u(y) - u(x) as y > x and, for the last term, 
because 


duly) | 
On 


is bounded for y € S. 
Therefore, in the limit as € — 0, equation 4.9 becomes 


“gee 
- ff. (ug =) = sox oly ’\ doy + 4ru(x). (4.10) 


4.4. PROPERTIES OF HARMONIC FUNCTIONS Lif 


This is equivalent to the conclusion of the theorem, completing the proof. 


This representation theorem does not assume that u is harmonic. If, however, 
V2u = 0, then the triple integral in equation 4.10 vanishes and we are left with 


=F le pam oe OR pom) or 


for x € 2. The importance of this equation is that it relates the value u(x) of 
a harmonic function wu at x € 2 to an integral over the boundary, hence to a 
quantity that depends only on values of u on the boundary. This is exactly the 
information that is given in a Dirichlet problem. 


4.4.2.2 A Representation Theorem in the Plane 


Suppose {2 is a bounded domain in the plane, with boundary 02 a piecewise 
smooth curve. The planar version of Green’s second lemma looks the same as 
the lemma in 3—space, but the triple integral is replaced with a double integral, 
and the surface integral over the bounding surface with a line integral over the 
boundary curve. 

For the representation theorem in 3—space, we used the function 


1 
— for y #x. 
ly —x| 


In the plane, this function is replaced with 


u(y) =In (5) 


which is harmonic as long as y 4 x. We obtain the following version of Theorem 
4.1, adapted to domains in the plane. 


Theorem 4.2 (Representation Theorem for C?(Q) Functions in R?) 
Let 92 be a bounded domain in R? whose boundary 02 is a piecewise smooth 
closed curve. Let u € C?(Q). Then, for x € Q, 


#0) Ff (epg) SPO (Ge) # 
-s ff V7u( (y) in ( =) dA. 


As in the three-dimensional case, in the case that u is harmonic, this rep- 
resentation theorem gives u(x) at points of Q in terms of information on the 
boundary of 22. 
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Problems for Section 4.4.2 


1. In R?, what does the representation theorem reduce to for the case that 
Ux) =f 


2. In R°, what does the representation theorem say for the case u(x) = 1/|x|? 
3. Prove Green’s second lemma for a domain in the plane. 


4. Write out the details of proof of the representation theorem for domains 
in the plane, at a level of rigor comparable to that given for the theorem 
in 3—space. 


4.4.3 The Mean Value Property and the Maximum 
Principle 


Harmonic functions enjoy a mean value property. In 3—space, this says that if 
u is harmonic on a bounded domain 2, then, at any x € 2, u(x) is the average 
of the values of u over any sphere centered at x and lying entirely in 2. This is 
proved using the representation theorem for harmonic functions. 


Theorem 4.3 (Mean Value Property for Harmonic Functions in R*) 
Let u be harmonic on a bounded domain 2 in R?. Let x € 0. Then 


1 
0) = Fa He 


provided that € is sufficiently small that B(x,e€) c 2. 


In this statement, 47? is the surface area of the sphere of radius € centered 
at x. The surface integral is in a sense a sum of the values of the function u over 
this sphere. The theorem therefore says that u(x) is the sum of the values of u 
over the sphere centered at x, divided by the area of this sphere. This number 
is interpreted as the average of the function values over this sphere. 


Proof Denote S = S(x,«). By the representation theorem, 


~ Ar aie (x “ae - uy) | doy 


By a calculation done in the proof of the representation theorem, 


1 1 0 1 1 
= — and — ———. = - — 
ly — x| € On |y — x| 2 


for y € S. This normal derivative is negative because the exterior normal 
points out of the ball away from x, opposite the orientation in the representation 


theorem. Then, 
1 oulY) 1 1 
— > dos; 
“2 ff 26a ff Aen 
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In this equation, the first integral on the right is zero by the divergence theorem: 


I, ah doy = ie Vuly) - ndoy 
7 [ff sway = fff vas -_ 


ioe — If. page: 


For two space dimensions, the mean value property takes the following form, 
with a sphere replaced by a circle, and a solid ball about a point by a disk. 


Therefore 


Theorem 4.4 (Mean Value Property for Harmonic Functions in R?) 
Let u be harmonic on a bounded domain (2) in R? and let x € 2. Then 
()=—— 6 wly)d 
u(x) = — @ u Ses 
27€ Jo aes 
in which C is a circle of radius € about x, and e is sufficiently small that the 
circle and all points it encloses are in 1). 


The factor 27¢ in the theorem is the length of C, so the conclusion states 
that the value of u at any point of (2 is the sum of its values on the circle, 
divided by the length of the circle. This number is interpreted as the average 
of the function over the circle. 

The representation theorems also enable us to derive a maximum principle 
for harmonic functions (recall the weak maximum principle for solutions of the 
heat equation). Suppose u is harmonic on a bounded domain Q, and continuous 
on the closure 2. Because 2 is compact, u(x) achieves a maximum value on 2. 
We will prove that if u is harmonic, this maximum must occur at a boundary 
point and, further, cannot also occur as an interior point of 2. This is a stronger 
result than the weak maximum principle for the heat equation. 

The proof makes use of a subtle fact from topology. Suppose I is a polygonal 
path in (2, consisting of a finite number of line segments. Then there is a 
positive number p such that every point P of [ is at distance at least p from 
each boundary point of Q. This means that a polygonal path in a bounded 
domain cannot come arbitrarily close to the boundary of (Figure 4.11). This 
is false if we replace polygonal paths with piecewise smooth paths. Such a path 
may indeed come arbitrarily close to the boundary of a domain in which it is 
contained. 


Theorem 4.5 (Maximum Principle for Harmonic Functions) Let u 
be harmonic and nonconstant on a bounded domain 2 in R” and continuous 
on the closure Q. Then u(x) achieves its maximum and minimum values on 2 
only at points of the boundary of 2. 
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Figure 4.11: A polygonal path in a domain must remain at some distance from 
the boundary. 


Figure 4.12: Patch on B, within Bs within 2. 
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Proof Let 
M = max u(x). 
xEQ 
We want to show that this maximum value can be achieved only at one or more 
points on the boundary of 2. 

Suppose instead that u(x) achieves its maximum value on 2 at a point xo 
in © (hence at an interior point, since 2 is an open set). Let Bs = B(xo, 4), 
with 6 chosen so that Bs C 9. This can be done because Xo is an interior point 
of 2. We will prove that u(x) = M for all x € B;. 

To prove this, choose any € with 0 < « < 6 and let B, be the open ball of 
radius € about xo. If u(x) < M for any x € S(xpo,¢€), then by the continuity 
of u we would have u(x) < M on some open patch of points about x and 
lying on S(xo,¢) (Figure 4.12). This would make the average of the values of 
u over S(xo,€) less than M, contradicting the fact that, by the mean value 
property, u(xo) = M is the average of values of u over S(xo,¢€). We conclude 
that u(x) = M at every point on S(xo,¢). But € is any positive number with 
0 < «<6, so again by the continuity of u, u(x) = M at every point of B, and 
then u(x) = M at every point of Bs. 

Now we claim that u(x) = M at every point of 2. To prove this, let y € Q 
and y # Xo. We will show that u(y) = M. 

Because 22 is connected, there is a polygonal path T in 2 from x9 to y, 
consisting of a finite number of line segments. Let p be a positive number such 
that every point of T is at least distance p from every point of 00. 

Move along [ from xp to y, choosing a finite number of intermediary points 
X1,X2,°'* , Xp along in such a way that, for some positive numbers €9, €1,--- , €n; 
each open ball B(x,,¢€;) is entirely within Q, and 


Ge B(xXo, E09), 


x; € B(x;-1,€;~-1) for j = 2,--+ ,n 


and 
y € B(Xn, €n). 


This construction is illustrated in Figure 4.13. 

This yields a sequence of points in 2 from xp to y, each contained in an 
open ball about its center x;, with every pair of consecutive open balls about 
some x; containing the center x;_, of the preceding open ball. 

Walk from xp to y along I. First, u(x) = M at every point of B(xo, €0), 
and x, is in this open ball, so u(x1) = M. Then u(x) = M on all of B(x, 1), 
by the reasoning previously applied on B(x, €). 

But x2 is in this open ball about x), so u(x2) = M. But then 


u(x) = M 


on all of B(x2,€2). Continuing toward y along I’, we find that u(x) = M on 
each successive open ball, hence at the center of the next open ball, and so on. 
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Figure 4.13: Chain of open balls connecting xp to y along [ in 2. 


After n steps, we conclude that u(x) = M on the last open ball, about y, and 
hence 
uly) =M 


also. This proves that u(x) = M on all of Q, and, by continuity, on Q. This 
contradicts the assumption that u is not a constant function, and proves that 
u cannot assume a maximum value at a point of 2. This maximum, therefore, 
can only be achieved at points on the boundary of 22. 

By applying this argument to —u, we can also show that, on 2, u achieves 
its minimum value only at one or more boundary points of Q. 


One important consequence of the maximum principle is that a Dirichlet 
problem can have only one continuous solution on a bounded domain. 


Theorem 4.6 (Uniqueness of Solutions of Dirichlet Problems) Let 
Q be a bounded domain in R” and let f(x) be continuous on OQ. Then the 
Dirichlet problem 
V7u=0o0nQ, 
u(x) = f(x) for x € 0Q 


can have only one solution that is continuous on 22. 


Proof Suppose u and v are continuous solutions. Let h = u—v. Then h 
is harmonic on 2. and h = 0 on OF). Since h must achieve its maximum and 
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minimum values for 2 on OQ, then h must be identically zero on 9. Therefore 
LS, 


Using the maximum property, it can also be proved that continuous so- 
lutions of the Dirichlet problem depend continuously on the boundary data. 
Small changes in the given boundary function of a Dirichlet problem cause 
small changes in the solution. 


Theorem 4.7 (Continuous Dependence on Boundary Data) Let 2 
be a bounded domain in R”. Let f and g be continuous on 02. Let w be the 
continuous solution of 


V7u =0 on 2,u = f on ON, 
and let v be the continuous solution of 

V7u =0 on Q,u = g on ON. 
Suppose € is a positive number, and that 


| f(x) — g(x)| < € for x € ON. 


Then = 
|w(x) — v(x)| <e forx EQ. 


We conclude this section with Harnack’s inequality. 
Suppose u(r, 4) is a solution of a Dirichlet problem on the disk r < p, with 
u(p,@) = f(@) given on the boundary circle. By Poisson’s integral formula 4.6, 


_if Par 
ls Qn [ p? +r? — 2rpcos(6 — €) F() a6. 


Now, 
—1<cos(@-€) <1 


in the denominator. Replacing this cosine term first by —1, and then by 1, in 
Poisson’s solution, we obtain 


1 Tv pe —r? 


1 7 p” — 2 
a +r + orp © d€ < u(r, 0) < Be rt — orp 4) dé. 


2472 — 2rp 
This inequality can be written as 


(e-r)(e+r) 1 


(o=r)(p +r) 1 
ee ff eae < utr) < PAE Tf peat. 


(p-r)? Qn 


~ [fe )dg <u(r6) <2* Tf peg 


r 20 


Then 


eon 
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But, from Poisson’s integral formula, 


u(0,0) = 5 Fe) de 


We can, therefore, write the last inequalities as 


p- ptr 


ptr 


“u(0, 0) < u(r, 8) < =, ul0, 0). (4.12) 


forO <r < pand -—1t7 <0< 17. This is Harnack’s inequality. It will be used 
to further explore further properties of harmonic functions, and will also play a 
role in an existence theorem for Dirichlet problems at the end of this chapter. 


Problems for Section 4.4.3 


1. Write out the details of a proof of the mean value property for bounded 
domains in the plane. 


2. Let 2 be a domain in the plane bounded by a piecewise smooth closed 
curve C. Let u,v € C*(Q). Prove Green’s first identity: 


pus we ds = ff uv + Vu- Vv) dA. 
9) 


3. Use Green’s first identity to prove Green’s second identity for a bounded 
domain in the plane. 


4. Let 2 be a bounded domain in the plane having a piecewise smooth curve 
as boundary. Let u € C?(Q) and suppose that 


V7u=00n Q, 
u=0on ON. 


(a) Use Green’s first identity to show that u = 0 on 2. 


(b) Use the maximum principle to show that u = 0 on 2. 


5. Fill in the details of the following proof of the mean value theorem for 
harmonic functions on a bounded domain in the plane. Let (x,y) € 2 and 
consider an open ball B of radius € about (x,y) and lying entirely in Q. 
If (€,7) € B, write 


€=x2+rcos(9),7=y4+rsin(6). 


Apply Green’s first identity to show that 


27 
/ u(x + rcos(#),y +rsin(@))r dé = // rV?udr dé. 
0 B 
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Conclude that the integral on the left is zero; therefore, 


27 
- / u(x +rcos(@),y+rsin(@)) dé = 0. 
0 


This means that 
20 
i u(x + rcos(@),y + rsin(6)) dé 
0 


is independent of r, and, therefore, must equal the value of this integral 
at r = 0. Thus conclude that 


27 27 
/ u(x, y) dé = / u(x + rcos(@),y + rsin(@)) dé. 
0 0 


From this, show that 


27 
Ut y) = Pa ; u(x + rcos(@),y + rsin(@)) dé. 


Finally, explain why this represents u(z,y) as the average of function 
values on a circle of radius r about (2, y), 


6. We will outline another proof of the maximum principle for harmonic 
functions. Fill in the details. Let u be harmonic on a bounded domain in 
the plane, having piecewise continuous closed boundary 02. We want to 
show that the maximum value of u(x, y) on 2 is achieved only on OQ. 


First prove that, if v is continuous on 2 and vzz +Uyy > 00n Q, then v(z, y) 
achieves its maximum value only on 02. (Suppose that this maximum is 
achieved at an interior point (zo, yo) € 2. Show that vzz(2o0, yo) < 0 and 
Vyy (Zo, Yo) < 0, obtaining a contradiction). Now let 


Man = Max(zy)canu(s, y) 


and let 
v(x, y) = u(x, y) + (x? +”), 


where € is any positive number. Show that u must achieve its maximum 
M, on Q at a point of OQ. Then 


v(x, y) < M, < Maa he ED, 
where D is the largest value of x? + y? for (z,y) € Q. Thus show that 
u(z,y) < Ma, + €D. 


Finally, use the fact that € can be arbitrarily close to 0. 
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7. Prove the normal derivative lemma. Let Q be a domain in the plane and 


let uw be continuous on Q and harmonic on 2. Let the maximum of u on 
Q. be achieved at a boundary point xp and suppose that OFZ has a tangent 
at xg. Suppose also that the normal derivative 


= 
On|. _ 
x=Xo 
exists and that u is not a constant function. Then 
Ou 
x 7 > 0. 
x=Xo 
Hint: Recall that 
Ou il 
Fre __ ~ fit lo) ~ wo ~ hm), 


where n is the unit outer normal to OQ at xo. It is enough to prove the 
lemma when 2 = B(xo,r). Define 


v(x) =In (a) 


for x £ 0. Then w(x) = u(x) + hv(x) is harmonic for r/2 < |x| < r and 
continuous on the closure of this domain. Show that 


MAX}x)=r/2U(X) < U(X). 


Hence show that w(x) < u(xo) for A sufficiently small. Conclude that w 
achieves a maximum at x = X9. Conclude that 


Ou 
—— > 0. 
OM ik 


From this, complete the proof of the normal derivative lemma. 


The lemma is valid for domains in R”, with the concept of tangent line 
at Xo appropriately generalized (tangent plane if n = 3). For n > 2, the 
proof just outlined can be adapted by putting 


v(x) = |x|?-" — 2. 


. Suppose u is harmonic and nonnegative on the entire plane. Prove that 


u must be a constant function. Hint: Notice that p can be any positive 
number in Harnack’s inequality, and take the limit as p > oo. 


This result is a theorem of Liouville, and also follows from a theorem in 
complex analysis also named for Liouville (a bounded entire function must 
be constant). 


. Let u be harmonic on the entire plane, and suppose wu is not a constant 


function. Show that u can have neither an upper bound or a lower bound 
over the entire plane. 
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4.5 The Neumann Problem 


A Neumann problem is one in which we look for a function that is harmonic on 
a given domain, but, instead of being given function values on the boundary, 
we are given values of the normal derivative of the function on the boundary. 
This problem (in two dimensions) may be stated: find u(, y) such that 


V7u=0o0n2 
a = = f(z,y) on OQ (4.13) 


In this section we will first look at the question of uniqueness of solutions of 
this problem, and derive a necessary condition for a solution to exist. Following 
this, we will solve the Neumann problem for a rectangle and a disk in the plane. 


4.5.1 Uniqueness and Existence 


Uniqueness of the solution of a Neumann problem is not an issue. If u is a 
solution, so is u +c for any number c, because the added constant will vanish 
in the normal derivative condition on the boundary. 

However, we can show that two continuous solutions of a Neumann problem 
can differ only by a constant. 


Theorem 4.8 Let 2 be a bounded domain in R”, having a closed, piecewise 
smooth boundary 0. Let f be continuous on 02. Let u and v be solutions of 
the Neumann problem 4.13. Then u and v differ by a constant on 22. 


We will prove the theorem for a domain in R?, using Green’s first identity. 


Lemma 4.2 (Green’s First Identity in R?) Let 2 be a bounded domain 
in R?, having a closed, piecewise smooth closed curve C as boundary. Let g 


and h be continuous with continuous first and second partial derivatives on 2. 
Then 


h 
§ sds = | (gV2h + Vg Vh)dA. 
c On 2 


Proof of the Lemma By Green’s theorem, 


$95 a ds = [f_avovn aa 


The rest of the proof of the lemma is just a computation of the integrand on 
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the right: 


Oh, Oh, 
div(gVh) =V- Ge + 05.) 


_ 8 (ah), a (ah 
~ ae \F aa Oy Tay 


Oh = O7h Og Oh , Og Oh 
=9g(a5t+acltaacta 

Ox? —- Oy? Ar Ox * Oy dy 
= gV*h+Vqg-WVh. 


This completes the proof of the lemma. 
If g = h in the lemma, then 


a5 as = ff (gV7g + |Vg|") dA. (4.14): 
c On 2 


Now we can prove the theorem. 


Proof of Theorem 4.8 Let u =v —w. Then V7u = 0 on 2, and 


In On On TI TE On 


Let g = u into equation 4.14: 


bus ds = 0 

= ff wuvtu+ [yup a4 
9) 

= ff ivuP aa. 
9) 


|Vul? =uZ+usz =0 


But then 


on 2. Then 
Ug(X, y) — Uy (ZX, y) — 0 on Q 


so u(x, y) is constant on 2. By continuity, u(z, y) is constant on 2. 


A similar argument can be used to verify the conclusion of the theorem in 
He. 

We will not attempt an existence theorem for solutions of a Neumann prob- 
lem. However, it is easy to derive an important necessary condition for a solution 
to exist, for Neumann problems in the plane. Suppose u is a solution of problem 
4.13. By equation 4.14, with g = 1 and h = u, we immediately have 


Ou 
—ds = 0. 
8Q On 
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But 0u/On = f on the boundary curve 02, so existence of a solution requires 


that 
f fds =0. 
AQ 


This means that, if this integral is not zero, a solution cannot exist. Vanishing 
of the integral of 0u/On over the boundary of the region is a necessary condition 
for the Neumann problem 4.13 to have a solution. 

For a domain in R°, this necessary condition translates to 


[fsa =0 


The surface integral of the given normal derivative over the boundary surface 
must be zero. 

This condition has a physical interpretation. Think of Laplace’s equation 
V7u = 0 as the steady-state heat equation. Vanishing of this integral (in two 
or three dimensions) means that in the steady-state case the net flow of heat 
energy across the boundary of the domain must be zero. This is a conservation 
of energy condition, in the absence of sources or sinks of energy in the domain. 


Problems for Section 4.5.1 
1. Let Q be a bounded domain in the plane and suppose O01 is a piecewise 


smooth closed curve. Let q be continuous on 2 and f on 09. Prove that 
the problem 


V7u=qonQ, 
Ou 
os = f on OD 


can have a solution only if 


iz (z,y)dA= y dae 


This gives a necessary condition for this extended Neumann problem to 
have a solution. 


2. Consider the boundary value problem 


V7u = 00n Q, 
Ou 
an +hu =f on On. 
Here it is assumed that 2 is a bounded domain in the plane, with piecewise 
smooth closed boundary curve 0Q, while h and f are continuous on OQ, 
h(x) is not identically zero, and h(x) > 0 on 00. Prove that this problem 
can have at most one solution. 
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3. Prove the conclusion of problem 2 for the 3—dimensional version of this 
problem. 


4. Let f be continuous on the bounded domain 2 in R?, and let g be contin- 
uous on the piecewise smooth curve bounding 22. Let & be a real number. 
Prove that the problem 


V7u+ku =f onQ, 
Ou 


Ay 9 on Ov 


can have at most one solution if k < 0. 


5. Let 92 be a bounded domain in R?, whose boundary consists of two piece- 
wise smooth closed curves C' and K. Let f be continuous on 2, and let g 
be continuous on C’. Let k be a real number. Prove that the problem 


V7u= f on Q, 

u=gonC, 

ae ee ee 
On 


can have at most one solution. 


4.5.2 Neumann Problem for a Rectangle 


We will solve a Neumann problem for an L by K rectangle in the plane. Assume 
that the rectangle has one corner at the origin and two sides along the positive 
horizontal and vertical axes. In this case the normal derivative of u on each 
vertical side is +Ou/Ox, because the unit outer normal vector to these sides is 
either i or —i. The normal derivative of u on each horizontal side is +0u/Oy, 
because the unit outer normal vector to these sides is either j or —j (Figure 
4.14), 

As with the Dirichlet problem for a rectangle, a Neumann problem for a 
rectangle is often split into four subproblems, in each of which nonzero data (a 
normal derivative) is specified on only one side. As an illustration, the particular 
problem we will solve is 


V7u(z,y) =0for0<a2<L0<y<K, 
tr; 0) =a,(0,4d0) = Otor 0 <a = 1, 
uz(0,y) = 0,ue(L,y) = g(y) for0<y< K. 


For a solution to exist, the integral of the given normal derivative around 
the boundary of the rectangle must be zero. For the problem as stated, this is 


the requirement that 
K 
/ gly) dy = 0, 
0 
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Figure 4.14: Normal derivatives on the sides of arectangleO <x < L,O<y<k. 


and we assume that g satisfies this condition. As we work toward the solution, 
it will be seen why this condition is required. 
To separate the variables, let u(x, y) = X(x)Y(y) to obtain 


X”"—AX =0,Y" + AY =0, 
in which \ is the separation constant. Now, 
Uy(x,0) = X(x)Y'(0) = 0, 


so Y’(0) = 0. Similarly, u,(z, A) = 0 implies that Y’(K) = 0. And u,(0,y) = 0 
gives us X'(0) = 0. The problems for X and Y are 


X" —\X =0;X"(0) =0 


and 
YAY =OY'(0) = Y'(K) = 0. 


This is problem 1.18, so the problem for X has eigenvalues and eigenfunctions 


nn? ny 
An = “er Yalu) = 008 (“F) 
forn = 0,1,2,---. 
Now that we know the eigenvalues, the problem for X is 
nn 
xX" — re xX =0:X'(0)=0, 


where n can be any nonnegative integer. If n = 0, then 


X(x) = cx +d, 
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and X’(0) = 0 implies that c = 0. Therefore Xo(zx) is a constant function. If 
n=1,2,---, the differential equation for x has general solution 


X (x) cettt/K Ris de~?tt/K | 


Then 
nT 


Kk 


soc =dand X,,(z) is a multiple of cosh(nmz/K). 
Now we have functions 


SOS HOU 


uo(x,y) = constant 


and, for n = 1,2,---, 


Un(£,Y) = Ap COS (=) cosh (=) 


These are harmonic and satisfy the homogeneous boundary conditions on the 
the top, lower and left sides. To satisfy the nonhomogeneous condition on the 
right side x = L, attempt a superposition 


u(x, y) = ag+ s Qn COS (=) cosh (=) (4.15) 


n=l 


For the coefficients, we need 
Uthy) = Sod (+) sinh ne cos (=) = (4) 
tlh, Y) = a "\k ie a a Gy). 


Here we see why vanishing of ea g(y) dy is a necessary condition for this 
problem to have a solution. This series is a Fourier cosine expansion of g(y) on 
(0, K]. The constant term in this expansion is 


K 
xf sea 


But we see in this solution that this expansion has constant term zero. The 
only way these statements can be consistent is for this integral to be zero, and 
this is the necessary condition for existence. 

For the other coefficients, we need 


K 
On sinh(n7L/K) = ral g(&) cos (=) ae: 


Then 2 
_ 2 nT& 
On ae sinh(naL/K) / g{&) cos (OS) a 
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With these coefficients, equation 4.15 is the solution of this Neumann problem. 
Here, ao is an arbitrary constant, not a Fourier cosine coefficient. An arbi- 
trary constant is always attached to a solution of a Neumann problem because 
Laplace’s equation and the boundary conditions all involve derivatives, so any 
added constant vanishes in the differentiations. Neumann problems do not have 
unique solutions. 


Problems for Section 4.5.2 


1. Solve 
V-u=0for0<2<1,0<y<l, 
uz (0, y) = ue (1, y) =0for0<y<l, 
uy(x,0) = 4cos(rx), uy(z,1) =0 for0O< a4 <1. 
2. Solve 
V2u=0for0<2<1,0<y<r7, 
u2(0,y) = y — 5, Ux(1,y) = cos(y) for 0<y <7, 
uy(z,0) = uy(x,7) =0 forO< a2 <1. 
3. Solve 


V-u=0for0<2<7,0<y<7, 
uz(0,y) = uz(a,y) =0 for0<y<7, 
Uy(x,0) = cos(3z), uy(x, 7) = 62 — 3m for0O< a <7. 


4. Use separation of variables to solve the mixed boundary value problem: 


V-u=0for0<a2<7,0<y<7, 
u(z,0) = f(x), u(z,7) = 0 forO<a<7, 
uz(0,y) = Uz(7,y) = 0 forO<y<r. 


Does this problem have a unique solution? 
5. Attempt a separation of variables to solve 


V*-u=0for0<2<1,0<y<1, 
u(z,0) = u(z,1)=0 for0O<2 <1, 
uz(0,y) = 3y? — 2y,u,(1,y) =0 forO<a¢ <1. 
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4.5.3. Neumann Problem for a Disk 


We will solve the Neumann problem for a disk about the origin: 


V2u(r, 8) =O0for0<r<p,-17<6<48, 
O 
(0,0) = f(0) for — 17 <0 <7. 
Or 
The boundary condition specifies 0u/Or because this is the normal derivative 
to the circle bounding the disk. At any point on this circle, the radial line from 
the origin through this point is normal to the circle. 
A necessary condition for a solution to exist is that 


Tv 


(0) dé = 0, 


and we will assume that f(0) satisfies this condition. We also assume that f(0) 
is periodic of period 27, as we expect in polar coordinates. 
As with the Dirichlet problem for a disk, attempt a solution 


utr, 0). = 50 + » (anr” cos(né) + bpr” sin(né)) . 
n=1 


We must choose the coefficients to satisfy the boundary condition, so 


7 9) =D (Mang eos(nd) + danp™*sin(nd)) = F(0) 


This is a Fourier expansion of f(@) on [—7, 7], so the coefficients (taking into 
account the factors np”—') are 


and 


for n = 1,2,---. The constant term in this expansion is zero because we are 
assuming that the integral of f(@) over the interval is zero. 
Upon inserting these coefficients, the solution is 


1 

2 
p cay ie oo ae Au ; , 

+2 ne, [ (cosine) cos(n8) + sin(ng)sin(@)] (6) a6. (4.16) 


ag is the arbitrary constant that can be added to any solution of a Neumann 
problem. It is denoted ag/2 for convenience in an upcoming computation. 
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Reminiscent of the Dirichlet problem for a disk, we will manipulate equa- 
tion 4.16 to obtain an integral solution of this Neumann problem. Using a 
trigonometric identity, write 


u(r, 8) = a9 + 2 [ (325 (5) (0-8) f@dé. (417) 


Let z = Re“, so 
= R”(cos(n¢) + isin(n¢)) 


and 
[e.2) 


SR cos(n¢) = y Re(z”) = 


ofS] 


n=1 


If0< R< 1, then |z| < 1 and 


Compute 


1 ao, 1 z l+z 
gu here. “OL =e) 


To extract the real part of this expression, first multiply numerator and denom- 
inator on the right by 1 — 7: 


1 a, 11-%+2-2 
ae ~ Q1—-z-Z+2z 


But 
z+z=2Rcos(¢), 
z—Z% = —2iRsin(q), 
and 
ia bees 
Therefore 


1 += 1 — 2iRsin(¢) — R? 

a7 art 1 — 2Rcos(¢) + R? 
Because the denominator on the right is real, it is easy to identify the real part 
of both sides of this equation, obtaining 


Lon =e uy is 
=-+ > °R cos(ne) = 5 ( poe) 


n=1 


bo 
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= hia? 1 
a le 5 (pee a) 
_ Reos(¢) — R? 

~ 14 -R? — 2Rcos(¢)’ 


Upon dividing by R, we obtain 


eer cos(¢) — R 
> pce) 1+ R? — 2Rcos(¢) 


Then 


_ R  cos(¢) -t 
=| 1+ t? — 2tcos(¢) a 


-5 In(1 + R? — 2Rcos(C)). 


Now put R=r/pand¢=0-€: 


ae (5) cos(n(@ — €)) = -5in (1+ 5-22 eso -9)), 


Finally we have an integral formula for the solution of the Neumann problem 
for a disk of radius p about the origin: 


7 


ulr;Oy= = - - In (1 + - — 2 cos(@ — ) F(§) dé, (4.18) 


—T 


in which ap is an arbitrary constant. 


Problems for Section 4.5.3 


1. Write two solutions of the following Neumann problem, one using equation 
4.16 and one using 4.18: 


V2u(r,0) =0 forO<r<p,—t7<O0<r7, 
Ou 


By (P29) = sin(36) for —7 <0 <7. 
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2. Write two solutions of the following Neumann problem, one using equation 
4.16 and one using 4.18: 


V2u(r,0) =0 forO<r<p,-7<O0<7, 
Ou 


Bp (Ps 6) = cos(30) for —7 <O< 7. 


3. By converting the problem to polar coordinates, solve: 


V2u(x,y) =0 for x7 +y? <9, 
Ou 


— =Ary ifa?+y* =9. 
On 


The solution should be in terms of rectangular coordinates. 
4. Solve the Neumann problem: 


V7u(x,y) = 0 for a7 +y? <1, 
Ou 


— =f for 2? +y* = 1. 


On 


The solution should be in terms of rectangular coordinates. 


5. Solve the Neumann problem: 


V7u(z, y) = 0 for 27 +. y? <1, 
ou = gy’ ifa?+y?=1. 
On 


4.6 Poisson’s Equation 


Simeon Denis Poisson (1781-1840) was a French mathematician and physicist. 
The equation 
Une + Uyy = F(a, y) 


is called Poisson’s equation after him. Boundary conditions consist of values the 
solution is to have on the boundary of the domain of interest. We may therefore 
think of this as a generalization of a Dirichlet problem. 

In the absence of boundary data, if u(x, y) is a solution of Poisson’s equation 
and h(x, y) is harmonic on D, then u + h also satisfies Poisson’s equation. 

In some cases, it is possible to write a series or integral solution of Poisson’s 
equation on a domain, with values given on the boundary of the domain. In 
particular, consider the following problem on a rectangle R, in which the solution 
of Poisson’s equation is to vanish on the boundary of R: 


Ure + Uy = F(z,y) forO<2<ad0<y<b, 
u(z,0) = u(x, b) = 0 for 0< & <a, 
u(0,y) = u(a,y) = 0 forO<y<b. 
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Assume that, for any y in [0,b], F(x, y), thought of as a function of x, has a 
Fourier sine expansion on (0, a]: 


F(z,y) = : fn(y) sin (—) 


We know these sine coefficients: 
2 of? « Penne 
flu) == [ P(w)sin (2) ag 
a Jo a 
AG, (t) Sem (=) 
a 
The strategy we will carry out is to find functions u,(z, y) satisfying 


(tn)ax + (ate) ay = fr(y)Xn(Z). 


Now write 


If we can do this, then 
u(x,y) = So un(2,y) 
n=1 


will satisfy V?u(x, y) = F(z, y). 
To determine the functions u,(x,y), we will look for functions Y,(y) such 
that 
Un(@,y) = Xn(x)¥n(y)- 
We know that X,(2) satisfies. 


n- 72 


Xi t+ 3 Xn = 0. 
a 
Then 
(Un jee (tn yy = YX a; Vay 
229 
=) A sar aks 
Then 
7 Ae 
va (y) = “We Yn(y) Xn(Z) 2a frly)Xn(2), 
se) 
: nea? 
Yn (Y) — =3-Yn(y) = fay). (4.19) 


Now fn(y) is a known function, in the sense that it is determined as a 
Fourier sine expansion of the given function F(z, y), in terms of x, on [0,a]. In 
this expansion, y is thought of as fixed, so the coefficients are functions of y. 

Since t(z,0) = u,(z,b) = 0, we must have 
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These boundary conditions, in conjunction with the differential equation 4.19, 
are enough to completely determine Y,,(y). When this is done, the solution of 
the problem is 


u(z, y) = S- Xn(2)¥n(y). 
n=1 
We will illustrate this method of solution for the rectangle R:0< a2 < 
m,0<y<n7, with F(z,y) = x?y. First compute 


falv) == [ eysin(ne) a 


2y 2,2 a 
= Taq? cos(n7) — 2 — n“x* cos(nz)| = kny, 
where 9 
os n 2_2 n 
kn = =z [2((~1)" — 1) ~ n?n?(—1)"). 
Next, solve 
Y,” —n?Y, = fr(y) = kny; Yn(0) = Y,(b) = 0 
to obtain Ak b 
Y,,(y) = ————~ sinh epniccaty 
y) n? sinh(4n) sinh(ny) n? 
Then 


u(z,y) = 5 Yn(y)sin(nz). 


It is possible to write general integral solutions for Poisson’s equation for a 
bounded domain D in two and three dimensions. In R?, the solution is 


uaa) = ff Fenn (ares) dé dn, 


in which (z,y) is an arbitrary point of D and p((z,y),(&,7)) is the distance 
between these two points: 


Aen AE Mya Vea bP $y n). 


In three dimensions the solution is a triple integral: 


1 
pd II] MNS) eee 


where p((z, y, z), (€,7,¢)) is the distance in R* between these two points. 

Derivations of these integral theorems are similar to those of the represen- 
tation theorems for harmonic functions. As we might expect, the integrals can 
be evaluated in closed form only for special choices of D and F. 


Problems for Section 4.6 


For each of the following, write a solution of the Poisson problem for the given 
band F(z,y), with a = 7. 
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1. b= 3: (ey) = sina): 

2. b= 4, F (x,y) = V2sin(12z) — 14sin(3z). 
880 = Bh) Sa. 

4, b=2n, F(x, y) = V3y. 

be 6 S12) ey) = ey: 


b= iF ey) =H 


4.7 Existence Theorem for a Dirichlet Problem 


In this section we will prove an existence theorem for continuous solutions of 
Dirichlet problems. First, however, it is interesting to see how a Dirichlet prob- 
lem can fail to have a continuous solution. We will sketch a physically motivated 
example in 3—space, from French mathematician Henri Lebesgue (1875-1941). 

Begin by defining the surface to be used in the example. Let S be a sphere of 
radius 1 about the origin (0,0,0). Suppose S' is made of a thin elastic material. 
Take a long thin, blunt spike (or bodkin), and stand on the outside surface 
of the sphere at (0,1,0). Push the spike into the sphere, toward the origin, 
being careful to stretch but not tear the sphere. The material of the sphere 
is deformed inward around the spike and forms a thin tunnel approaching the 
origin, as suggested by Figure 4.15. The shaded band drawn on the surface will 
be used soon. 

Let (2 be the domain bounded by the deformed surface. The deformed 
surface itself is OQ. 

Define a function f over OQ. Let f(x,y,z) = 0 for (x,y,z) on the spike 
part of the surface, up to the shaded band. At this band, proceeding from the 
spike outward over the shaded band, make f(z, y, z) grow at a rapid rate until it 
reaches a number T on the outer edge of this band. Beyond the band, f(z, y, z) 
has the constant value T over the rest of the spherical part of OQ. T itself can 
be chosen arbitrarily large. We can also make the spike thin enough, and the 
shaded band of sufficiently small width, that the surface area of the band and 
the spike are arbitrarily small. 

We will argue that, for this function and surface, the Dirichlet problem 


V7u(z,y,z) =0 on Q, 
u(x,y, 2) = f(x,y, 2) for (x,y,z) € OQ 


can have no continuous solution. For suppose that u(z, y, z) is a solution. Think 
of u as the steady-state temperature distribution throughout 2. The temper- 
ature on the surface OC is a constant T except over the spike and the shaded 
band, which can be constructed to have as small a surface area as we want. We 
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x 


Figure 4.15: Lebesgue’s example of a Dirichlet problem with no solution. 


would therefore expect the steady-state temperature over (2 to be slightly less 
than this constant value T, say T — € for some positive e: 


u(x, y,z) =T —€ for (a, y,z) € 2. 


But now u cannot be continuous on 2, because u(z, y,z) = 0 at points on the 
spike, and u(x, y, z) = T — € at points inside the sphere arbitrarily close to this 
spike. This Dirichlet problem has no continuous solution. 

This example suggests that an existence theorem for continuous solutions of 
the Dirichlet problem must place some conditions on the domain, or perhaps its 
boundary, as well as on the boundary function prescribed on O2. 

We will now develop an existence theorem. The approach is called the meth- 
ode de balayage, and was developed by French mathematician Henri Poincaré, 
Henri (1854-1912), who had a profound influence on the development of topol- 
ogy, differential equations, and dynamical systems. Because the proof was later 
refined by Perron, it is also known as the Poincaré-Perron method. We will 
develop the proof in R? because some details are easier to visualize there, but 
the idea extends to R”. 

The key is to construct a set of (not necessarily harmonic) functions called 
superharmonic functions, having the correct values on the boundary of the do- 
main. From these a function that is harmonic on the domain, and takes on the 
correct boundary values, is manufactured, provided that at each point of the 
boundary a certain condition is satisfied. 

As preparation for these constructions, we need two results named for Har- 
nack. The first states that uniform convergence of a sequence of harmonic 
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functions on the boundary of a domain ensures that the sequence converges 
uniformly on the closure of the entire domain, and, further, that the limit of 
the sequence is also harmonic. 


Theorem 4.9 (Harnack’s First Theorem) Let 2 be a bounded domain 
in the plane. Suppose w,(x, y) is a sequence of functions that are harmonic on Q 
and continuous on 2. Suppose that the sequence up(x, y) converges uniformly 
on the boundary 0Q. Then u,(z,y) converges uniformly on Q to a function 
that is harmonic on 2Q 


Proof Let « > 0. Because of the uniform convergence on OQ), there is a 
positive number N such that 


Jun (@,Y) — Um(2,y)| <<, 


ifm,n > N and (x,y) € OQ. Now apply the maximum principle to each up, (a, y) 
to conclude that 


[un(@,y) — Um(2,y)| <6 


if n,m > N, for all (x,y) € 2. This makes the convergence uniform on all of 2. 
Now suppose un(z,y) + U(z,y). All that remains is to show that U is 
harmonic on 2. 
To do this, let P € Q and let C’ be a circle of radius R centered at P, with 
R small enough that C and the disk it bounds are contained in 2. Center polar 
coordinates at P to represent un(x, y) at each (x, y) enclosed by C as a Poisson 
integral of the form 


wT 2 2 
una) = 5 fp tn Ret) 
2r J_, R*% + p? — 2Rpcos(6 — €) 


Because the convergence is uniform, we can take the limit as n — oo inside the 
integral to write 


Ulu) == f Sa (Res) a 
ty) = 5 _, R2 + p* — 2Rpcos(6 — €) 


and this proves that U is harmonic on this disk about P. Because P is any 
point of Q, then U is harmonic on 2. 


Armed with this result, and a fact about compact sets, we can prove a 
stronger version of Harnack’s first theorem. The fact we need about compact 


sets is this. If F is a compact set, and D,, Do,--- are open disks that cover F 
(in the sense that every point of F is in one or more of the disks), then it is 
possible to cover F' with a finite number D,,, D;,,--- , Di, of these disks. 


Theorem 4.10 (Harnack’s Second Theorem) Ler u,,(z, y) be a sequence 
of nonnegative functions that are harmonic on a bounded domain (2 of the 
plane. Suppose this sequence converges at some point (a,b) € 2. Then un(z, y) 
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converges on 2 to a harmonic function, and this convergence is uniform on each 
compact subset of 2. 


Proof We will first show that u,(z,y) converges uniformly on every disk 
within 2 and centered at (a,b). Let D; be such a disk, having radius R. Suppose 
€ is positive such that the disk D2 of radius R + € about (a,b) is also contained 
in 2. By Harnack’s inequlaity, 


R+e-p 


R+et+p 
n(a,b) < Un(pe”) < —_———— 
Ree (a,b) < un(pe*’) 


< erin (a,8) 


for any point in Do, using polar coordinates centered at (a,b). This shows that 
convergence of the sequence of functions u,(z,y) at (a,b) implies convergence 
on D2. By Harnack’s first theorem, the limit function is also harmonic on Do. 

We now want to prove the convergence of u, at an arbitrary point P of 
Q. The strategy for doing this is similar to that used to prove the maximum 
theorem. Connect (a,b) to P by a polygonal path Z in Q. For some positive 
number 6, each point of L is at least 6 distance from O02. Starting from the 
first circle, about (a,b), un converges uniformly in this circle, hence in the next 
circle and so on, until in a finite number of steps the last circle (about P) is 
reached. This proves convergence of u,, at P. Further, again by Harnack’s first 
theorem, the limit function is harmonic about P. Finally, it must be shown 
that the convergence of u, is uniform on each compact subset of 2. Let F’ be 
such a subset. By the compactness of F’,, it is possible to cover F’ with a finite 
number of open disks O,,--- ,Om, with the closure O; of each of these disks 
entirely within 2. But u, converges at the center of each of these disks, hence, 
by what has already been proved, this sequence converges uniformly on each Oj; 
and, therefore, also uniformly on F’. 

This completes a proof of Harnack’s second theorem. 


We are ready to begin the construction of the class of functions we will use 
to prove an existence theorem. For the remainder of this section, let Q2 be a 
bounded domain in the plane, and let f be continuous on OL“). We will use the 
fact that a function is harmonic on an open set exactly when it is harmonic on 
every open disk within this set. This will enable us to exploit the fact that we 
know an integral solution of a Dirichlet problem on a disk. 

Now suppose that K is any open disk and K C 2. Suppose v is continuous 
on ©. Because the Dirichlet problem for a disk has a solution (the Poisson 
integral), there is a function fx,, which is harmonic on K, and 


fxv(Q) = v(Q) for Q € OK. 
Extend fx,» to all of 2 by setting 
fx. (P) = v(P) for P €Q but P not in K. 


This definition is illustrated in Figure 4.16. 
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fx.y harmonic on K 


K 


fx, v(Q) = v(Q) 


P 


fk y(P) =v(P) ° 


Figure 4.16: Extending f(x,,) first to OK, then to all of 2 outside K. 


In this way we associate with each continuous function on 2, and each open 
disk K within 2, a unique continuous function that is harmonic on K and agrees 
with v at points that are within the closure of Q, but not in K. Think of fx.» 
as a function that is harmonic on K, and blends into v as the variable passes 
out of K across its boundary. 

Introduce an ordering by setting 


uv <w if v(P) < w(P) for all PED. 


Ifv < won, then fx. < fx,w for each open disk K within Q. This fact can 
be seen using the Poisson integral formula. For suppose that K has radius R. 
If P = pe®® is in K, using polar coordinates with center at the center of K, then 


p? 


1g 
=i _, RB? + p? — 2Rpcos(6 — £) Soe E) Bee 


fi K, ul 
Similarly, 
0 


ag 
Pk w(P ~ On J_ R2 + p2 — 2Rpcos(6 — ) ere E) ue as 


Because u(£) < w(€), the integrand in the expression for f,y(P) is less than or 
equal to the integrand in the expression for fx,»(P). This proves that fx.» < 
fk,w on K. Indeed, 


fxv(P) = o(P) < w(P) = fr,w(P) 


for P on the boundary circle of K, so in fact fx. < fx,w on K, not just on the 
open disk K. _ 
If v is continuous on Q, we say that v is superharmonic (on Q) if fx.» <v 


for every open disk K within 2. If this inequality is reversed, so that v < fv, 
for each open disk K in Q, then v is called subharmonic. 
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We will develop a sequence of ten statements about, or properties of, sub- 
harmonic and superharmonic functions. These will lead to an existence theorem 
for the Dirichlet problem on 2. 


1. Every harmonic function on 2 is both subharmonic and superharmonic 
on 92. 


This follows immediately from the observation that v is harmonic on 2 
exactly when fx, = v for each open disk K within 2. 


2. A finite sum of superharmonic (subharmonic) functions is superharmonic 
(subharmonic). 


This is a consequence of the easily verified fact that 


Fk wi+v2 = Fk i Fieae: 


3. If v is superharmonic and u is harmonic on 2, then v + u and v — u are 
superharmonic on 22. 


To verify this, first note by property 1 that u is superharmonic, so by prop- 
erty 2, v-+u is superharmonic. Similarly, —u is harmonic, so the sum v — u is 
superharmonic. 


4. If v is superharmonic and w is subharmonic, then v — w is superharmonic. 


To see why this is true, let K be an open disk within 2. Because v is 
superharmonic, fx, < von K and because wu is subharmonic, w < fx, on K. 


Then —fxw <—w on K, so 


pee ed fk = ie Su w 


on K. 


5. If v is superharmonic on 2, then v(x) assumes its minimum and maximum 
values for x € 2 at a point of 02. 


This result is reminiscent of the maximum principle for harmonic functions. 
To prove it, begin with the fact that the continuous function v assumes a min- 
imum value on the compact set ©. Assume that v is not a constant function. 
It is enough to show that this minimum value cannot be achieved at a point of 
the open set 22, because in this event the nonconstant v would have to achieve 
its minimum on the boundary, not at any point of the interior. Suppose in- 
stead that v has its minimum value at some point Q € (2. For some P € QQ), 
v(Q) < v(P). Draw an open disk K within 2 and centered at Q, but not 
containing P. Then 


v(Q) < o(P) = fxw(P), 
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and this contradicts the fact that v is superharmonic. This proves property 5. 


Up to this point, the ideas of superharmonic and subharmonic functions have 
not been related in any way to the given function f. This is done through the 
concepts of upper and lower functions. We say that v is an upper function for 
f on 2 if v is superharmonic and 


f <vonagQ. 


Thus an upper function for f is a superharmonic function v that dominates 
f on the boundary of Q, in the sense that, at each point of O02, v(P) is at least 
as large as f(P). (Recall that f(x) is defined only for x € 09). 

There must exist upper functions for f, because any constant function 
v(P) =c that bounds f on 2 is an upper function for f. 

In similar fashion, a lower function for f on Q is a subharmonic function u 
such that 

u< fon an. 


Next, define a function u on 2 by setting, for P € 2, 
u(P) = glb{v(P)|v is an upper function for f on }. 


Here is what this means. If P is in the closure of 2, then look at the set of all 
numbers u(P), as v varies over all upper functions for f on Q. This produces 
a set of numbers. This set of numbers is bounded below (because there are 
numbers, and f(P) is one of them, that are less than or equal to every such 
number vu(P)). Choose the greatest lower bound of these numbers. This is a 
lower bound that is at least as large as any other lower bound of this set of v— 
values of P. 

This defines a function u on 2. We will show that wu is harmonic on 1. 
Looking ahead, it will turn out that this will not be enough. In order to show 
that u = f on the boundary of ( (so u is a solution of the Dirichlet problem) 
we will need a condition about the boundary of 2. This condition will make 
itself known when we come to this stage of the proof. 

The proof that wu is harmonic on 2 is nontrivial, and is carried out using 
properties 6-9. 


6. If v is an upper function and w a lower function for f on 2, then 


w(P) < u(P) for P EQ. 


Once one works through all the terminology that has been developed, state- 
ment 6 follows directly from statements 4 and 5, as follows. Because v is super- 
harmonic and w is subharmonic, then by (4), v — w is superharmonic, and by 
property 5, v—w assumes its minimum value on OQ. But w(P) < f(P) < v(P), 
for P on the boundary of 2. This means that v(P)—w(P) > 0 on this boundary, 
so v(P) — w(P) > 0 on. This proves statement 6. 
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7. If v is an upper function for f, and Dj, is an open disk contained in Q, 
then fp,,. is an upper function for f on 2. 


Denote w = fp,,y. We want to show that w is superharmonic and dominates 
f on the boundary of 2. = 
First, if P € 0Q, then P is in , but not in Dj,, so 


f(P) S oP) = fo,,(P) = w(P), 


so w dominates f on the boundary of 22. 

It remains to be shown that w is superharmonic. Let K be any open disk 
within 2. We must show that fx.w(P) < w(P) on K. The proof of this lies 
in considering possibilities for the respective positions of K and D, within 2. 
There are four possibilities: 


Case 1. K C Dy. 
Case 2. K CQ —Dy. 
Case 3. D, CK. 


Case 4. If none of cases 1 through 3 apply, then the boundaries of K and 
D, must have points in common. 

Look at the details for each case. For case 1, suppose P € K and K has 
radius R. Using polar coordinates from the center of K, write P = pe*®. Because 
fxk,w = won the boundary of K, then 


f =< f poi eo (pe®®) dé 
Kw") on J_. R2 +p? — 2Rpcos(0 —) ie 


But because D, C K, this integral is also the Poisson integral representation of 
W(P). Therefore fx, = w on K in case 1. 

Details for cases 2 and 3 are similar. In case 4, suppose K and D, have points 
in common, but neither is a subset of the other. Because v is superharmonic, 
w<von OO. This means that 


fkKw S fx. on K. 
But then, again because v is superharmonic, 
fry Sv. 
Because w = v outside K, 
fx,w <w outside Dj. 


(This applies to case 3 as well). But w and fx,» are harmonic on D, N K, the 
set of points common to D; and K, so 


few < won OD, Nk), 
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hence also on Di OK. 


Next, we claim that the minimum of any finite set of upper functions is also 
an upper function. 


8. Let v1,--- ,Un be upper functions for f on Q. Let 
v(P) = min{v1(P),--: ,un(P)} for PEO. 


Then v is an upper function for f. 


To prove statement 8, first suppose thatP € OQ. Then f(P) < v,;(P) for 
each j, so f(P) < v(P). Therefore v dominates f on the boundary of 2. 

To show that v is superharmonic, suppose K is a disk within 2. If P € K, 
then v(P) = v;(P) for some j, so 


v(P) =s v;(P) z fiat?) = Few). 


This proves statement 8. Now we are ready to produce a candidate for a 
solution of the Dirichlet problem on 22. 


9. For P € Q), define u(P) to be the greatest lower bound of the numbers 
v(P) over all upper functions v for f on 2: 


u(P) = glb{v(P)|v is an upper function for f on Q}. 


We claim that u is harmonic on 92. To prove this, it is enough to prove that 
u is harmonic on every open disk in 2. Let K be such an open, having center 
Po. Let € be any positive number. Because of the way u(Po) is defined as a 
greatest lower bound, there is an upper function v; that is harmonic on K and 
satisfying 
v1(Po) < u(Po) +. 


Now take w, to be an upper function satisfying 


€ 
Define 
Ug fig.min(1,w1) : 
By statements 7 and 8, v2 is an upper function for f on 2 and is harmonic on 
Te: 
Continuing in this way, we obtain a decreasing sequence of upper functions 
V1,V2,::* which are harmonic on K and bounded below (because every upper 


function is at least as large as every lower function). By Harnack’s second 
theorem, the uniform limit v of the sequence v1, v2,--- on K is harmonic on K. 
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To show that u is harmonic on (22, we will show that v = u on K, keeping in 
mind that K is any disk within 2. Suppose that the inequality v = u on K is 
false. Then there must be an upper function w and a point @ € K such that 


w(Q) < v(Q). 


Let the distance between Q and Po be r and consider the disk Kg of radius r 
centered at Po. Q is on the boundary of Kg. Define 

i= feo,min(w,vn)' 
Each wy, is an upper function for f on 2. We know that the sequence vy, 
converges uniformly to v on Kg. Therefore w,, also converges uniformly on 
Kg. By choosing n sufficiently large, we can make w,,(Po) as close as we like 
to fixo,min(w,vp) (Po); and 


fikg,min(w,vo) (Po) < u(Po) = u(Po). 


But this contradicts the definition of u(Po) as the greatest lower bound of the 
upper functions for f on Q, evaluated at Py. This completes the proof that u is 
harmonic on 0). 

If all we wanted was a function that is harmonic on (22, we would not need 
all of the machinery we have just developed. The issue now is to produce a 
harmonic function that agrees with f on the boundary of 2. We will show that 
the harmonic function produced in statement 9 satisfies this requirement, if a 
certain condition is satisfied at each point of ON. 

To this end, we introduce the notion of a barrier function at a boundary 
point Q of Q. This barrier function will be superharmonic and positive at all 
points of Q except Q, where the function will have the value 0. 

More carefully, if @ € O, a function wg is called a barrier function for 


at @ if: 
(1) wg is continuous on 2, 
(2) wg is superharmonic, 
(3) wo(Q) = 0, and 
(4) wo(P) > 0 for all PED with PA Q. 


We will now prove that u and f agree at each boundary point @ at which a 
barrier function wg exists. 


10. Let @ € OQ. Suppose that a barrier function wg for N exists. Then 
we(Q) = f(Q). 
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To prove this, begin by letting « be any positive number. Because f is 
continuous on OQ), there is some open disk Dg about @ such that 


f(Q) =e< f(P) < f(Q) +e 


for P in the boundary of Dg and also in the boundary of 2. By assumption, 
there is a barrier function wg. Define a new function Fy on 2 by 


Fu(P) = f(Q) + €+ Cwa(P). 


Here C’ is a positive constant we will specify shortly. 

We claim that Fy is superharmonic on 92. The reason for this is that any con- 
stant function is superharmonic, and wg is superharmonic, so (with C positive) 
Cwg is superharmonic, and a sum of superharmonic functions is superharmonic. 
This holds for any positive number C’. 

Next, notice that, by choosing C' sufficiently large, f(P) < Fy(P) for all 
P €0Q. Therefore Fy is an upper function for f on Q. 

Now define 

Fy, = f(Q) —¢— Cwo(P). 
By an argument like that for Fy, verify that for sufficiently large C, Fy is a 
lower function for f on OO. 

For the remainder of this proof, suppose that C’ has been chosen sufficiently 
large that Fy is an upper function and F’, is a lower function for f on 2. Then, 
because wg = Q, we have 


F;,(Q) = f(Q) —€ and Fy(Q) = f(Q) +«. 
Then 
f(Q) —€ = Fr(Q) < u(Q) < Fu(Q) +e. 


Because € can be chosen arbitrarily small, this implies that u(Q) = f(Q), com- 
pleting the proof. 


We will summarize this discussion in an existence theorem. 


Theorem 4.11 (Existence of a Continuous Solution of a Dirichlet 
Problem) Let 2 be a bounded domain in the plane. Let f be a continuous real- 
valued function on 0]. Suppose, for each Q € OX, there is a barrier function 
wg. Then there is a continuous solution u such that: 


V-u(z,y) =0 on Q, 
u(z,y) = f(x,y) for (x,y) € AQ. 


The definitions and arguments used in proving this theorem pass over almost 
verbatim to the Dirichlet problem in R”. 
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As an application of the theorem, we will prove the existence of a continuous 
solution of a Dirichlet problem in the plane, for a bounded domain 2, assum- 
ing that OC is a simple closed curve, and that the given boundary function is 
continuous. 

All we need to do is show that these conditions are sufficient to ensure the 
existence of a barrier function at each point of OQ. Suppose first that 2 is 
entirely within the right quarter plane x > 0,y > 0. Let Q = (20, yo) € ON. 
Let 6 be the diameter of 2. This diameter is a measure of the width of a set 
of points in the plane, and is defined to be the greatest lower bound of the set 
of all distances between pairs of points of 0. In the case that (Q is a bounded 
domain, this is a positive number. Using 6, define 


e(z,y) = In (a) 


20 


and 


w(x, y) = arctan (2) 
x 
Heere is a candidate for a barrier function: 


ss (x y) = p(x — Lo, y — Yo) 
es (p(x — Lo, y — yo))? + (W(x — 20, y — Yo))? 


By the definition of 6, 
(x — 20)” + (y— yo)? < &? 


for each (x,y) € 2. Therefore, y(z,y) < 0 so we(z,y) > 0 for (x,y) € O and 
(x,y) #F (Zo, Yo): 


Now wo(z,y) is not defined at (xo, yo). However, it is easy to verify that 


we(z, y) — 0 as (x,y) me (Xo, Yo). 


We can therefore define 
wa(ZXo, Yo) = 0. 


It is now routine to verify that wg is a barrier function at Q for each bound- 
ary point @ of 92. By the existence theorem 4.11, the Dirichlet problem for a 
bounded domain in the right quarter plane has a solution if the function specified 
on the boundary is continuous. 

If (2 does not lie entirely in the right quarter plane, translate ] to this 
quadrant and use the fact that translates of harmonic functions are harmonic. 
The translated problem will have a solution, and this can be translated back to 
a solution of the problem for the original domain. 
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Problems for Section 4.7 


1. Fill in the details of a proof that v is harmonic on 22 if and only if fx,y is 
harmonic on every open disk in Q. 


2. Prove the assertion made in statement 2 that 
TK is = FRO a ae 


3. Complete the proof of statement 7 for cases 2 and 3. 


4. (Substantial Project) The proof of the existence theorem 4.11 focused 
on superharmonic functions and upper functions. Develop a proof using 
subharmonic functions and lower functions, with the solution u(P) at P 
defined as the least upper bound of the solutions v(P) taken over all lower 
functions of f on 2. A derivation can follow the treatment using upper 
functions, but reversing inequalities where appropriate to base the solution 
on lower functions. 


Chapter 5 


Fourier Integral Methods of 
Solution 


To solve problems on bounded intervals, we often use Fourier series. For prob- 
lems on a line or half line, where the space variable is unbounded, we may turn 
to Fourier integrals. 


Such problems can have both theoretical and modeling implications. To a 
radio astronomer, radio waves in space may be modeled as traveling along an 
infinite line. And to a sonar operator in a submarine, the ocean may look like 
an infinite medium. 


We will begin with an informal development of the Fourier integral and sine 
and cosine integrals, then look at their uses in solving initial-boundary value 
problems. 


5.1 The Fourier Integral of a Function 


Suppose f(x) is piecewise smooth on every interval [—L, L], and that f is abso- 
lutely integrable, which means that f°. |f(x)| dx converges. 


Instead of writing a Fourier series representation of f(x) on an interval 
[—L,L], we want to attempt a representation that is in some sense valid for 
all x. 


Choose any L > 0 and start with the Fourier expansion of f(x) on [—L, L}, 
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ignoring f(x) for |x| > ZL. This expansion is 
1 fe 
a | fea 
cau Ni ae NTE NTL 
+ d L i f(S) COs (*) cos (==) dé 


rif : f(€)sin () sin ("2") a | 


We would like to let L — o0 in this expression to attempt a representation of 
f(x) over the entire real line. To determine this limit (at least intuitively), let 
Ww, = na/L to write 


DGG = ti Bi 4 = 


T 
L’ 
Upon substitution, the Fourier series of f(x) on [—L, L] becomes: 
7 L 
= (ac i Aw 
— = 
= n d n 
+ . 2 (/ f(€) cos(wn€) | cos(wy,) 


i 
ae (/', f (€) sin(wr€) i) sin(w,r)| Aw. (5.1) 


Now let L > oo. Then Aw —> 0. Because hae f(€) dé converges to a finite 
number as L — ov, in this limit, 


= ([/ 1004) hs 50 


With a stretch of the imagination, the other two terms in equation 5.1 re- 
semble a Riemann sum for a definite integral. As L — oo, these two terms 


approach the limit 
+ [* ( [F106 cos(we) as) cos(u) 
+ (f se)sinwe) ag) sin(wa)} a (5.2) 


This is called the Fourier integral representation of f(x) on the real line. It 
is possible to prove that, under the assumptions made about f/f, it converges to 


s(x) + f(e+)) 
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for every real x. If f is continuous at xz, this integral representation converges 
to f(z). 

We will summarize this discussion in a form that may clarify the analogy 
between the Fourier integral on the line and the Fourier series of a function on 
an interval. If f is absolutely integrable and piecewise smooth on each interval 
[—L, L], then the Fourier integral representation of f(x) is 


(fa-) + fe4) = [ (Ancos(wa) + Bysin(w)) de, (6.3) 


in which the Fourier integral coefficients of f(x) are 


=2 [ 416) coslwé) dg and By == [ F(e)sinwe)dg. (64) 


By combining terms and using a trigonometric identity in the expression 5.2, 
as in the derivation of equation 1.19 for Dirichlet’s formula, this Fourier integral 
representation can also be written 


5 (F Cea er ceey =o ff se) costut Soayaed. (6) 


Example 5.1 Let 
0 for |x| > 1, 
f(z) -| | 


1 for |a| <1. 


f is continuous, with a continuous derivative, for all x except « = +1, where the 
function has jump discontinuities. Further, f is absolutely integrable, because 


[ it@ias= [ da 2. 


To write the Fourier integral of f(x), compute the coefficients: 


An== ff) cos(we) dé 


1 
- / cos(w&) dé 


_ 2sin(w) 


TW 


and B,, = 0 without any integration because f(€)sin(wé) is an odd function of 
€ on [—1, 1]. 
The Fourier integral of f(x) is 


(ae eee 
— i ane) cos(wax)dw 
0 wW 


Tv 


216 CHAPTER 5. FOURIER INTEGRAL METHODS OF SOLUTION 


This converges to 
1 for -l<a<l, 
172 fora =, 
0 for x < —1 and for x > 1. 


We can get some feeling for the convergence of the Fourier integral of this 
function by approximating some values. At x = 1 the Fourier integral is 


- | SM eae dw, 
0 Ww 


T 


and this converges to 


1 1 


5(F1-) + £14) = 5(1+0) = 5. 


To check this convergence, approximate the Fourier integral by using a numerical 
routine to approximate the integral 


Z ia sn) cos(w) dw 


W 


for large values of k. For k = 50, this integral is approximately 0.4972718105; 
for k = 100 we obtain 0.4992316037; for k = 200, we get 0.5004197049; and for 
k = 400, we get 0.5001778591. These approximations appear to approach 1/2 
as k is chosen larger. 


5.1.1 Fourier Cosine and Sine Integrals 


If g(x) is piecewise smooth and absolutely integrable on x > 0, we can represent 
it as a both a Fourier cosine integral and as a Fourier sine integral, analogous 
to Fourier cosine and sine series on an interval (0, L]. 

For a cosine integral, extend g(x) to an even function g.(xz) defined over the 
entire real line, by setting 


__ |g) ite 0, 
ge(2) = po ia <0; 


Now expand g,(«) in a Fourier integral on the entire line. The sine coefficients 
B., are all zero because g-(x) sin(wx) is an odd function, so we are left with 
just the cosine terms. For these, the coefficients can be written as integrals over 
[0, 00). 

In summary, the Fourier cosine integral of g(x) on x > 0 is 


i a, cos(wx) dw, 
0 


in which the Fourier cosine integral coefficients of g(x) are 


a, == f © g(&) cos(we) dé. 


Tv 
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This cosine integral representation converges to 


$(g(z—) +g{a+)) ifa>0, 
g(0+) ie 0): 


For the Fourier sine integral representation of g(x) on x > 0, extend g(x) to 
an odd function g,(x) on the real line by setting 


_ J g(x) if x > 0, 
9o(z) = ee ia < 0. 


Now the cosine coefficients are zero because g(x) cos(wx) is odd, and we obtain 
the Fourier sine integral of g(x) on x > 0: 


| b,, sin(wx) dw, 
0 


in which the Fourier sine integral coefficients of g(x) are 


2° pre 
b= =f o(€) sin (we) dé, 
T JO 
This sine integral converges to 


$(9(z—) + g(a+)) ifa>0, 
0 if = 0; 


Example 5.2 (Laplace’s Integrals) Let k > 0 and let g(x) = e~** for 
£> 0, 
First, g(x) is continuous with a continuous derivative for x > 0, and 


ad 1 
ii eW? da = = 
0 k 


so g is absolutely integrable on x > 0. 
For the cosine integral expansion of g(x), compute the coefficients 


Zz: ok 


TT mt k2 + w2" 


ty = — [ e—*® cos(wé) dé = 


Making use of the convergence theorem for cosine integrals, and the continuity 
of e~**, this cosine integral converges to g(x) for x > 0 and we can write 
eke 2k 


1 
aS | Baw cos(wx) dw for x > 0. 


For the sine integral expansion, compute the coefficients 
y) CO 
i / e*§ sin(w£) dé = 
0 


as 


2 W 
Tk? + w2° 
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Because e~** is continuous on x > 0, the convergence theorem for Fourier sine 


integrals tells us that 


Boulos e k= ifg>0 
— eee dw — 3 
Fi | eae ‘ ife=0. 


These integral representations of e~** for « > 0 are called Laplace’s inte- 


grals, because the coefficient a,, of the cosine integral is 2/7 times the Laplace 
transform of sin(wx), and the coefficient },, of the sine integral is 2/7 times the 
Laplace transform of cos(w2). 


The remainder of this chapter is devoted to Fourier integral solutions of heat, 
wave, Dirichlet and Neumann problems. We will also solve Burgers’ equation, 
which is a diffusion equation with a convection term. 


Problems for Section 5.1 


In each of problems 1-6, write the Fourier integral representation of the function, 
and determine what this integral converges to. 


z. (Or —t <2 = a 
1. = oo 
I) : for. jal! a. 


cos(z) for-a<a<a, . eds 
2a) = (2) ~~~" with @ a positive number. 


0 for |z| > a, 
3. f(z) =e FI. 
4. f(x) = ae Fl, 


for -a<a< 
eae Re Ee) SE eee, with a a positive number. 
0 for |x| > a, 


k for0<a<a, 
6. f(z) =<—-k for -a<a<0, Here k and a are positive numbers. 
0 for |x| > a. 


7. Obtain the integral in equation 5.5 from the Fourier integral representation 
5.2: 


8. Show that the Fourier integral representation of f(x) can be written 


~/ 7 [ : efel®—9) F(€) d€ de. 


In each of problems 9-14, write the Fourier sine and the Fourier cosine integral 
representation of the function. Determine what each integral converges to. 


oul. 


13. g 


14. 


15. 


16. 


17. 
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inh fi <a2<k 
(2) = E ey Bone Ses with k a positive number. 


0 for x > k, 


(x) cos(7z) forO<a2 <1, 
rt)= 
z 0 for x > 0. 


with k and a positive numbers. 


xe 
k forO<a2<a, 
0 forz>a, 


gz forO<a<a, . As 
(2) a : with a a positive constant. 
or £ > a, 


Use the Laplace integrals to compute the Fourier cosine integral of 


1 
a= 14+ 2? 
and the Fourier sine integral of 
z 
h = 


Assume that 
lim g(x) = lim g'(x) = 0. 
M bie A ©, @) xr—->CoO 


Suppose also that g”(x) exists for x > 0 and g’(0) = 0. Show that the 
integrand in the Fourier cosine integral representation of g’’(z) is equal to 
—w* times the integrand in the Fourier cosine integral representation of 


g(x). 
Suppose 


hie) a iF a(w) cos(wx) dw, 


T JO 
where 


a(w) = / ” h(t) cos(wt) dt 
(a) Show that 
--[- (—a"(w)) cos(wa) du. 
(b) Show that 


vi 


Bt ee { "(Ria wane aa 
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5.2 The Heat Equation on the Real Line 


We will solve the problem 


Ut = kuz for — co < x < 00,t > 0, 
u(x,0) = f(x) for — 0 <4 <0. (5.6) 


This problem models a temperature distribution in an unbounded medium, 
having one space dimension. There is no bound on the space variable, hence no 
boundary condition, but there is an initial condition. 

The heat equation looks the same with or without boundary conditions, so 
put a separation of variables. Put u(z,t) = X(x)T(t) to obtain 


X”" 4+ XX =0,T7' + AKT = 0. 


For a problem on a bounded interval, the boundary conditions provided 
conditions on X(xz) at 0 and L. These were used to find the eigenvalues, then 
the eigenfunctions. Here there are no boundary conditions. Try cases on X. 

If A = 0, then 

X (x) =cxe4+d. 


There is no information given by boundary conditions to tell us anything about c 
and d. However, it is useful in many contexts to impose the additional condition 
that the solution must be bounded. Because x can be any real number, this 
requires that c = 0, leaving X(x) = constant in this case. 

If \ < 0, set \ = —w? with w > 0. Then 


X (x) = ce** + de”. 


For this to be bounded as x — oo, we need c = 0. And for X (x) to be bounded 


at x — —oo, we must choose d = 0. This case yields only the trivial solution 
for X. 
If \ > 0, say A = w? with w > 0, then 


X (x) = ccos(wx) + dsin(wa). 


This is bounded for any numbers c and d. We have no reason to restrict w, 
other than in this case w > 0, so every positive real number is an eigenvalue. 
Corresponding eigenfunctions are sums of constants times cos(wz) and sin(w2). 

We can combine the first and third cases by writing the eigenvalues as A = 
w*, with w > 0, and the eigenfunctions as 


X.,(2) = A, cos(wx) + B,, sin(wx) for w > 0. 


The problem for T' is 
T' +w°kT =0, 


with solutions that are constant multiples of 


T(t) =e" *, 
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For each nonnegative real number w, the functions 
Uw (x,t) = (A, cos(wx) + B, sin(wa))e~”” ** 


satisfy the heat equation. 

When we reached this point for a problem on a bounded interval, we had 
what are called discrete eigenvalues, \, = n?77/L?, one for each positive integer 
n. We summed the corresponding solutions u,(x,t) over n and used the initial 
condition to find the coefficients as a Fourier sine or cosine expansion of the 
initial temperature function. 

We cannot “sum” over all nonnegative reals w, so replace the sum pa 
with an integral {-~ --- dw to write 


ulet) = [i cos(wx) + B,, sin(wa))e7”” * du). (5.7) 
The initial condition requires that the coefficients must be chosen so that 
uz, 0) = fe) = [iw cos(wz) + B, sin(wa)) dw. 
This tells us to choose the coefficients as the Fourier integral coefficients of f(x): 


iL L of? 
A= ~ | Ff (€) cos(w€) d€ and B, = =| Ff (€) sin(w€) dé. 
With these coefficients, equation 5.7 is the bounded solution of the problem. 


Example 5.3 Suppose the initial temperature in problem 5.6 is 


f(x) =e" #I, 


The solution is given by equation 5.7 and all we have to do is compute the 
Fourier integral coefficients. These are 


A, = z [ e~'§| cos(w€) dé = 


T 


Oe. 
mwitw? 
and 


Ba = = i’ e~ Sl sin(w€) dé = 0. 


The solution is 


2.4 
u(t) = =a Tie cos(wx)e” * dw. 


One can question the value of such a solution, because it is unclear how to 
evaluate u(z,t) at any point x and time t. However, numerical approximations 
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Figure 5.1: Surface plot of the temperature function in example 5.3 for —1 < 
2 1 <e< f. 


can yield interesting and revealing results. Figure 5.1 shows an approximate 
surface plot for -l1 <a2<landO<t< 1. 


5.2.1 A Reformulation of the Integral Solution 


We will look at another way to write the solution 5.7. Insert the formulas for 
the Fourier integral coefficients of the initial temperature function into equation 
5.7 and use the trigonometric identity 


cos(w€) cos(wa) + sin(w€&) sin(wa) = cos(w(€ — z)) 


to write 


ula,t) = / (A,, cos(w2) + B,, sin(wa))e~” * dw 
0 


== [Cf £6 cos(we) ae) costue) 


iu Uf. f(g) sin(w) ie) sin(w) ee 


= si a cos(wé) cos(wx) + sin(w€) sin(wa)] e~” ** dé dw 
=2 [J $16 feos cos) + sin( ue) sin()] e-**# a 


= ff FG) cos(ul — 2))e™ fd. 


In the last line, interchange the order of integration, and use the fact that the 
integrand is an even function in w to write 
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We obtain 
ule,t) = f ( / con(u(f ~ 2)" a) f(©) dé. 


We now claim that the integral with respect to w, which is enclosed in large 
parentheses, can be evaluated in closed form. The key is the integral 


/ ~ ee cos ( 3) dé = fre /48" (5.8) 


— OO 


This integral can be found in tables, and the integration can also be carried out 
using residues and complex integration. An evaluation based on a differential 
equation is outlined in problem 11 for this section. To make use of the integral 
5.8, let 
E=w ki. 6, and B = Vkt. 
Then 
d¢ = Vkt dw and = w(x — €), 


= —w°* kt _ J aii ae a 1 =) 
[« cos(w(€ — x)) dw } 3 cos ( TE d¢ 


1 
= ~(x—€)? /Akt 
= TE . 
Vv kt va 


SO 


Now the solution is 


u(x,t) = xvi I. e @—)"/4kt Fg) de, 


See 
u(e,t) = 5 ar f(€) dé. (5.9) 


or 


It is routine to check that this function satisfies the heat equation by differ- 
entiating under the integral sign. This is allowed because the integral converges 
uniformly in « and t. To show that u(z,0) = f(x), make the change of variables 


to obtain ; es 
u(at) =e f fle+ VARI ee ac 


Because f is assumed to be a bounded function, this integral converges uniformly 
in x and t, so the integral and the limit can be interchanged: 


1 a 2 
lim, ut t) = ie i (ti, f(a+ a) eS de. 
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But 
lim, f(a + V4ktC) = f(e), 


if f is continuous. Further, f(x) passes through the integration with respect to 
¢, so we finally obtain 


1 = 2 
i = ee = = 
jim, u(a,t) = u(z, 0) _ al d¢ f(z) 
because = 
if ef dQ = JT. 


This integral is widely used in statistics and can be found in tables, or evaluated 
by various techniques. 


Example 5.4 Suppose 


3 for0O<a2< 2, 
f(x) = 
0 for « <Q and for z > 2, 


and k = 1/4. The solution is 


1 2 
u(z, t) — sf 3e—(e-€)* /t dé. 


Figure 5.2 shows graphs of u(z, 1/4), u(z,1) and u(a,3). Figure 5.3 is a surface 
plot of u(z,t) for -5 <a<5and0<t<4. 


5.2.2 The Heat Equation on a Half Line 


For a problem on a half line, consider 


tig =k for & > Ost 0, 
u(0,t) = 0 for t > 0, 
ule. 0) =f (2) fora >:0: (5.10) 


This problem is posed on a half line x > 0, which has a boundary point. For 
this reason a boundary condition is given at x = 0 for all times. 
Setting u(x,t) = X(x)T(t), we obtain 


X"+AX =0,T' + AkT =0. 
However, unlike the problem on the entire line, we now have the condition 
u(0,t) = X(0)T(t) = 0, 


which implies that X (0) = 0. 
Look at cases on 4X. 
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x 


Figure 5.2: Graphs of u(x, 1/4), u(z,1) and u(x, 3) in example 5.4. 


Figure 5.3: Surface plot of u(x,t) in example 5.4. 
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If \= 0, then X(x) = ca +d. Now X(0) = d =0, so X(x) = ca, with c any 
constant. As with the problem on the line, we will look for bounded solutions. 
Because cz is bounded on the half line only if c = 0, this case has only the 
trivial solution. 

If \ < 0, say A = w? with w > 0, then 


AAG) Se ges os 


For a bounded solution, let c = 0. But then X(0) = d = 0, so this case has only 
the trivial solution. 
The only remaining case is that \ > 0, say A = w? with w > 0. Now 


X (x) = ccos(wx) + dsin(wa). 


This solution is bounded, for any constants c and d. Because X (0) = c = 0, we 
are left with 
X (x) = dsin(w2). 


With A = w?, the equation for T is 
T' +wkT =0, 
with solutions that are constant multiples of 
—w* kt 
T(t) =e 
Now, for each w > 0, we have functions 
tel Ge) = by, sin(wx)e~” *t 


satisfying the heat equation and the boundary condition. To satisfy the initial 
condition, set 


u(a,t) = [ b,, sin(wx)e"” * dw. (5.11) 
0 


Then be 
U(2;0)= f(z) =| b,, sin(w) dw. 


The coefficients b,, are therefore the Fourier sine integral coefficients of the initial 
temperature function on x > 0: 


Deir 
b= =f F(e)sin(we) a. 


Example 5.5 We will solve the problem 5.10 on the half line x > 0, with 
initial temperature function 


fe) = ree for x >0 
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and boundary condition 
u(0,t) = 0 for t > 0. 


The solution is given by 5.11, with 


y) oO 
b, = — / €7e~*8 sin(w€) dé 
T JO 
_ 4 48 — w? 
oe 16 +2" 


The solution is 


Af? w(48 — w? 
ule) = =a AA sin(wr)e"™ dw. 


There is a version of the integral solution of problem 5.6 on the entire line 
that can be adapted to an integral solution of the problem 5.10 on the half line. 
Begin with solution 5.11 by Fourier sine integral and insert the sine coefficients 


to obtain 
usa) = =f [ F(€) sin(wé) sin(wa)e~“ * dé dw. 
Use the identity 
sin(wé) sin(wx) = 5 (cos(w( — €)) — cos(w(az + &))) 
and interchange the order of integration to obtain 


uae) == [ (fo ee costute - 8) du) f(©) ak 


Tv 


aie a és enw kt cos(w(x + €)) iw) f(€) dé. 


v 


Now use the fact that 


-{ e~ Ft cos(aw) dw = : pd eu 
0 


7 2V kt 


as can be obtained from the integral 5.8 by a change of variables. This enables 
us to write the solution for the problem on the half line as 


ws ia jer esha = elven f(€) dé. (5.12) 


In the 19th century, physicist Lord Kelvin (1824-1907) used this expression to 
derive his estimate of the age of the Earth. This story is told in the next section. 


Ce ee 


228 CHAPTER 5. FOURIER INTEGRAL METHODS OF SOLUTION 


Problems for Section 5.2 


1. Suppose the initial temperature function f(x) for problem 5.6 is an odd 
function. Show that the solution is an odd function in the space variable. 


2. Suppose, for some positive number a, the initial temperature function in 
problem 5.6 is zero for |x| > a and positive for |z| < a. Show that u(z, t) > 
0 for all t > 0. Contrast this behavior of the solution with solutions of 
the wave equation on the line, when the initial position function vanishes 
outside an interval |x| < a. 


In each of problems 3-7, solve problem 5.6 for the given initial temperature 
function. Write one solution using the Fourier integral and use the integral 
solution 5.9 for a different version of the solution. Try graphing some curves 
u(x,t) for specific values of t, as well as surfaces u(x,t). 


3. f(x) =e 4l, 


sin(z) for |a| <7, 
0 for |x| > 7. 


ge tor US a= 4, 
QO for x <Oand for z > 4. 


5. f(x) = 


1 for 0 <a <1, 
—1 for-l<2z<0, 
0 for |x| > 1. 


se ‘ for |z| 1, 7 


1 for -l<2<1l, 
ivi ‘6 for |x| > 1. 


Solve problem 5.6 with this initial temperature function. Next, expand 
the integrand of this solution in a Maclaurin series and integrate term by 
term to obtain a series solution for u(z, t). 


9. Try to use separation of variables to solve the problem 


uz = kuge for —co<a<ow,ti>Qd, 


(2,0) cos(7xz) for -l<a <1, 
Ug lL, = 
0 for |x| > 1. 
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10. Let 
vet) = at 3/2e-2*/4t, 


Show that v(z,t) is a solution of problem 5.6 for k = 1 and f(x) = 0 for 
all x (noting that lim:_,94 u(x,t) = 0). However, u(x,t) = 0 for all x and 
t > 0 is also a solution. Does this say that problem 5.6 does not have a 
unique solution? 


11. Derive the integral 5.8 as follows. Let 


Ea) = Te eS cos(x¢) dé. 


Show that . 
F'(2)= —5F @). 


Solve this differential equation to obtain F(a) to within a constant. De- 
termine this constant by using the standard integral 


if Paar en 
5 2 


In each of problems 12--16, write solutions of the problem on the half line for 
the given initial temperature f(x), one using equation 5.11, then equation 5.12. 
Generate some graphs of u(x,t) for selected values of t, as well as graphs of 
surfaces u(x,t) for different ranges of values of x and t. 


12. f(x) =e-, with a a positive constant. 


13. f(x) = xe~°*, with a a positive constant. 
1 forO<a<h 
1A. fie) = ore ==" Here his a positive constant. 
0 forz>h. 
f <a<2 
eee x forO0<2<2, 
0 for z > 2. 
1 forO<a2<h, 
16. f(z) = 4-1 forh<-2< 2h, 
O for a> 2h. 


h is a positive constant. 


17. Use separation of variables to solve 


ti; = kuz, fore > 0;t > 0, 


iste A for0<a2<h, 
eee’ 10 for 2 > h. 


Here h and A are positive constants. 
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18. For each positive integer n, let problem P,, consist of the heat equation 
Ut = Ugz, for all x and t > 0, together with the conditions u,(0,t) = 0 
and 


2 
u(0,t) = yn(t) = — sin(2n?t). 
n 
Show that P,, has the solution 


Un(x,t) = — (e"* sin(2n7t + nz) + e~”* sin(2n7t — nz)) . 


Sle 


However, show that u,(xz,t) > 0 as n > ov, while it is possible to choose 
x and t so that, for arbitrarily large n, u,(xz,t) can be made as large in 
magnitude as we like. Conclude that solutions of the problem 


Ue = Us. fOr —CO-< = Cost > 0; 
u(0,t) = o(), 1; (0,2) = 0 dor t > 0, 


do not depend continuously on the data. 


5.3. The Debate over the Age of the Earth 


The solution of the heat equation in a semi-infinite medium played an important 
role in one of the most important scientific controversies ever to take place. The 
entire story is told in Joe D. Burchfield’s book Lord Kelvin and the Age of 
the Earth (Macmillan, 1975). It is also the subject of Chapter 6, “Lord Kelvin 
versus Geologists and Biologists,” in Hal Hellman’s book Great Feuds in Science 
(Wiley, 1988). 

In the 18th century it was widely believed that the Earth and everything on 
it had been created at about the same time. This put the age of the Earth at 
the same age as the human race, and this was estimated to be several thousand 
years. Many of these estimates were based on biblical studies, making lists of 
families in the Bible and estimating the age of each generation. One chronology, 
constructed in the third century A.D. by Julius Africanus (c. 160-c. 240), was 
based on the cosmic week, with each cosmic day spanning one thousand years. 
Africanus arrived at a creation date of about 5500 B.C. for the Earth, which 
would make it about 7500 years old today. 

In the 19th century, scientists began to suspect that some geological pro- 
cesses, such as the formation of mountains and canyons, must have taken a very 
long time. Estimates of the age of the Earth were extended to tens of thousands 
of years. At the extreme, some geologists held that the Earth’s history extended 
infinitely far back, as there did not appear to be any evidence of a beginning. 

Then, in the period 1830-1833, Sir Charles Lyell’s (1797 - 1875) three-volume 
work Principles of Geology was published. In it Lyell argued that processes 
such as erosion and sedimentation in rivers had to occur over extended periods 
of time. Unlike his predecessors and colleagues, Lyell thought in terms of many 
millions of years, perhaps hundreds of millions, a bold step beyond anything 
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previously imagined. This view became known as the uniformatarian theory 
because it disputed the belief that early violent geological activity had caused 
the present-day Earth to form over a relatively short time and maintained that 
the Earth reached its present state over an extended period of gradual, nearly 
uniform changes. 

In 1859, Charles Darwin (1809-1882) published his classic On the Origin of 
Species. Darwin was very much a supporter of Lyell’s view because evolution 
required longer periods of time than the several thousand years the 18th century 
scientists had been willing to allow. 

In the 1850’s, Lord Kelvin (Sir William Thomson, 1824-1907) entered the 
arena with a completely different perspective, that of a physicist. Kelvin was 
instrumental in the development of thermodynamics, and was sensitive to ar- 
guments involving generation and conservation of heat energy. He began by 
considering the Sun as the primary source of energy for our planet. Because 
nothing was known at this time of nuclear processes, it was at first believed 
that the Sun must be a gigantic chemical reaction. But this notion was soon 
discarded for want of an adequate source of fuel. Kelvin turned to the idea that 
the Sun generates heat energy converted from gravitational potential energy 
as the Sun contracts. This led him to an initial estimate that the Sun, and 
therefore the Earth, could not be more than 100 million years old. 

Soon Kelvin expanded this argument. He had observed from data taken 
from mines extending deep into the Earth that the temperature of our planet 
increases with depth. He reasoned that this must be caused by a continual loss 
of heat energy from the interior of the planet by conduction into the upper 
crust. However, it was also observed that this upper crust does not increase 
in temperature on a year-to-year basis. Therefore Kelvin reasoned that there 
must be a continual loss of heat energy from the Earth. Further, Kelvin, and 
many geologists, believed that the Earth was a solid ball that had solidified at 
a uniform temperature. This meant that, if one could make an estimate of this 
initial temperature, and assuming a continual loss of heat energy, it should be 
possible by determining the rate of heat loss and current temperatures in the 
crust, to estimate the age of the Earth with some accuracy. 

Unlike geologists, biologists and other natural philosophers of this time, who 
were not well versed in mathematics, Kelvin was well prepared to carry out the 
details. He began by assuming that the Earth is an approximately homogeneous 
sphere, say of radius R. If u(x,t) is the temperature distribution, giving the 
temperature at point x and time ¢, with the origin as the center of the sphere, 
then u satisfies the three-dimensional heat equation 

Ou 


a = kV?u for |x| < R and t > 0. 


Kelvin had worked with this equation while engaged in studies of heat con- 
duction leading to his discoveries in thermodynamics. But now he became 
convinced that very near the Earth’s surface, the temperature had remained 
(nearly) constant and was on average approximately its initial value. This led 
him to neglect the curvature of the Earth and model heat conduction through 
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the Earth as being along the half line from its center outward. Now let u(x,t) be 
the temperature at distance x from the center at time t. This could be thought 
of as a one-dimensional problem on a half line and the model for u(z, t) is: 


ii, = hey, tor 2 0.4 > 0; 
ai(e20) =e fore 0, 
u(0,t) =0 for t > 0. 


Kelvin solved this problem, obtaining 
es / i fere-O7 ae _ e-Ceey*/4ht] ge 
u(x,t) = ——— e€ —e 
2Vakt Jo 
Kelvin had no way of measuring the Earth’s temperature at large depths. 
However, by taking measurements as he descended into mine shafts, he esti- 
mated the rate of increase of temperature as one descended from the surface 
toward the center. This suggested that he compute the rate of change of tem- 
perature with depth. From the solution, he computed 


du__¢ / . [-S beeen é Te ecerotsan dé. 
f Det 


Ox 2V/ rkt 2kt 
Then 
Ou Cc cae a 
=—(0,t) = end 
5a | ) QWrkt Jo = * : 
ie Oe eae 
penal 


Solve this for the time to obtain 


t= (sea) - 


Kelvin used measurements made in mine shafts to estimate u,(0,t). He also 
took numerous measurements of the temperature of rocks and molten lava to 
estimate c and k. Allowing for errors, these estimates led him to take the age 
of the Earth to be between 100 and 400 million years. 

These numbers are very different from the numbers we accept today. For one 
thing, Kelvin had no way of taking into account nuclear processes generating 
energy from the sun, or radioactive minerals generating heat within the Earth. 
More significantly, his concept of the heat conduction within the Earth was 
flawed and he did not take into account convection in the partly fluid interior 
of the planet. The geology of his time simply could not give him an accurate 
picture of interior diffusion. 
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Many geologists disagreed with Kelvin’s conclusions, but they did not have 
the mathematical expertise to dispute his analysis. Indeed, Kelvin’s mathe- 
matics, coupled with his considerable and deserved reputation, made him a 
formidable opponent in the debate. 

Despite his primary involvement with physics and thermodynamics, Kelvin 
maintained in interest in geology and the age of the Earth until his death early 
in the 20th century. Perhaps as a result of his influence and this debate, many 
geologists became more attuned to the careful collection and mathematical anal- 
ysis of data based on geological samples. To its benefit, the subject became more 
quantitative in its practice. 

The story has an amusing footnote. In 1904, Ernest Rutherford’s (1871- 
1937) studies of radium led to his discovery of heat generated by radioactive 
processes. One day Rutherford was scheduled to lecture on his work, and he 
expected Kelvin to be present. Somewhat in awe of the grand old patriarch of 
physics, Rutherford was worried about Kelvin’s reaction to this new factor ac- 
counting for heat energy within the Earth, which Kelvin himself had not known 
to include in his estimates. Somewhat to Rutherford’s relief, Kelvin appeared to 
doze off during the first few minutes of the talk. But then Rutherford began to 
approach the crucial point and Kelvin suddenly sprang to attention. Rutherford 
mentioned Kelvin’s estimate of the age of the Earth, but then diplomatically 
emphasized that no one could have foreseen this newly found source of heat 
energy. Kelvin settled back and seemed satisfied, and all was well. 


5.4 Burgers’ Equation 


We will look at a diffusion equation that includes a convection term. The 
second-order, nonlinear partial differential equation 


for —oo < x < oo, is called Burgers’ equation. The uu, term is a convection, 
or mixing, term in which it is assumed that the effect of the convection at x at 
any time ¢ is measurable as a product of the fluid or energy density u(x,t) at x 
and that time t, multiplied by the rate of change of this density with respect to 
the space variable. 

We seek solutions of this equation subject to an initial condition 


ur0) = 7 ): 


Begin with an observation. If we substitute u = w, into Burgers’ equation, we 
get 
Wet + WeWre = kWeee. 


We can integrate this with respect to x to obtain 


1 
we + awe = hie: 
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Now define v by 


y =e UPAR 
Then 
w = —2kIn(v), 
and a routine differentiation yields 
1 2k 
we + 5 We Slee Uy vt — kar). 


This means that v; = kvzz, so v satisfies the standard one-dimensional heat 
equation. 
Thus far, we have transformed 


U> WwW > Uv. 


Putting these two steps together, we have the composite transformation 


2kvz 
—— =| 
u : (5.13) 
This is the Cole-Hopf transformation. Using this, we have 
2kvz(z,0) _ 
u(z,0) = re) ee f(z). 
Integrate this to obtain 
[ 164g = -2kin(v(e,9), 
0 
hence 
u(x, 0) = ef 1/24) So (8) 46 — g(a). (5.14) 


We can therefore solve Burgers’ equation on the real line, subject to u(z,0) = 
f(x), by using the Cole-Hopf transform to convert this problem to an initial 
value problem for v: 


Ut + UUy = kuz, for —0co <a <o0,t > 0, 
u(xz,0) = f(x) for —co <4 < co 
=> 
Ut = kvgz for — co < 4 < 00, t > 0, 
v(xz,0) = g(x) for ~co <4 < oO, 


where g(x) is given by equation 5.14. 
We know the solution of this problem for v: 


v(z, t) g(E)e— 8) /4F* dg, 


-mal.. 
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Using this, compute 


Uz(x,t) = ae g(€) (=e) eo (z—§)? /4kt dé. 


Now we have the solution u(z,t) of Burgers’ problem from equation 5.13: 


_ 2kvz (a, t) 
ttt) err ae 
_ [Boge 8) [ter OH ag ae 


JR, gee O74 de 


This is the solution we sought, as a quotient of integrals. 
As an example, suppose k = 1/2 and f(x) =1. Now 


1 zx 
x | f@ae=s 


so 
x 


g(x) =e”. 


The solution to this problem for Burgers’ equation is 


fe ee 
{ Ee—(e—-€)?/2t dg” 


e~ 
—coO 


Ue t) = 


5.4.1 Traveling-Wave Solutions of Burgers’ Equation 


It is perhaps surprising that a diffusion equation can have traveling-wave so- 
lutions. By this, we mean solutions of the form u(z,t) = h(x — ct for some 
function h of a single variable and some number c. Such solutions appear as a 
wave moving to the right along the z—axis. 

We will show how to explicitly determine such a solution, under certain con- 
ditions. Look for a function h of one variable, having two continuous derivatives, 
and also for a number, c, that makes u(x,t) = h(x — ct) a solution of Burgers’ 
equation. We will require that h(x) have a limit DL, at co and a limit L_ at —oo, 
and that 0 < Ly < L_. These conditions imply that h’(x) — 0 as x > too. 

To begin the search, substitute h(a — ct) into Burgers’ equation to get 


—ch’ + hh’ = kh”. 


Here h’ denotes h’(€) with € = x — ct. 
Integrate this equation to obtain 


1 
—ch + 5h = kh’ +a, 
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with a a constant of integration. Solve for h’: 
i he 
Pee Poe pee. — 
i i (5 ch a) (5.16) 
Let x — oo in this equation to get 


1/1 
k (544 - by -a) =(): 


And let x — —oo in equation 5.16 to get 


2 
Then 
a= -[4 —clh, ==L? eis: 
so 
1.» 1.» i 
c(L4 pats L_) = ai ow 5 Le = 5 (E+ oa D_)(L+ + L_) 


This gives us 


Then ; 
62-0 =¢ha= Lo = =(hbe ab. jie = pg b+t- 
Then 
ile 
en ey ees ee 
h ; (5 ch a) 
aod flag lee ted 1 
te ae ae) 
1 
= S(h-Ly)(h-L_). 
Denoting the independent variable as 7, we now have 
dh 
—2k— =(h—- _—h). 
k= (h— L4)(L- —h) 


This is a separable ordinary differential equation for h. Use a partial fractions 
decomposition to write 


2 1 1 1 
(ee G+) ee ca 


Integrate to obtain 
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We can choose the constant of integration a to be zero if we set h(0) = c, so 


L_—-h(0)_, 
A(0)—Lye 
Now 
in (enh) - (be = Ls) 
hb.) 2k 


Finally, we have 
(L —L4)x/2k 
h(a) = Pin = Die 
1 + e(h_-—Ly)a/2k 


The traveling wave solution we have been seeking is 


u(x,t) = h(x — ct) 
L.. pets Ve ciak 
~ Tb eh Ly )(a—et)/2k 


As an example, if we specify that DL, = 1,L_ = 3 and k = 1/2, then c = 2 
and a traveling wave solution of 


1 
Ut + UUg = 9 Ure 


is 
3 + 2e%(2— et) 
MO) = TT ea) 
Figure 5.4 shows graphs of u(x, 0), u(x, 1), u(x, 3) and u(x, 5), showing the wave 
moving to the right as time increases. Figure 5.5 is a surface plot of u(z,t) for 
—8<a2<8and0<t<5. 


Problems for Section 5.4 


In each of problems 1-3, find an expression for the solution of Burgers’ equation 
with u(z,0) = f(x) for all real z. 


1-2 forO<2<1, 
1. f(@)=41l+ea for-l<2x<0, 


0 for x < —1 and for x > 1. 
1 for -l<z<l 
2. f(x) = ee 
He) : for’ |a@|:>-1. 


—2 for -3<2<0, 
3. f(@)=45 ford0O<2<2, 
0 for « < —3 and for x > 2. 
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Figure 5.4: Traveling-wave solutions of Burgers’ equation moving to the right. 


Figure 5.5: Surface plot of u(x,t) for Burgers’ equation. 
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4. Show that the solution of Burgers’ equation on the line, with u(xz,0) = 
f(x), can be written as 


ae = €)/t)e~ 2 Ea.t)/2k dé 
Ul Et) = FS eH Gaede 


e7 
—-0O 


where 


Hilé 9.) e =§) +f f(w) dw. 


5. Consider Burgers’ equation for 0 < x < 1, subject to the conditions 
u(0,t) = u(1,t) = 0, u(a,0) = f(x). The quantity 


E(t) = 7 (last) ae 


is called the energy of the system at time t. Show that the energy function 
is bounded for all t > 0. Hint: Compute E’(t) as an integral, substitute 
for uz in this integral from the partial differential equation and integrate 
by parts, making use of the initial conditions. 


6. Show that u(z,t) = c— atanh(a(x — ct)/2) satisfies Burgers’ equation on 
the line for any positive numbers a and c. Graph this solution with a = 1 
and c = 1.5 for a succession of times, t = 0.02, 0.3, 0.7, 1.2, 2.5, 3, and 5. 


In problems 7-9, determine a traveling-wave solution of Burgers’ equation on 
the real line for the given constants. Graph u(z,0) and u(x, t) for several values 
of the time. 


7. Ly =5,L. =10,k =3. 
8. Ly =4,L_ =20,k=5. 
9, Lb, =1,L =2,k=8. 


10. Under the conditions assumed in deriving a traveling wave solution u(z, t) = 
h(x — ct), attempt to derive traveling wave solutions u(z,t) = w(x + ct), 
which move to the left on the line as ¢ increases. 


5.5 The Cauchy Problem for the Wave Equation 


Previously, we solved the Cauchy problem for the wave equation 
Ute = C’Uge for —cO <u <0, t>0, 


u(z,0) = p(x), u(x, 0) = W(x) for —co0o << 4 <~W, (5.17) 


using characteristics and d’Alembert’s solution. This problem can also be solved 
using the Fourier integral. We will illustrate the idea for the case that the string 
is released from rest (q(x) = 0). 
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The problem is 
Utt = C’Uzz for —0o <4 <0, t>0, 
u(z,0) = p(x), u(z,0) = 0 for — 00 < 4 < oo. (5.18) 
Let u(x,t) = X(x)T(t) to obtain 
X" 4X =0,T" + APT =0. 


In the absence of boundary conditions, there are no further conditions on X. 
The initial condition u;(z,0) = X(x)T’(0) = 0 requires that T’(0) = 0. There- 
fore we have 

X"+rX =0 


and 
T” + APT = 0;T'(0) = 0. 


The problem for X is the same as that encountered for the heat equation on the 
line. As usual, we seek a bounded solution. The eigenvalues and eigenfunctions 
are 

A= w* with w > 0 


and 
X,,(2) = A, cos(wx) + B, sin(wr). 


The differential equation for T has solutions 
T(t) = kcos(wet) + dsin(wet). 


Because T’(0) = wd = 0, then d = 0 for w > 0, and we must choose T as 
constant multiples of 
T.,(t) = cos(wet). 


For w > 0, we now have bounded functions 
Uy (x,t) = (A, cos(wx) + B, sin(wx)) cos(wet), 


which satisfy the wave equation and the zero initial velocity condition. To satisfy 
the initial displacement condition, write a superposition over w > 0: 


Gat ie i Uy (x,t) dw 
0 
= if [A,, cos(wx) + B,, sin(wax)] cos(wet) dw. (5.19) 
0 
Now we have to choose the coefficients to satisfy 


ur 0) = oa): = [1 cos(wx) + B, sin(wx)] dw 
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x 


Figure 5.6: Initial displacement function in example 5.6, with K = 5. 


for all real x. This is a Fourier integral representation of y(x) on the real line, 
so choose 


Ay = - | y(€) cos(wé) dw and B, = - | y(€) sin(w&) dé. 


— OO —0o 


Example 5.6 Solve the problem 5.18 with c = 5 and initial displacement 
function 
zrt+kK for —K <2 < —-K/2, 
K/2 for —K/2<a2< K/2, 
—cz+kK for K/2<a2<K 
0 for « < —K and forz > K. 


p(x) = 


K is a positive constant. Figure 5.6 shows this initial displacement function for 
the case that K = 5. 

The solution is given by equation 5.19, and all we have to do is insert the 
Fourier integral coefficients of y(x). These are 


Ay= =f  (G)cos(we) dé 


a2 / 7 p(€) cos(wé) dé 


T 


= —s (cos (=) : cos( Kx) 
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Figure 5.7: u(a,t) in example 5.6, with K = 5. 


and B, = 0 because y(2) sin(wx) is an odd function on the real line. 
The solution is 


CO 
u(z, t) =i A, cos(wx) sin(S5wt) dw 
0 
= 5 (cos( Kw/2) — cos( Kw)) cos(wa) cos(5wt) dw. 
0 
In the case that K = 5, this solution is 
me 
ula, t) = : — 3 (cos(5w/2) — cos(5w)) cos(wx) cos(S5wt) dw. 
0 
Part of an approximate graph of the surface u(x,t) is shown in Figure 5.7. 


For a wave problem on a half line x > 0, modeling an infinite string with one 
end, the problem is similar to the problem on the real line, except now there is 
one boundary condition. A typical such problem, with fixed left end, has the 
form 


Ut, = C’Ure for x > 0,t > 0, 
u(0,t) = 0 for t > 0, 
wu, 0) = ole), u(x, 0) = (ae) for z > D. 


For the case that ¢(x) is identically zero, a solution by separation of variables 
proceeds as in the problem for the real line, except now there is the boundary 
condition 

u(0,t)= 2107) =O, 


5.5. THE CAUCHY PROBLEM FOR THE WAVE EQUATION 243 
so X(0) = 0. We obtain the functions 
X,,(“) = sin(wa), T,,(t) = cos(wet), 
leading us to try the solution 
wat) = / b., sin(wax) cos(wet) dw. 
0 


To satisfy the initial condition, choose the coefficients so that 


“re = 77) = i. b,, sin(wa) dw, 
0 
hence choose x ge 
bo == f o(@)sin( Gu) ag 
T Jo 
Problems for Section 5.5 


In each of problems 1-6, solve the wave problem 5.18 on the line, with the given 
initial position function. 


1 v(x) =e! 
l-2z* for -l<a2<1 
2. = rage og 
ee) . for |x| > 1. 
sin(x) for -7t<a<n7, 
3 fig oe 
ez) ‘ for |x| > 7. 
4—|x| for -4<2 <4, 
4. p(x) = a 
0 for |x| > 4. 
eG e* for z>0, 
ie 0 for x < 0. 
29 
sin“(z) for —4r <2 < 47, 
6. y(z) = 49" 
0 for |x| > 47. 


7. Write a (bounded) integral solution of the Cauchy problem for the wave 
equation on the real line for the case that the initial position function is 
identically zero and the initial velocity is w(x). 


In each of problems 8-11, solve the initial value problem posed in problem 7, 
for the given initial velocity function. 
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8. w(x) = el, 


k for -a<a<a, ee 
9. w(x) = ~~ " Here k and a are positive constants. 
0 for |x| >a. 


10. w(2) = cos(z) for —17/2<a2< 7/2, 
— 10 for |x| > 1/2. 
x for-5<a2<5 
11. = a 
ue ‘ for |x| > 5. 


12. Solve the problem on the half line if p(x) = xe~%* for x > 0 and a(x) = 0. 
13. Solve the problem on the half line if y(2) = 0 and 


sin(z) forO<a<q, 
we) =| a eg 
Orv >T. 


14. Solve the problem on the half line if y(x) = 0 for x > 0, and 


K forO<a< kK, 
w(e)=¢-x+kK for K <2< 2K, 
0 forxz > K. 


5.6 Laplace’s Equation on Unbounded Domains 


The Fourier integral can also be used to some Dirichlet and Neumann problems 
on unbounded domains. 


5.6.1 Dirichlet Problem for the Upper Half Plane 


We will solve the Dirichlet problem for the upper half-plane consisting of all 
(x,y) with y > 0: 


V°u(z,y) =0 for —co <2 <0o0,y>0, 
u(z;0)= f(@) for — co <2 < oo; (5.20) 


The boundary of the upper half-plane is the horizontal axis, hence the bound- 
ary condition. 
Let u(x, y) = X(x)Y(y) to obtain 


KO BHO." AV SO. 


The problem for X, with no boundary conditions, is familiar from the heat 
and wave equations on the line, and we have 


A= w", X,,(x) = A, cos(wx) + B, sin(wz). 
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Then 
YY" —w*Y =0 
with the general solution 


Yu(yje = ce”¥ + de~%. 


For a bounded solution, take c = 0, so Y,,(y) is a multiple of e~%¥. 
For w > 0, we now have functions 


Uw (x,y) = (Ay cos(wx) + B, sin(wxr))e~%Y 


which are harmonic on the upper half-plane. To satisfy the boundary condition, 
set 


ule y= i (A,, cos(wx) + B,, sin(wa))e~*Y dw. (5.21) 
0 
This is the solution if we choose the coefficients so that 


eae i A eoklan) Bi Base yaa. 


Thus choose A, and B,, to be the Fourier integral coefficients of f(x) on 
(—o0, 00). 

It is perhaps surprising that, if we insert these Fourier coefficients into the 
general form 5.21 of the solution, we obtain a relatively simple expression. By 
reversing the order of integration and using a trigonometric identity, as we have 
done before, write 


u(x, y) = 
1 CO CO , Z —wy - 
= / J (oostwe) cos(wx) + sin(wé) sin(wx)]e~“Y f (€) dé d 


=-[" ( JP costwtg - 2))er“” dw) f(©dé. 


WT J—oo 


We can carry out the inner integration with respect to w: 


i e “4 cos(w(é — x)) dw 


—wy oe) 
= By era? HeoswlE = 2) + (6 = 2) sin(w(~ 2))] 
_ y 
yp + (E- 2)? 
The solution is therefore 
ht fo FS) 
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Example 5.7 Find a function u(z,y) that is harmonic on the upper half- 
plane, and satisfies 


u(x,0) = f(x) =1 for all real x. 


By equation 5.22, the solution is 


u(a,y) = 2 f Sea eee 2a 


T J—oo Yor se) 


y ss 1 
2 4 ee an Lae 
T K-40 i y? + (E—a)? & 


oem (54) 


| 
| 
= 
| 
1 
© 
rR 
O 
Sf 
| 
os 


= lit r) 
ry Lao 2 
= 1. 


Of course! The constant function u(z,y) = 1 is harmonic on the upper half 
plane and equals 1 on the x—axis. This problem does not require any of the 
analysis performed for its solution, but it does demonstrate that the formula 
works, at least in a simple case. 


Example 5.8 Solve the Dirichlet problem for the upper half-plane if 


k for -a<a2<a, 
0 for {z| >a. 


veo) = 102)={ 


Here a and k are positive constants. 
The solution is 


> an f(§) 


a a 
oo) ae eet 


k (=) (<=*)| 
= — }arctan | ——— } + arctan | ——— : 
T y Y 


5.6.2 Dirichlet Problem for the Right Quarter Plane 


We will solve a special Dirichlet problem 
V’u(z,y) = 0 for x > 0,y > 0, 
u(z,0) = f(z) for a >.0, 
u(0, y) = 0 for y > 0 (5.23) 
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for the right quarter plane. The boundary of this domain consists of the non- 
negative x—axis and the nonnegative y—axis, accounting for the boundary con- 
ditions. The more general problem in which u(0,y) = g(y) can be done by 
separation of variables, but we will pursue the given special case to demonstrate 
an idea. 

Notice that the right quarter plane can be obtained by folding the upper 
half-plane across the vertical axis. This suggests that we may be able to use 
the solution 5.22 for the upper half-plane to obtain the solution for the right 
quarter plane. in which the data function on the positive y—axis is zero. 

To do this, we will manufacture a Dirichlet problem for the upper half-plane 
in such a way that, when we restrict x to be nonnegative, we obtain the solution 
of the current problem. 

Begin by defining 


any forz <0, 


eee = for z > 0, 


where by any we mean we will fill in g(x) for x < 0 later when it becomes clear 
what we need. Now the problem 


V°u(z,y) =0 for —w<2<ow,y>0, 
u(z,0) = g(z) 


for the upper half-plane has the solution 


y [~ 9) 
nen = Ff area 


Write this as 


y g(€) o g(&) 
Unp (9) = T f= eee (ae et f P+ (eae 


Put w = —€ in the left integral in Uhp (x,y): 


[ thee fot or 1) dw. 


Write € as the variable of integration, and reverse the limits of integration, so 


this last integral is 
GS) 
ee Be dE, 
I P+E+ae 


Ls reat ae! dé 
I Caer, oot te) dé. 


Then 


Ubp (x, y) = 


Ale Ale 
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Now fill in the “any” in the definition of g. The function Uhp (2, y) will 


vanish on the positive y—axis (on which x = 0) if we make g(—£) = —g(€) for 
€ <0. This occurs if we set 


g(x) = —f(—2) for x < 0. 


This means we should make g an odd extension of f to the entire real line. 
When this is done, 


ee ae a ee ee 
mnplew) = 2 f (rece Frere) 10% ee 


is the solution of this Dirichlet problem for the upper half plane. But Uhp is 


also harmonic on the right quarter plane, vanishes when x = 0, and equals f(z) 
is x > 0. Therefore equation 5.24 provides the solution of the Dirichlet problem 
for the right quarter plane in which the boundary function on the nonnegative 
vertical axis is zero. 


Example 5.9 Solve the Dirichlet problem 


V7(x,y) = 0 for > 0,y > 0, 
u(0, y) = 0 for y > 0, 


uce,0) = ce * fora > 0. 


We have a formula 5.24 for the solution: 


a ef Sa 
u(a,y) = f Gesreee orcs) € dé. 


This integral cannot be evaluated in closed form, but values at specific points 
(x,y) can be approximated by numerical integrations. 


As another example, look at the Dirichlet problem 5.23 when u(z,0) = 
f(x) =1 for x > 0. Now the solution is 


we a as 1 a a 
uaa Ff panos ® ah a (ers 


Both of these integrals can be evaluated. The first is 


y 


j (aan (-3)) 
=-— | >-— arctan | —— 
ae" 

T 


y 
arctan (=) 
= — + — arctan [ — }. 
7] 


here h oe] 
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Similarly, 


PO are &= Ei tn (2) 
0 wt+E+a)? ayy y) 


The solution is y/z times the difference of these two integrals: 


2 z 
u(z,y) = — arctan | — }. 
us Y 


It is routine to check that u(z, y) is harmonic on the right quarter plane, that 
u(0, y) = 0, and, for x > 0, 


: 2 x 
lim — arctan (=) =—-—=1 
y0+ 7 y m2 


We will conclude this section with an example of a Neumann problem for an 
unbounded domain, specifically, the upper half-plane 


5.6.3 A Neumann Problem for the Upper Half Plane. 


We will solve the problem 


V7u(z,y) = 0 for —c<a2<w,y>Q0, 
uy(x,0) = f(x) for —c<4<o. (5.25) 


The boundary of the upper half plane consists of all points on the x—axis, 
and u,(z,0 is the normal derivative on this boundary. 

Although 02 is not a closed curve in this type of problem, it is still possible 
to show that a necessary condition for the problem to have a solution is that the 
integral of the normal derivative on the boundary must be zero. In this case, 
this is 

[e.@) 
| #@ag=0. 
—oo 


We will assume that f(x) satisfies this condition. 
There is an elegant way of reducing this Neumann problem to one we have 
already solved. Let v = u,. Observe that 
V70 = Vex + Uyy = (Uy)ax + (Uy) yy 


(tee )y + (Uyy)y = (Vu), =0 for —co< a <aw,y>0 


and 
v(x, 0) = uy(z,0) = f(x) for -co< 4 < oo. 
This means that v is a solution of a Dirichlet problem for the upper half-plane, 


if u is a solution of the Neumann problem 5.25. We know the solution of this 
Dirichlet problem for v: 


v(x, y) = uf see 
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Because v = u,, recover u from this expression for v by integrating with respect 


to y: 
uean= =] (f arecaplO#) a 


= LU preamp) 108 


=5 fine? +-o)s de +e (5.26) 


in which c is an arbitrary constant. 
Problems for Section 5.6 


In each of problems 1-4, write a solution of the Dirichlet problem 5.20 for the 
upper half-plane for the given f(z). 


1. f(x) = e~4lAl, 


Kf <a< 
2: Fle) = lS =e, where K is any real number and a > 0. 
0 for |z| >a, 


. eosta) dor—a/ 2 x97 2, 
a= ‘3 for-|a| 40/2. 


1 for -l<a<a, 
4. f(z) = 42 fora<a2< 2a, , with @ any positive number. 
0 forz<-—lorz> 2a 


5. Write a solution of the Dirichlet problem for the right quarter plane for 
f(x) = xcos(x) for x > 0. 


6. Write a solution of the Dirichlet problem for the right quarter plane for 


1 for 0 <2 <3, 
f(z)=¢-1 for3<2<5, 
0 for x > 5. 


7. Solve the Dirichlet problem for the left quarter plane: 


V2u(zx,y) = 0 for z <0,y > 0, 
u(0, y) = 0 for y > 0, 
u(x,0) = f(x) for « < 0. 


5.6. 


10. 


ll. 


12. 


13. 


14. 
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. Solve the Dirichlet problem for the quarter plane z < 0,y < 0: 


V°u(x,y) = 0 for x < 0,y <0, 
u(0, y) = 0 for y < 0, 
u(x,0) = f(x) for c < 0. 


. Solve the Dirichlet problem: 


V7u(z,y) = 0 for x <0,y>0, 
u(0,y) =k for y > 0, 
u(x,0) = f(x) for x <0, 


in which k is a constant. 
Solve the problem 


V7u(z,y) = 0 for x <0,y >0, 
u(0,y) = 0 for y > 0, 
u(z,0) =x for —-5<2<0, 
u(x,0) = 0 for x < —5. 


Solve the Neumann problem for the lower half-plane: 
V’u(z,y) =0 for —wo <2 < 00, y <0, 

uy(x,0) = f(x) for —co< 4a< om. 
Solve the Neumann problem for the right quarter plane: 


V7u(z,y) = 0 for x > 0,y > 0, 
uz(0,y) = 0 for y > 0, 
uy(x,0) = f(x) for x > 0. 


Solve the Neumann problem for the right half-plane: 


V’u(z,u) = 0 for t > 0,-00 < y < w, 
uy(0,y) = g(y) for — 0 < y < ow. 


Assume that g is bounded and continuous. Is there any other condition 
required of g? 


Solve the Neumann problem for the left half-plane: 


V2u(a,y) = 0 for  < 0,-~ < y < @, 
uz(0,y) = g(y) for — 00 <y < oo. 
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15. Solve the mixed boundary-value problem for the right quarter plane: 


V°u(z,y) = 0 for >0,y > 0, 
u(0,y) = 0 for y > 0, 
uy(z,0) = f(x) for x > 0. 
16. Show that, for any positive integer n, the problem 


V°ul(x,y) = 0 for all 2, y 
u(x,0) = 0 for all z, 


1 
u,(£,0) = . sinh(nzx) for all 


has the solution ; 
Un(x,y) = — sinh(nz) sin(ny). 
n 


Show that, as — 00, un(xz,0) > 0. However, u,(x, y) assumes arbitrarily 
large values for certain (x,y) with y arbitrarily small. 


17. Consider the problem 


V2u(z,y) =0 for —wo <2 <00,y>0, 
u(,0) = 0, uy (x, 0) = ne~¥” sin(nz) for y > 0, 


in which n is a positive integer. Show that 
n(x, y) =e" sin(na)e”4 


is a solution for each positive integer n, and that un(x, yo) can be made 
arbitrarily large in magnitude for any yo > 0, by choosing n sufficiently 
large. 


Chapter 6 


Solutions Using 
EKigenfunction Expansions 


6.1 A Theory of Eigenfunction Expansions 


We have solved many initial-boundary value problems in which separation of 
variables has led to sines and/or cosines as eigenfunctions, in terms of which we 
had to write some given function (such as an initial temperature, position or 
velocity) in a Fourier expansion. 

We will now solve initial-boundary value problems in which “new” functions, 
or special functions, have to be created as eigenfunctions. Further, we will have 
to expand some given function in a series of these new eigenfunctions. This 
section provides an environment in which we can deal with these issues. 


Begin with a general form of the differential equation for the eigenfunctions. 
Separation of variables in many kinds of important problems leads to a differ- 
ential equation of the form 


(ry’)’ + (q+ Ap)y = 0, (6.1) 


where r,qg, and p are given, continuous functions on the relevant interval, say 
[a, b] or (a,b), and r(x) > 0 and p(x) > O fora<a<b. 

This is the Sturm-Liouville differential equation. Of course, any differential 
equation can be written in different ways, so we will refer to the form given in 
equation 6.1 as the standard form of the Sturm-Liouville equation. 

A Sturm-Liouville problem consists of this differential equation, together 
with boundary conditions. We will consider two kinds of boundary conditions. 


A regular Sturm-Liouville problem on [a,b] consists of equation 6.1, with 
r(a) and r(b) both nonzero, and the boundary conditions 


Ayy(a) + Agy’(a) = 0, Bry(b) + Bay'(b) = 0, (6.2) 
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where Aj, Az, B,, and Bz are given numbers, with A; and A» not both zero, 
and B, and Bz not both zero. 


A singular Sturm-Liouville problem consists of equation 6.1, with boundary 
conditions that. take one of the following forms: 


1. r(a) = 0 replaces the boundary condition at a in 6.2, 
or 


2. r(b) = 0 replaces the boundary condition at b in 6.2, 


3. r(a) = r(b) = 0 replaces both boundary conditions in 6.2. 
We will also impose the condition that solutions must be bounded on |a, 8]. 


For either kind of Sturm-Liouville problem, a value of for which there is a 
nontrivial solution is called an eigenvalue of the problem, and a corresponding 
nontrivial solution is called an eigenfunction associated with that eigenvalue. 


Example 6.1 The Sturm-Liouville problem 


y” + Ay = 0; y(0) = y(L) = 0 


is regular on [0, ZL], with r(x) = p(x) = 1 and q(x) = 0. The eigenvalues are 
An = n?n?/L? and the eigenfunctions are y,(x) = sin(nrx/L), for each positive 
integer n. 


Example 6.2 The differential equation 
[(1 — 2*)y’]’ + Ay = 0 (6.3) 


is called Legendre’s equation. Here r(x) = 1 — x”, q(x) = 0 and p(x) = 1. We 
usually consider this equation on [—1,1]. Because r(1) = r(—1) = 0, this prob- 
lem is singular, and there are no boundary conditions. We will find eigenvalues 
and eigenfunctions of this system when we develop Legendre polynomials. 


Example 6.3 Bessel’s equation of order v, with v any real number, is 
(xy’)! + (r2 - -) y=0. (6.4) 
Now r(x) = p(x) = x and q(x) = —v/ax. This problem is usually solved on an 
interval 0 < 2 < b, so a boundary condition B,y(b) + Bay'(b) = 0 is specified 


at the right end of the interval. We will find eigenvalues and eigenfunctions for 
this problem when we have Bessel functions. 
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It can be shown that a regular or singular Sturm-Liouville problem on [a, }] 
has an infinite and unbounded sequence of eigenvalues, which can be ordered so 
that 

vy < Ag <t SAneee. 


With this ordering, 

lim A, = oO. 

Noo 
We have seen this behavior in the eigenvalues n?x2/L? of some problems in- 
volving the wave and heat equations. 

Now suppose, for each positive integer n, yn (x) is an eigenfunction associated 

with the eigenvalue \,, of a Sturm-Liouville problem on [a,b]. We want to 
explore the possibility of expanding a given function f(z) in a series of these 


eigenfunctions: 
CO 
S> enyn(2) 
n=1 


on the relevant interval. We want some way of choosing the coefficients so that 
this series converges to f(x) on [a, bj, if this is possible. 

This is the problem we faced with Fourier series. What led us to the coef- 
ficients in that case was the fortunate circumstance that integrals of products 
of distinct eigenfunctions on [—L,L] were zero. This was the orthogonality 
condition noted in Section 1.2. 

Now a miracle occurs! There is a similar orthogonality relationship that 
holds for eigenfunctions of Sturm-Liouville problems in general. 


Theorem 6.1 (Weighted Orthogonality of the Eigenfunctions) Let 
Yn(x) and Ymn(x) be eigenfunctions of a Sturm-Liouville problem on [a, b], cor- 
responding to distinct eigenvalues A,, and A7,. Then 


b 
ip P(L)Yn(L)Ym(x) dx = 0. 


This integral relationship is called the weighted orthogonality of the eigen- 
functions, and p(x) is called the weight function. In the case of Fourier series, 
p(x) = 1, but in general p(x) is read as the coefficient of \ in the standard form 
(6.1) of the Sturm-Liouville differential equation. 

We will prove the theorem and then show how this property is used for the 
coefficients for an eigenfunction expansion. 


Proof By the definition of eigenvalues and eigenfunctions, 


(ry},)’ + (q+ Anv)yn = 9 


and 
(Tryin) + (G+ AmP)Y¥m = 0. 
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Multiply the first equation by ym, the second by yn, and subtract: 
(ry) Ym — (TY) Yn = (Am — An)PYnYm- 


Then 


b b 

[e903 am = (ra) val de = Om =n) pCE)am (am (2) a 
The left side of this equation can be integrated by parts to obtain 

7(b) [Yr (b)Yn (8) — Yn (b)Ym(b)] — 72) [Ym ()¥n(@) — Yn (2) Yim (@)| 


b 
205205) i (2) Yn (0) Yn (2) de. (6.5) 


To complete the proof, we will show that the left side of equation 6.5 is zero. 
Because Ay ~ Am, this will imply that the integral on the right side is zero, 
which is what we want to prove. 

Suppose first that the Sturm-Liouville problem is regular. Then, at a we 
have 


| 


Aji yn(a) + Agy, (a) = 0, 
Aiym(a) + Ary, (a) = 0. 


Think of these two equations as defining a 2 x 2 homogeneous system of linear 
equations in the unknowns Z and y: 


Yn(a)t + y,(a)y = 0, 
Ym (a) + Yn (a)y = 0. 


This system has a nontrivial solution, namely £ = A,,y = Ao, which are not 
both zero by assumption. Therefore the determinant of the system must be 
zero: 

Yr(a) Yn (a) 
Ym(@) Ym(@) 


This makes 
Yn(A)Ym (a) — Ym(a)y},(a) = 0. 


Reasoning in the same way at b, we also have 


Yr(b) Yn (b)} _ / 1 (py — 
watt) UA = tn (®) ~ uC B)uh(8) = 0 
Together, these make the left side of equation 6.5 zero, hence the integral on 
the right side is also zero, as we wanted. 

A similar argument applies if the Sturm-Liouville problem is singular. For 
example, if r(a) = r(b) = 0, then the left side of equation 6.5 is zero. If r(a) = 0 
and r(b) # 0, then the boundary condition at b, together with vanishing of 
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r(x) at a, again causes the left side of equation 6.5 to be zero, and similarly if 
r(b) = 0 but r(a) £0. 


By exploiting this weighted orthogonality, following the argument we used 
for Fourier series, we can derive a likely formula for c, in the expansion of f(x) 
in a series of these eigenfunctions. Suppose 


fa)=)> ea). 
n=1 
Multiply both sides by p(x)ym(x) and integrate: 


b oo b 
[ P@)40)um(2) de = Sen [ v6evn()¥m(t) de 


Because of the weighted orthogonality of the eigenfunctions, each term in the 
sum on the right is zero except for the n = m term, leaving 


b 


b 
[ rete umla) de = em | pladyha(e) ae 


a 


This suggests that we should choose 


_ Serle) f(e)yn(e) de 
f° p(x)y2, (a) de 


These are the coefficients in the expansion of f(x) in the eigenfunctions of the 
particular Sturm-Liouville problem. 

As with Fourier series, finding a likely form for the coefficients does not 
itself prove convergence. The theorem for general eigenfunction expansions is 
like that for Fourier series. This should not be surprising, since it includes the 
Fourier convergence theorem as a special case. 


for m = 1,2,---. (6.6) 


m™m 


Theorem 6.2 (Convergence of Eigenfunction Expansions) Let the 
eigenvalues of a Sturm-Liouville problem on [a,b] be i, A2,---. Let yn(x) be 
an eigenfunction associated with »,. Let f(x) be piecewise smooth on (a,b), 
and let c, be specified by equation 6.6. Then, for a < x < 8, 


[e.@) 


ental) = 5(f(e-) + f(e4), 


n=1 


In particular, if f is continuous at a point z in (a,b), then this series converges 


to f(z). 


Example 6.4 The Sturm-Liouville problem 


(2y’)! + 2y = o:u(1) = (3) =0, 
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is regular on [1,3]. We will expand f(z) = 1 in a series of the eigenfunctions on 
(1, 3]. 

The differential equation is in standard Sturm-Liouville form, and from the 
coefficient of A we read the weight function p(x) = 1/x. To solve the differential 
equation, however, it is easiest to write it in the form 


ay” + ay’ ap dy — 0) 
which we recognize as a Cauchy-Euler equation, with general solution 
y(x) = acos(VIn(x)) + bsin(VAIn(z)). 


Now 
y1) =a=0, 


sO 


y(3) = bsin(VAIn(3)) = 0. 
To have a nontrivial solution, VAIn(3) must be an integer multiple of 7: 
VAIn(3) = na forn =1,2,---. 


The eigenvalues are 


Corresponding eigenfunctions are 


un(a) = sin (7 in(a)) 


From equation 6.6, the nth coefficient in the expansion of f(x) is 


_ fr ef (@)yn(@) de 
"PP ly (@)2 da 


These integrations are routine and we obtain 


i = (1 (-1)") = 


if n is odd, 


0 if n is even. 


Because all the even-indexed coefficients are zero, retain only the odd-indexed 
coefficients in the series by replacing n with 2n — 1, obtaining the eigenfunction 


series 
= 4 2n —1)r1 
2 In(3) 


This series converges to f(x) on (1,3) because f(x) is continuous. Figure 6.1 
shows a graph of f(z) and the 150th partial sum of this series. 
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Figure 6.1: f(x) and the 150th partial sum of the eigenfunction expansion in 
example 6.4. 


In example 6.4, the partial sum of 150 terms appears to fit the function 
reasonably well on the interval of the expansion. In particular cases, it may 
take a partial sum of many more terms of an eigenfunction expansion to closely 
approximate the function. To illustrate this point, look at the regular Sturm- 
Liouville problem 


y" + Gy’ + (5 + A)y = 0; y(0) = y(2) = 0 
on [0,2]. This problem has eigenvalues and eigenfunctions 


7 
An =4+ —,Yn(2) aa Ogi (=) 


To expand a given g(x) in a series of these eigenfunctions on [0, 2], first write 
the differential equation in standard Sturm-Liouville form. Multiply it by the 
integrating factor e/ ®4* = e® to obtain 
(e*y')! ii (5 aa rey = 0, 

from which we read the weight function p(x) = e®*. The eigenfunction expansion 
of g(x) on [0,2] has coefficients 
= sb e& g(x)e~3* sin(nax/2) dx 

i e6t (e-3 sin(nmx/2))? dx 


TL 


or 
i. e°* g(x) sin(nmx/2) dx 


fr sin? (nrx/2) dx 


n= 
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| 


Figure 6.2: g(x) and the 150th partial sum of the eigenfunction expansion. 


Look at a particular g(x), say 


1 for 0 < oe < 1, 
g(x) = 
—4 for l< 2x = 2. 


Then 
j= 


1 
eee (2nm(1 + 4e°(—1)") + 60e% sin(nm/2) — 10e°nm cos(n7/2)) . 
Figures 6.2-6.4 compare, respectively, g(x) with the partial sum of 150, 500, 
and 2000 terms. The eigenfunction series appears to converge to the function, 
but this convergence is very slow. 


Before putting these ideas to use in solving initial-boundary value problems, 
we will place them in a more abstract setting, which will reveal additional 
properties of the coefficients of eigenfunction expansions. 


6.1.1 A Closer Look at Expansion Coefficients 


We will be concerned with piecewise smooth functions on some interval [a, }]. 
Let PS{a,b] be the set of all such functions. Before looking at eigenfunction 
expansions of these functions, first focus on PS|{a, }] itself. 

The set PS|a, b] is called the space of piecewise continuous functions on the 
interval because, if f and g are in this set, so is af + Gg for any constants a 
and 8. PS{a,b] has the structure of a real vector space. 
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Figure 6.3: g(x) and the 500th partial sum. 


Figure 6.4: g(x) and the 2000th partial sum. 
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We will draw analogies between PS{a,b] and the space R? of vectors in the 
plane, enabling us to bring a sense of geometric intuition to PS{a, }]. 
In the plane, we have a dot product of two vectors. For vectors A = a,i+agjJ 
and B = 64i+ boj, 
A-B= a,b) + agbo. 
The norm of A is 
| A || = VA-A = 4/a? +4 a2. 
This is the distance from the origin to the point (a1, a2), while 
|| A — B || =|] (a1 — 61)i + (@2 — b2)j || 
= \/ (a1 — by)? + (a2 — be)? 
is the distance between the points (a1, a2) and (6, ba). 
Adapt these ideas to PS{a,b|]. Begin with a Sturm-Liouville problem, say 
SL. Suppose problem SZ has weight function p(x). If f and g are any functions 


in PS|a,b], define the dot product of f and g (with respect to problem SZ) to 
be 


b 
f-g= / p(x) f («)g(@) de. 


This operation behaves in many ways that are similar to the dot product of 
vectors in R?. In particular, 


IGG +s. 
(cf)-g=f-cg=Cc(f-g) for any constant c, 
(cf +dg-h=c(f-h)+d(g-h). 


It is also true that the dot product of f with itself is positive: 


b 
pf / p(x)(f(2))? de > 0, 


unless the function is identically zero. 
The square root of the dot product of a function with itself plays a special 
role in defining a notion of distance in PS{a, b]. Define the norm of f in PS{a, }] 


to be 
| file VF: 


If Paster 
We may think of || f |] as the distance in PS|a,b] between f and the zero 
function. If g is also in PS{a,b], then the distance between f and g is defined 
to be 


Most often this is written 


if a(=V7G— pag =o) 
b 
= i p()(f(«) — g(#))? de. 
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This endows PS{a,b| with a metric, or distance function, based on a given 
Sturm-Liouville problem. We use this metric to measure how “close” one func- 
tion is to another in PS|{a, d}. 

In R? a vector of length 1 is called a unit vector. In PS|a, b], we can divide 
a nonzero function f by its norm to obtain the normalized function 


Z 


Fl 


which has length, or norm, 1. Normalized functions in PS|a, }] play the role of 
unit vectors in R?. 
Now suppose all of the eigenvalues of problem SL are 


Ai, A2,°°° pane ss ’ 
with corresponding eigenfunctions 


P1,P2,°°° Pn’ 


These eigenfunctions are not unique, because any nonzero constant multiple of 
an eigenfunction associated with A, is also an eigenfunction for 4,,. However, 
for this discussion, imagine these eigenfunctions to be fixed, and normalize them 
by dividing each by its norm, obtaining eigenfunctions 


©), @2,--- § Dag thes 


each of length 1 in the function space. 

Now let f € PS|a,b]. We are interested in the following question. For a 
given positive integer NV, how should we choose numbers kj, k2,--- ,kn so that 
the sum 


N 
Sy (a) = So kn ®n(z) 


is the closest function to f in PS[a,b]? That is, we want numbers kj,--- ,ky to 
minimize the distance between f and a linear combination Sy (z) of ®),--- ,®y. 

If we write out this distance, the problem is one of choosing the constants 
k1,--- ,kn to minimize 


b 
/ p(x) (f(x) — Sw (x))* de. 


When a choice of k1,--- , ky minimizes this integral, we say that this Sy (x) is 
the best mean square approximation of f (relative to this set of N normalized 
eigenfunctions). 

In determining how to choose k,,--- , kn, keep in mind that 


0 ifnA~m, 
1 She = ai 


b 
/ pe owdade= 
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In the eigenfunction expansion S-~_, cn®n(x) of f(x), we therefore have 


b 
oe f pa) f(t) ®_ (a) de. 


Now, returning to the question of choosing k1,--- ,ky, compute 


b N N N 
sis / p(x) ( F(a))? —250 kn f(x)®(x) + S00 kenkm®n(x)Om(x)| de 


; ae : n=l1m=1 
= [ vle\(ta)Pae- 257 be f ole) f@)O(@) de 
N N b as 
+ »: knkim p(x) ®,(x)®,,(x) dx 


N N 
=(|F I? -2> 0 neat >) ee 
n=1 n=1 
N N N N 
=|[FIP -2 > knen+ Do kat Dota — Do cn 
n=l n=1 n=1 n=1 


N N 
=| fi? +> ohn — en)? - Soe. 
n=1 


n=1 


From the last line, it is immediate that the integral of interest (first line) is a 
minimum if re 


S" (kn — en)? = 0 


n=l 


hence each k, = c,. This means that eae kn®,(x) is the best mean square ap- 
proximation to f(x) exactly when the k,,’s are the first N coefficients c,,--- ,cn 
in the eigenfunction expansion of f with respect to these eigenfunctions. 

We have proved the following. 


Theorem 6.3 (Best Mean-Square Approximation) Among all choices 
of real numbers kj,--- ,kx, the one that minimizes the distance between f(z) 


and eae knPn(x) is 
ky = 1, ko = 2,--: , kn = en. 


This result holds for Fourier series as well. 
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The calculation done in establishing the theorem also shows that 


N 
Gals F- 
n=1 


Because this is true for every positive integer N, we conclude that the nonneg- 
ative series )>°~_, c? converges, and also that 


n=1 Ch 
co 
bees Pale (6.7) 
n=1 


This is known as Bessel’s inequality. Further, because the general term of 
any convergent series has limit zero as n > oo, 


lim om =0; 
n—-CoO 

hence also 
lim cy, = 0. 
nm oo 


The sequence (as opposed to series) of eigenfunction expansion coefficients tends 
to zero as n tends to infinity. (Be careful here. This does not mean that these 
coefficients are decreasing, just that they have limit zero). 

We are now ready to develop two Sturm-Liouville problems leading to special 
functions, enabling us to solve some initial-boundary value problems that were 
previously beyond our reach. 


Problems for Section 6.1 


In each of problems 1-6, find all of the eigenvalues and, for each eigenvalue, 
an eigenfunction, of the Sturm-Liouville problem. Determine the coefficients to 
expand the given function in a series of these eigenfunctions on the interval, 
and determine the sum of this series at points within the interval. Graph some 
partial sums of this expansion and compare them with a graph of the function. 


1. y — 2y' + (3 + A)y = 0;y(0) = y(1) = 0, f(x) = — 

2. y" + Ay = 0; y(0) = y'(2) = 0, f(x) = 2c. 

3. y” + Ay = 0;y/(0) = y(1) = 0, f(x) = sin(2z). 

4. y+ Ay = 0; y'(0) = y'(3) = 0, f(a) = em. 

5. y” — 3y' + (2+ 3A)y = 0; y(0) = y(2) = 0, f(z) = 2 

6. y" +y' + (1+ 4d)y = 0; y(0) = y(1) = 0, f(x) = 

7. Suppose p(x) = 1. Let f and g be in PS{a, b]. Show that 


[ [se — 9(x)f(y))? dx dy = 2(\l f Pil 9 I? —(f-9)?). 
Use this to verify the Schwarz inequality: 
If-gl SIF Illlg I. 
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6.2 Bessel Functions 


We will develop some facts about Bessel’s equation and Bessel functions that 
we will use to solve a variety of problems. 
The differential equation 


a?y” + ay’ + (Az? — v?)y =0 (6.8) 


is one form of Bessel’s equation of order v, where v can be any number. The 
designation order here refers solely to v, and not to the differential equation, 
which is of second order. 

The Sturm-Liouville form of Bessel’s equation is 


(xy’)’ + (a — “) y = 0, (6.9) 


Zr 


which is also known as Bessel’s equation. 
One solution can be obtained using the method of Frobenius. Let 


o.@) 
=> ae 
n=1 


with the aj,s and r to be determined, and ap 4 0. Substitute this series into 
equation 6.8 and collect the terms involving x”, x”*!, and so on to obtain 


[r(r as 1) eyes vy? |agx" Ze [r(r i 1) +rt — y7jayx"*1 
7 » [(n+r)(n+r—1)4+(n+r)—v7 Jan + an—2] x”*" = 0. 


Because the right side of this equation is zero for all x in some interval about 
zero, the coefficient of each power of x on the left side must be zero. From the 
coefficient of x”, 

r?—p* =0, 


sor =-+v. Put r = v into the coefficient of z7*! to obtain 
(2v + l)a, = 0. 
Therefore a; = 0. From the coefficient of 2”, we now have 
[(n+v)\(n+v—1)4+(n4v)—v Jan +an_2 =0 


for n = 2,3,---. Therefore 


1 
an = ) Qn—2.- 


n(n + 2v 


This is a recurrence relation from which we can recover each of the coefficients 
as a multiple of either ap or A,. First, because a, = 0, 


a3 = @5 =++' = angi = +: = 0. 
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All the odd-indexed coefficients are zero. For the even-indexed coefficients, re- 
place n with 2n and work back from agp, to dean_2 to @2n_4 and so on, eventually 
writing a2, in terms of ao: 


1 
2n(2n + 2v) 
1 
— 2n(n + v) 

1 =k 
~ 22(n +v) 2(n — 1)[2(n — 1) + 20] "4 
_ (-1)" 
22rnl(1+v)(2+v)---(n+v) 


Q2n-2 


ao. 


This gives us the solution 


= (1)? n+v 
y(x) = %0 ) Fn eva+v) ey” saa 


This is a nontrivial solution of Bessel’s equation of order v for any ap # 0 and 
y > 0. Any such solution is called a Bessel function of order v. 

Because Bessel functions are widely used, it is useful to agree on a choice of 
ag to define a standard solution. This is done using the gamma function, which 
is defined by 


rie) = | t= he-“ at. 
0 


This integral converges for c > 0. What it brings to this discussion is its factorial 
property, which is that, for x > 0, 


I(2+1) = aI (2). (6.10) 


This is easily proved by integration by parts. 
By a straightforward integration, 


Q(1) = ye e 'dt=1. 
0 
Using the factorial property, compute 
QT ly) Saas FO) 1s 
(3) = (2+) = 252) =2, 
(4) =1(34+1) =3P(3) =3-2=3), 
(5) =T(4+ 1) = 4P(4) = 4(3!) = 4! 


2+ 
4+ 


and so on. In general, if n is a positive integer, then 


T(n+1) =nl!. 
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This is the reason for the term factorial property. 
If x is not an integer, then (a +1) = 2I(z) is not an integer. However, 
using the factorial property, we can write 


Tnt+vtl=(n4+v)\(n+v) 
=(n+v)(n+tv—1)[(n+v—-1) 
=---=(1l4+v)(24+v)---(n-1+v)(n+v)[(v +1). 
Then 
Tin+tv+1) 
w+) 


Put this into the solution of Bessel’s equation to write it as 


(l4+v)(2+v)---(n4+v)= 


— IB Be (v at 1) 2n+v 
ya) = ao ar ae +yu+ Dp 


It is customary to choose 
1 


00 YT +1)" 


obtaining the particular solution 


= ale 2 
J = Ng ee 
2 d 22nt+vylD(n + vy +1) J 


This is Bessel function of the first kind of order v. The series defining J, (x) 
converges for all zx. 

Because Bessel’s equation is of second order, there is a second, linearly in- 
dependent solution. This may take several forms, depending on the following 
cases. 


Case 1. If 2v is not an integer, then J_,(x) is also a solution of Bessel’s 
equation and is not a constant multiple of J,(x), so the general solution is 


y = ad, (x) + BJ_v(a). 


Case 2. If 2v is an odd positive integer, say 2v = 2n +1, then vy =n+1/2 
and both Jp+4 j2(x) and J_,—1/2 are independent solutions. Now the general 
solution is 

y = AJn41/2(@) + BJ-n-1/2(2)- 


Case 3. If v > 0, but neither case 1 or case 2 holds, then 2v is an integer, 
but not of the form 2n +1. Now J_,(x) = (—1)’J.(z), so J_,(x) and J,(z) 
are not linearly independent. 
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In this case we must invoke the method of Frobenius again and seek a second, 
linearly independent solution of the form 


¥,(x) = J,(z) n(x) + So cha”. 


This is a Bessel function of the second kind of order v. 
For example, 


SCO 7__4\n+1 
n=0 : 


where 


Because of the logarithm term, Y,(x) is not defined on any interval containing 
zero. Further, it is unbounded on any interval in which the variable can approach 
0. Because of this, we will not include Bessel functions of the second kind in 
solving some problems. 

Figure 6.5 shows Jo(x) and Figure 6.6 is a graph of Ji(x). Figure 6.7 shows 
J2(x), J3(x), and J4(x). Notice that these consecutively numbered Bessel func- 
tions appear to “interlace” as x increases. This is a property we will discuss 
later. Note also that these graphs cross the axis, suggesting the existence of 
zeros of Bessel functions. This will be important later in expanding functions 
in series of Bessel functions. 

Figure 6.8 is a graph of Yo(x) (upper graph) and Yj (z). 


6.2.1 Variations on Bessel’s Equation 


We will see in applications that transformed versions of Bessel’s equation often 
occur. In particular, consider the differential equation 


De ee 2 2. 37242 
yl" a, (==) y’ 4 (seta? ae —) p=v: (6.11) 


In the case that vy = n is a positive integer, a routine but lengthy calculation 
shows that the general solution is 

y(x) = C127 In (bx) + cox°Y, (b2°). 
If v is not an integer, then 


y(xz) = ce 2° J, (bx*) + cox? J_,(b2°). 


Example 6.5 We will solve 


2V7-—1 11 
y - (i) y+ (set 5) y=0. 
x £ 
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Figure 6.5: Graph of Jo(z). 


Figure 6.6: Ji (x) 
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Figure 6.7: Jo(x), J3(x) and J4(zx). 


Figure 6.8: Yo(x) and Yj(z). 
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This equation fits the pattern of equation 6.11 if 
a=V7-1,0?c? =9,2c—2=4, and a? —v?c? = 11. 
Immediately, c = 3. Then 6?c? = 9b? = 9 sob = 1. Finally, we need 
a? —v?e? =7-9y* =-11 
so v = V2. The general solution is 


y= qa’ I 5(2°) + con™™ I_ a(x). 


6.2.2 Recurrence Relations 


There are many recurrence relations for Bessel functions. Here are three that 
we will use. 


Theorem 6.4 (Recurrence Relations) 


a" (a) = 2" Jy_1(Z). (6.12) 
Oh samy 2 
ag Jplt)) Sa Spal @), (6.13) 
And, for x > 0, 
= F(a) = Jy4i(z) + J-1(2). (6.14) 


The first two relations can be proved by manipulating the series for J, (2). 
For the first, 


d Vv _ d Vv = (=1)” 2n+v 
dx ee) = dx c d 222t+enlIT(n ty + ie 


= d = (=) 2Qn+2v 
— dx y 22nrtvAlDin+u+ oh 


n= 


=. -> (-1)"2(n us v) gentey—1 
rat + — +v) 


genty—l -_ a” J,—1(2). 


sth o» 92n+v— ears v)* 


Equation 6.13 is proved similarly, For equation 6.14, carry out the differen- 
tiations in equations 6.12 and 6.13 


a” J) (2) + va" J,(2) = 2” Jp_1(2) 
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and 
a" J) (g)evr * J, (2) = <2" Ja (2). 


Multiply the first equation by x~” and the second by zx” to obtain 
F(a) + —J,(@) = Jr-a(2) (6.15) 


and 
Ji (x) - — J,(2) eee ee (6.16) 


Upon subtracting the second of these equations from the first, we obtain equa- 
tion 6.14. 


6.2.3 Zeros of Bessel Functions 


We have already observed that graphs of J,(x) appear to cross the axis repeat- 
edly as x increases. This suggests that J,(x) has infinitely many positive zeros, 
which tend to infinity as x — oo. 

This intuition is supported by an informal argument. From equation 6.11, 
J_(kz) is a solution of 


xy” + cy’ + (k?2? — v?)y = 0. 
Suppose k > 1 and let u(x) = VkaJ,(kx) to obtain 


2 


ul (x) + G we = i) u(x) = 0. 


As = increases, (v? — 1/4)/x? — 0, so this differential equation for u becomes 
“increasingly like” u!’ + k?u = 0, which has cos(kz) and sin(kz) as solutions. 
This suggests that, for large z, J,(x) is approximated by cos(kx)/Vkz or 
sin(kx)/Vkx. Because these functions have infinitely many positive zeros, so 
must J,(kz), although these zeros need not be spaced equally, as they are for a 
periodic function such as sin(kz). 

This leaves out a lot of details, but the conclusion turns out to be correct. 
One can prove the following theorem. 


Theorem 6.5 (Zeros of J,(xz)). Let k > 1 and let v be a real number. 
Then 

(1) For a sufficiently large, there is a zero of J,(z) on each of the intervals; 
(a,a+kn), (a+knr,a+ 2kn), (a+ 2kn,a+ 3kn),---. 

(2) Every positive zero of J,(z) is simple. 

(3) JL(x) and J,41(z) have no positive zeros in common. 

(4) J,(x) and J,_1(x) have no positive zeros in common. 

(5) If a and 6 are distinct positive zeros of J, (x), then J,_1(x) and Jy41(2) 
each has a zero between a and b. 
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Conclusion 5 is the interlacing property, or interlacing lemma, which can be 
seen in Figure 6.7. 

To prove 2, suppose a is a zero of J, (x) of multiplicity 2 or higher. Then 
JL(a) = J} (a) = 0, so y = J, (2) is a solution of the boundary value problem 


i 1 / ee = Z ers — 
ne au 72) ¥ =O y(a) = y (a) = 0. 


But y = 0 is also a solution of this problem, so this would make J,,(z) identically 
zero, a contradiction. 

For 3, suppose J, (a) = Jpi41(a) = 0. Then by equation 6.15, we would have 
J'(a) = 0, impossible because any zero of J, (2) must be simple. A similar 
argument proves part 4. 

For part 5, let f(x) = x’ JL(x). If f(a) = f(b) = 0, then by Rolle’s theorem, 
there is some c between a and 6 such that f’(c) = 0. But, by equation 6.12, 


f(a) = Fle" Jy()] = 2" Jp-a(a), 


so Jy_1(c) = 0. Similar reasoning, using equation 6.13, shows that J,+i1(d) = 0 
for some d between a and 6. 


6.2.4 Fourier-Bessel Expansions 


We will prepare to expand functions in series of Bessel functions. To begin, 
divide Bessel’s equation 6.8 by x? to write it as 


i vy 
yl + a—y + (-3)y=0 
se i 
We can match this with equation 6.11, with 
a=0,c=1A=0" 


to obtain solutions J,(V 2). 
Now suppose we want to solve Bessel’s equation on (0,1), subject to the 
boundary condition y(1) = 0. We need 


Jy(VA) = 0. 


This means that / must be chosen as a positive root of J,(x). Let these 
positive zeros be, in increasing order, 


O< fi <jo<-::. 
Then /A, = jn, so the eigenvalues and eigenfunctions of this problem are 


An = 92 and J,(jn2). 
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From Bessel’s equation of order v in standard Sturm-Liouville form, these eigen- 
functions are orthogonal on (0,1) with weight function p(x) = z: 


1 
| Cy je ie) de] em, 
0 


If f is piecewise smooth on (0,1), we can expand f(x) in a Fourter-Bessel series 


os CnJy Gn2) 


n=1 
for 0 < x < 1. The coefficients are 
1 ; 
fo CL ep Gane) da 
fy eJ2 (ina) dx 


These are called the Fourier-Bessel coefficients of f(x) on (0,1). As a simplifi- 
cation, we will show that the integral in the denominator of c, can be evaluated 
in terms of Jy41(jn): 


Tr 


ji J (int) de = = (Jvsain)). (6.17) 


To verify this, begin with Bessel’s equation in the form 
ay” + xy! + (j2x7 — v*)y = 0. 
One solution is y = J, (jnx). Multiply the differential equation by 2y’ to get 
2x*y'y" + 2a(y’)* + 2(jn27 — v*)yy’ = 0, 
which can be written 
[x*(y')? + Ginz* — v?)y?)’ — 2j2ay? = 0. 


Integrate this equation to obtain 
‘ 1 
[au + Ra? — oy] — 298 fay? ae 
0 
1 
= (vy? 293 [ay ae 
0 
1 
= Sa(Jp(n))? — 25n y (Jv (Gna))? de. 
0 


Then ; 
, 1 
ff edins) de = 5(Jelin)). 
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But J,(jn) = 0, so equation 6.15 gives us 


Jj ee —Jy4i (Jn): 
Therefore 


1 
: 1 
ff aBina) de = 5204s) 


Now the Fourier-Bessel coefficients of f(a) on (0,1) are 


2 : 


Example 6.6 Let 


g forQ<2< 1/2; 
f(a) = 
A for <2 <1, 


We will examine the Fourier-Bessel expansion of f(x) on [0,1], using zero-order 
Bessel functions (so vy = 0). The coefficients are 


2 [ 
Cn =~ COP (x) Jo(jnx) da, 
’ ji (in) Jo ? 
where j,, is the nth positive zero of Jo(x), written in increasing order. 
We can use software to compare graphs of f(x) and the 100th partial sum 
of its Fourier-Bessel expansion on (0,1) (Figure 6.9). Details of coding the 
instructions for MAPLE are given in Section 9.2. 


Problems for Section 6.2 


In each of problems 1-5, find a solution of the differential equation in terms of 
a Bessel function. 


1. 
y” y+(1+3)u=0 
2. ji 
yo — y+ (162? + 5) y = 0. 
x 
3: 4 
—y! + (04 + 5) y= 0. 
x r 
A. ; 
2 
yo —-—y + (ax? + = y=0 
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Figure 6.9: f(x) and the 100th partial sum of the Fourier-Bessel expansion in 
example 6.6. 


2 44 
y"” — au + (404 + =) y = 0. 
x x 
6. Use the transformation u = 3/2 to solve: 
Ax*y” + dry’ + (923 — 36)y = 0. 
7. Use the transformation u = yx~? to solve 
9x*y” — 27ry' + (9x? + 35)y = 0. 
8. Use the transformation u = yx~2/ to solve 
36x74" — 12xy’ + (36x? + 7)y = 0. 
9. Let a be a positive zero of Jo(x). Show that 
, i 
| Ji (ax) dx = -. 
0 a 
10. Let u(x) = Jo(ax) and v(x) = Jo(bx), with a and 6 positive constants. 


(a) Show that 
cu +u' +a*%ru = 0. 
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with a similar equation for v(x). 


(b) Multiply the differential equation for u by v, and the differential equa- 
tion for v by u, and subtract to show that 


(x (u'v — v'u)]’ = (6? — a? )xuw. 
(c) Use the conclusion of part b to show that 
(b? — a”) [ e4o(ar) Jo(be) dx 
= xlaJj(axr)Jo(bx) — bJ5(br) Jo(ax)). 


This is one of a class of integrals called Lommel’s integrals. 


Show that, for any positive integer n, 


[er rat) i sea! aaa Po) 


and 
1 n 
| edenlo) de = - 22). 


gn 


Constants of integration have been omitted. 


In each of problems 12-15, generate a graph comparing f(x) with the indicated 
partial sum of the Fourier-Bessel expansion of f(z) on (0,1), using zero-order 
Bessel functions. These problems require the use of computer software. 


12. 


13. 


14. 


15. 


16. 


17. 


f(x) = —2 (20 terms). 
f(a) = 32 (50 terms). 
f(x) = x? — x (10 terms). 
f(x) =sin(xz) (10 terms). 
Show that 


a 


Joe) = = [ cos(z sin(@)) dé. 


Hint: Use a power series expansion of cos(t) to write cos(zsin(@)) as a 
series of powers of xsin(@). Integrate this series term by term. 


Use the result of problem 16 to show that Jo(n7) is positive if n is an even 
positive integer, and negative if n is an odd positive integer. Use this fact 
to show that Jo(x) has infinitely many positive zeros. 
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6.3 Applications of Bessel Functions 


In this section we will look at a selection of problems in which Bessel functions 
play a role in the solution. 


6.3.1 Temperature Distribution in a Solid Cylinder 


Imagine an infinitely long, solid, homogeneous cylinder of radius R, with axis 
along the z—axis in 3—space. 

In cylindrical coordinates, the heat equation for the temperature distribution 
U(r, 9, z,t) is 


1 1 
U; =k (u., ols mee ar = Veo aie U.) . 
We will look at the special case that the temperature at any point in the cylinder 
depends only on the time, t, and the radial distance, r, from the z—axis. In this 


case, U depends only on r and t, so U = U(r,t) and Ug = U, = 0. The heat 
equation is 


Us =k (Une + 207] forO<r<R,t>0. 
Assume an initial condition 
U(r,0) = f(r) forO<r<R 
and a boundary eonaition 


U(R,t) = 0 for t > 0, 


so the outer surface of the cylinder is maintained at temperature zero. 
Substitute U(r, t) = F(r)T(t) into the heat equation to obtain 


T! z F" ++4F'(r) 7 


kT —OF(r) “ae 


Then 
T’ + AkT = 0 and FP’ +P 4 AF =0, 
Since U(R,t) = F(R)T(t) = 0 for t > 0, 
F(R) = 0. 
Write the differential equation for F'(r) as 
(rF’)' + ArF = 0, 


so the problem for F(r) is a singular Sturm-Liouville problem on [0,R]. To 
determine the eigenvalues and eigenfunctions, take cases on 4. 
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Case 1. \=0 


Now rF’ = c, so 


and 
F(r) = eln(r) +d. 


Since In(r) +> —oo as r + 0 (the center of the cylinder), c = 0 and we are left 
with F(r) = d. But we also have 7’(t) = 0 in this case, so U(r,t) = constant. 
This constant must be zero because U(R,t) = 0. This case offers only a trivial 
solution. 


Case 2. \ <0 


Say \ = —w? with w > 0. Now T(t) = cew kt which is unbounded as t > ov, 
unless c = 0. If we allow only bounded solutions, this case has only the trivial 
solution. 


Case 3. \>0 


Say A = ww? with w > 0. Now J’ + kw?T = 0 has bounded solutions 
T(t) = ce~*”'*. The problem for F becomes 


(rF’)' +w*rF =0. 


This is Bessel’s equation of order zero on [0, R], with bounded solutions that 
are constant multiples of Jo(wr), 


Br) = ego): 


Now 
F(R) = cwJo(wR) = 0, 


so for a nontrivial solution we need to choose w so that wR is a positive zero of 
Jo. List these zeros as 


Ji Jer ss 


Then wR = jn, so w can take on the values 
| 
Wn = for 1 2 
The eigenvalues of this problem are 


= Wy = Bo. 


and corresponding eigenfunctions are 


Jo (#r] for 72. = 152,46 ; 
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This leads us to attempt a solution 


U(r,t) = S> CnJo (+) ein kt/ Re 


n=1 


To satisfy the initial condition, we need 


Uen=fe= Yew (Er) | 


This is a Fourier-Bessel series for f(r). Because we wrote the formula 6.18 for 
the coefficients on the interval (0,1), change variables by putting € = r/R to 
write 


F(RE) = So en Jo(in€)- 
The Fourier-Bessel coefficients are 


2 : 
m= GEE / & f (RE) Jo(jn€) dé. 


With these coefficients, we have the solution of the problem. 
As an example, let k = R= 1 and f(r) =r(1—,r) to obtain the solution 


[o.@) 


v0)= > GGaP — ( [ £(1  )JolIn6) df) Joiner 


Figure 6.10 shows a surface plot of u(r,t) forO <r <landO<t< 3/4. 


Problems for Section 6.3.1 


In each of problems 1-5, write the solution of the problem of heat transfer in 
the cylinder for the given initial temperature function and values of R and k. 
Graph the solution for the given values of t. 


L. f(r) =r(1—r),k = 2, R= 1,t = 0,1/20, 1/10,1/5. 
2. f(r) =sin(ar), R = 3,k = 2,t = 0,1/20, 1/10, 1/5. 

3. {7) =r B=—7) R=3,k=2,t=0, 1/10,1/2,1: 

4. f(r) =1+cos(rr), R = 1,k = 2,t = 0,1/20, 1/10, 1/2. 


s fr) Se lr) R=1,k= 3) =, 1/26, 1/10. 
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Figure 6.10: Surface graph of U(r,t) for the solid cylinder. 


6.3.2 Vibrations of a Circular Drum 


We will solve for the wave function of a drum attached to a circular frame, 

lifted to some initial position, and released from rest to vibrate in 3—space. Use 

cylindrical coordinates and consider the special case that the amplitude z(r, t) 

of the oscillations of the particle originally at (r,9,0) depend only on r and ft. 
In this case the wave equation is 


(+5) 
4tt = C a : 


If the circular frame has radius «, then 
z(«,t) = 0 for all t. 
The initial conditions are 
alr, 0) = Fr), ar, 0) = 0. 
Separate variables by putting z(r,t) = R(r)T(t) to obtain 
T’ +AT =0,(rR’)' + SR = 0, 


The equation for R(r) is a Bessel equation of order v = 0, with \/c? in place of 
A in the usual form of this equation. 
Because the solution must be defined at r = 0, the center of the drum, 


solutions are 
A(r) = aJdg (2-) 
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The equation for T has solutions 
T(t) = acos(VAt) + bsin(VAt). 


At this point we have functions 
zy(r,t) = ado (3-) cos(V/At) + by) Jo (2) sin(V At). 
Now use the initial and boundary conditions. First, 
2170) = b,VrAJo (3. = (); 


so choose each 6), = 0. Next, 
» 
zy(K,t) = aynJp (2x) cos(V At) = 0 


for t > 0. To obtain a nontrivial solution satisfying this condition, we must 


choose A so that 
Jo (2x) =), 


If the positive zeros are Jo are 
WoIe 5 
then we must choose, for n = 1, 2,3,--- 


ae 
—_kK = Jn- 
Cc 


The eigenvalues of this problem are 


and corresponding eigenfunctions are 


Jo(jnr/k). 


For each positive integer n, we have found a function 


Sel tat = Cad (2+) cos (#*t) 
K K 


that satisfies the wave equation and the condition that the membrane is fixed 
to the circular frame. Attempt a solution 


274) = > CnJo (+) COs ( 2") 


n=1 
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Figure 6.11: Graph of z(r,t) for the circular drum. 


In this sum, z,(r,t) is the nth normal mode of vibration of the membrane. 
The number j,c/k is the frequency of the nth normal mode, and its period is 
27K /jnc. The motion is a superposition of the normal modes. 

For the initial condition, we require that 


2(r,0) = f(r) = Yeu (2r] , 


This is an eigenfunction expansion of f(r) in terms of Bessel functions of order 
zero, so the coefficients must be chosen as the Fourier-Bessel coefficients on 


(0, ). 
For example, suppose « = 1, c= 4 and f(r) = sin(zr). The coefficients are 


Cn = 


2 i. 
sa rsin(wr)Jo(jnr) dr 
dP UGa) 0 ( ) o( ) 


and the solution is 


art) = > CnJo(jnr) cos(4jnt). 


n=1 


Figure 6.11 is a surface graph of z(r,t). 
Problems for Section 6.3.2 


In each of problems 1-5, write the solution z(r,t) for the given k,c and f(r). 
Graph the solution as a function of r for the indicated values of t. 
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,R=l6=3, f(r) = costar /2),4.= 0, 1/3,.1/6,1/8, 3/2. 


6.3.3 Oscillations of a Hanging Chain 


Imagine a flexible hanging chain or cable fastened at its upper end and free to 
move at its lower end. What motion will result from a small displacement at 
the free end? 

Assume that each particle of the chain oscillates in a horizontal line. Let m 
be the constant mass of the cable per unit length and L its length. Let y(z, t) 
be the displacement at time t of the particle at distance xz from the fixed end. 

Look at a small element of chain of length Az, and let the forces acting on the 
ends of this segment have magnitudes T and T+ AT. Apply Newton’s second 
law of motion (total external force equals the mass times the acceleration) to 
this segment. From the horizontal component of this vector equation, 


Oey 2a Oy 


Then 
MmYytt = (Tyx)x . 


Experiment has shown that T = mg(L — x) is a good approximation for small 
disturbances of the lower end. Then 


Yet = — 9x + G(L— £) yen: 
To solve this wave equation, change variables by setting 
z=L-—~2 and u(z,t) = y(L — z,t). 
The partial differential equation for wu is 
Utt = GUz + G2ZUzz. 


Use separation of variables. However, in anticipation of oscillatory motion in 
the solution, attempt a separation of the form 


u(z,t) = f(z) cos(wt — 6). 
Substitute this into the partial differential equation for u(z,t) to obtain 


—w* f(z) cos(wt — 6) = gf'(z) cos(wt — 6) + gzf’’(z) cos(wt — 4). 
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Upon dividing by cos(wt — 6), we obtain 
—w? f(z) = of'(2) + g2f"(2). 
Write this as 
fla) + +P) + Zs =0 
—f'(z)+ —f(z) =0. 
Zz gz 
This is equation 6.11 if we can choose a,b,c, and v so that 


2 
=(9o21) 3126570 = 1, bee" = am and a? — v*¢? = 
g 


Solve these to get 


Bounded solutions for f(z) are 


f(2) = ao (20/2 | 
mena (20/2 saci=8): 


Up to this point, y(z,t) has the form 


Yu(x,t) = ado (209 22) cos(wt — 6). 


The frequencies of the oscillations are determined by the fact that the upper 
end of the cable does not move. This means that y,,(0,t) = 0; therefore w must 


be chosen so that 
L 
Jo 2w4 | — =): 
g 


If the positive zeros of Jo are jn, with 


sO 


Osi ja ae 


then w must satisfy 


LL 
2w4/— = Jn for some positive integer n. 
g 


1 | 
Wn = 5 Sin forges 123,28: 


Then 
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These are the frequencies of the normal modes of vibration of the end of the 
chain, one normal mode for each positive zero of Jo. The periods of the oscilla- 
tions are 

Ar |{L 


In V 9 


With these values of w,,, the fundamental modes of vibration are 


VL-2. 1 . 
Uj Cet) — Cael ( TZ dn J 08 (5 Sint —d)}. 
The constants a, must be determined from information about the magnitude 
of the original displacement. 


Problems for Section 6.3.3 


1. Taking Z = 10 ft. and 6 = 0, graph the first three fundamental modes of 
vibration on the same set of axes. 


2. What effect would lengthening the cable have on the motion, given the 
same initial displacement? 


6.3.4 Did Poe Get His Pendulum Right? 


Edgar Allen Poe’s classic tale “The Pit and the Pendulum” is told through the 
eyes of a prisoner, who is tied on his back on a level surface while watching 
a razor-sharp pendulum swing back and forth above him, at first at a great 
height, but lowering toward him as the pendulum arm increases in length. He 
also observes that the pendulum’s sweep back and forth is increasing and that 
the blade’s swinging motion is faster as it descends. 

Mathematicians and scientists do not always take great literature at face 
value, and the question has been posed as to whether a descending pendulum 
would actually behave this way. 

This question was analyzed by Roger L. Borelli, Courtney S$. Coleman and 
Dana D. Hobson of Harvey Mudd College in Mathematics Magazine (March 
1985). We will discuss their conclusion. 

First, the authors derived a differential equation involving the length L(t) 
of the descending pendulum arm and the angle @(t) the arm makes with the 
vertical at time ¢. Using vector calculus and Newton’s second law of motion, 
they find that 

Lo” + 2L'6’ + 98 = 0, 


in which g is the constant acceleration due to gravity near the surface of the 
earth. 

It appears from Poe’s description of the motion that the pendulum descends 
at a constant rate. If this is the case, then L’(t) is constant, so 


L(t) =a+ot 


288 CHAPTER 6. SOLUTIONS USING EIGENFUNCTION EXPANSIONS 


for some constants a and b. Now the differential equation is 
(a + bt)0” + 2b60’ + gf = 0. 


Define 


2 
a pV (a + bt)g and y = Va + bté. 


With some computation, we obtain 
xy" (x) + cy (x) + (a? — 1)y(x) = 0. 
This is Bessel’s equation of order 1, with general solution 
y(x) = cdi (x) + c2Yi (2). 


The Bessel function of the second kind of order one is included in this general 
solution because x does not approach zero here. Then 


a(t) = (a) 


= ee [or (F (+89) +a% (5 Verba). 


As suggested by Figures 6.5-6.8, Ji(s) and Y,(s) tend to zero as s > o. 
Therefore, 6(t) — 0 as t increases. By contrast, the sweep L(t)6(t) behaves 
like (a + bt)'/* as t increases, and, therefore, increases without bound. And, 
because L(t) = a+ bt, the curvilinear velocity |Z(t)6(t)|’ decreases to zero as 
t increases. This is not the way Poe’s unfortunate hero describes what he is 
seeing, because he apparently sees the pendulum’s sweep become faster as it 
lowers. It can be shown by a numerical analysis that, if the pendulum began 
with a length of 1 ft., then the sweep is no more than 10 ft. by the time the 
length has reached 40 ft. This contradicts the prisoner’s claim that the sweep 
at one point was at least 30 ft. 

The authors of this analysis have asked whether there is a smooth length 
function L(t) that yields the pendulum motion described by the prisoner. They 
conjecture that there is no such function. This problem is apparently still open. 


6.4 Legendre Polynomials and Applications 
Legendre’s differential equation is 
(1 — 27)y’)’ + Ay = 0. (6.19) 


This equation is already in Sturm-Liouville form, with r(x) = 1—2?, q(x) = 
0 and p(x) = 1. Because r(1) = r(—1) = 0, Legendre’s equation forms a 
singular Sturm-Liouville problem on [—1, 1], with no boundary conditions given. 
However, we will seek bounded solutions on this interval. 
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Substitute a proposed solution 


CO 
Has be Anxw” 
n=—0 


into Legendre’s equation and rearrange terms to collect coefficients of each power 
of x and write 


2a2 + Aao + [6a3 a 201 + Aa] x 
[o) 
+ So [(n + 2)(n + 1)anso — (n? +n — A)an]x” = 0. 
n=l 
This power series can be zero on an interval about zero only if the coefficient of 


each power of x, including the constant term, is zero. Therefore 


2ag + Aap = 0,7 
6a3 — 2a; + Aa, = 0, and 
(n+ 1)(n+ 2)an4e — [n(n + 1) — Ala, = 0 for n = 2,3,---. 


Then 
my 
os a 
2-2 2-—AX 
3 6 ay = 3! 1) 
and 
n(n+1)—2 


n = ———___a,, fe ee ge ve iy. 
On+2 (n+ 1y(n +2)" or n a (6.20) 


This is a recurrence relation from the coefficients. The form of this relation 
tells us that every @on+1 can be written in terms of a;, and every a2, in terms 
of ag. It is instructive to write out a few of the coefficients in this way: 


_6=-rA | AB-A_ -A(B-A) 

ome) (C) cama 1) ae Oks 
Dex, “202 )) 

a5 = (4)(5) a3 = = oeiey Qi; 
—20-’ _ -A(6 — A)(20 — A) 

ag = (5)(6) a4 = ee as ao, 
_30-A_ _ (2—A)|12—A)BO—A) 

a7 = (6)(7) a5 = a a1, 


and so on. The fact that the even- and odd-indexed terms separate themselves 
into two classes (multiples of ap or a,) means that the solution separates into 
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even and odd power terms: 


y(z) = >> ana” 
n=0 
A. 2XAG-A), AG—A)20-A) ¢ 
=a (1 Fa 0S) mm is gee) x dy te] 
2-A , (2-A)12—-A) 5 | (2—A)I2—A)BO—-—A) , 
a Cs eS | ——— a tee), 


Because ao and a, are arbitrary constants, this expression displays the general 
solution of Legendre’s equation as ap times an even function (all even powers of 
x) plus a, times an odd function (all odd powers of x). 

Now recall that we want bounded solutions on [—1, 1]. Polynomial solutions 
would be ideal. Further, from the coefficients, we get even or odd polynomial 
solutions of degree n by choosing A = n(n +1) for n = 0,1,2,---, and either a; 
or ao equal to 0: 


With n =A=a, = 0: 
y(x) = ap = constant. 
With n = 1,A = 2 and ap = 0: 
Ue) = aie. 
With n = 2,A = 6 and a, = 0: 
y(x) = ao(1 — 3x7). 
With n = 3,A = 12 and ap = 0: 


With n = 4, A = 20 and a, = 0: 
35 
y(x) = ag (1 — 10x? + =) , 


and so on. 

To standardize these polynomial solutions, in each case, choose the constant 
so that the graph passes through (1,1). In this way we obtain the Legendre 
polynomials P,,(x), the first six of which are 


1 
Po(x) = 1, Pi(#) = 2, P, = 5(32" — 1), 

1 1 
P3(x) = 5 (5a — 3x), Py(x) = 3 (35 — 302° + 3), 


1 
P;(x) = 3 (602° — 70x° + 152). 
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4 


-1 


Figure 6.12: Legendre polynomials Po(x) through P;(x) on [—1, 1]. 


Graphs of these Legendre polynomials are shown in Figure 6.12. 

In the language of Sturm-Liouville theory, the singular Sturm-Liouville prob- 
lem given by equation 6.19 has eigenvalues A = n(n + 1) and corresponding 
eigenfunctions P,,(x) for = 0,1,2,---. These eigenfunctions are orthogonal on 
[—1, 1] with respect to the weight function p(x) = 1: 


1 
/ PoP, (ede =] 0 asm, 
= 
We will outline some properties of Legendre polynomials. 
6.4.1 A Generating Function 


The function ; 


V1 —2at +t? 


is a generating function for the Legendre polynomials. This means that, if 
L(a,t) is expanded in a power series in t about 0, the coefficient of t” is P,, (x): 


L(e3t) = 


Lat) Faye 
n=0 


Problem 1 at the end of this section suggests some insight into this result. 
Many useful facts about Legendre polynomials can be derived by using this 
generating function. As an example, we will show that 


P,(—1) = (-1)” for n = 0,1,2,---. 
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Put x = —1 into the generating function to get 


1 1 
Vibe Waa 


1 co 
pe NS pg a ee 
ep ee) 


iAd= 


for —1 <t< 1. Compare this with the well-known geometric series 


1 
mee tate eth eed | myn 
Tere ae 
to conclude that 
S— Pa(-1)t” = 5 _(-1)"#" 
n=0 n=0 


for —1 <t< 1. By the uniqueness of the coefficients of a Maclaurin expansion, 
the coefficients of t” on the left and right must be equal, hence P,,(—1) = (—1)”. 


6.4.2 A Recurrence Relation 


It is possible to express P,,4.;(xz) in terms of P, (az) and P,_1(x) forn =1,2,---. 
This is often useful in deriving properties of Legendre polynomials by inductive 
arguments. 


Theorem 6.6 (Recurrence Relation) 
(n+ 1)Pr4i(z) — (2n4+ 1)2P, (x) + nP,_1(xz) =0 (6.21) 


fOr Sd ees 


This recurrence relation can be derived by differentiating the generating function 
to obtain 


(1 — 2at + Pr) — (x —#t)L(az,t) =0. 


Substitute L(a,t) = >°°-_, P,(x)t” into this equation and collect coefficients of 
like powers of ¢ to obtain 


P, (x) — xP, (zx) 


+ [ln + 1) Prsi(e) — Qn + VP, (2) + mPya(a)]e = 0. 
n=2 
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For this power series to vanish in an open interval about 0, the coefficient of 
each power of n must be zero: 


P(x) — xPo(x) = 0, 

2P2(x) — (2a + 1)P,(x) + Po(x) =0, 

and, in general 

(n+1)Prti(x) — (2n + 1)xP, (x2) + nP,-1(xz) = 0. 


This yields the recurrence relation 6.21, with the first line the case n = 0, the 
second line n = 1, and the last line n = 2,3,---. 


When we consider eigenfunction expansions in terms of Legendre polynomi- 
als, we will find it useful to know the coefficient of x” in P,,(x). We can obtain 
this from the recurrence relation. 


Theorem 6.7 (Coefficient of x”) Let A, be the coefficient of x” in P,,(z). 
Then 
1-3---(2n — 3)(2n — 1) 


a ni 


(6.22) 


Proof Let A, be the coefficient of x” in P,(x). Now look at the highest 
power of x that occurs in equation 6.21. This is z"*1, occurring only in P,+1(z), 
and in the zP,,(x) term. These terms involving x”*t! must cancel, because the 
entire left side of equation 6.21 adds up to zero for all x. Therefore 


(n+ 1)An4yi — (2n4+ 1)A, =0, 


SO ae 
Sees 
n+l 


This is a recurrence relation for A,,. Work down from this: 


An+1 = 


2n+1 

A 
oe ae 
2n+12(n—1)+1 2n+12n-—1 
——— ——__ + A, _; = —— A, 
n+1 (n-1)4+1 n+1lon 


An+1 = 


— 2n+12n—-12n—-3 


3 
= A 
n+l n n—1 2 
— &n+1ar—-12n—-3 3 
ee | n n—l 2 


because, with Po(x) = 1, Ap = 1. This proves the conclusion of the theorem, 
with n+ 1 in place of n. 
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6.4.3 Fourier-Legendre Eigenfunction Expansions 


Legendre’s differential equation 6.19 is in standard Sturm-Liouville form, with 
r(x) = 1-27, q(x) = 0 and p(x) = 1. On [1,1], this constitutes a singular 
Sturm-Liouville problem because r(1) = r(—1) = 0. We have noted that the 
numbers A, = n(n + 1 are eigenvalues for n = 0,1,2,---, with P,(x) as cor- 
responding eigenfunctions which are bounded on [—1,1]. These eigenfunctions 
are orthogonal on [—1, 1] with weight function p(x) = 1. 

If f(x) is piecewise smooth on [—1,1], then f(x) has a Fourier-Legendre 
EXPAaNsion 


5 ee Eee roe Ys eaPa (6.23) 


for —1 < x < 1, with Fourter-Legendre ees 
1 
) dx 
i Jor S(@) Pale) de (6.24) 
fo Pea) da 


One immediate consequence of Fourier-Legendre expansions is that the in- 
tegral, over [—1,1], of any product of P,(x) with a polynomial of degree less 
than n, is zero. 


Lemma 6.1 If g(x) is a polynomial of degree m and n > m, then 


| a(e) Pala) dz =0. (6.25) 


-1 
Proof On (—1,1), g(x) has the Fourier-Legendre expansion 
q(x) = Yo eaPa )for -l<a<1l. 


Because q(x) has degree m, the expansion on the right cannot contain any terms 
containing ©” for n > m. Therefore, in this expansion, 


2, 4(2)Pa(a) dx 


: =O0Oifn>m. 
fa PA) dx 


nn 


The numerator must be zero, proving the theorem. 


Using Lemma 6.1 and the recurrence relation 6.21, we can simplify the ex- 
pression for the Fourier-Legendre coefficients of a function. 


Lemma 6.2 For n = 0,1,2,---, 


: 2 
/ P? (x) dx = 
1 2n+1 
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Proof Let : 
p= / P?(z) dx 
= 


and let A, be the coefficient of z” in P,(x). as before. Because P,,_; has 
degree n—1, xP,-1(x) has degree n. The coefficient of x” in xP,-1(x) is An—1. 
Therefore x” has coefficient 1 in the polynomial 


1 
Pe 
oe n i( 5 
so 
An 
n—1 
is of degree n, and x” has coefficient A,. This means that x” cancels in the 
polynomial 


bh cores 


An 
An-1 
so q(x) is a polynomial of degree <n — 1. By Lemma 6.1, 


gle) =F (a) = GP, 34a); 


‘9 ga) Pilz) dae = 0: 


Further, 


Then 


e i: (a) + Ph -a(e)| P, (2) dz 


A 1 
yea / 2Py_1(x) Pa (ax) de. 
Apet -1 


But, by the recurrence relation, 


n+1 n 
Pr- =>—_F, a roe ’ 
DPn—1(B) = 55 Pati (2) + go Peale) 
so sp 
Tr nr 
‘oe n TR a ee n a 
tP,—1(£)Pp(z) ae +1(&)Pp(@) + 
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Using Theorem 6.7, 


A tT n+l n 
ee ee 2A P,,(x) + P? d 
- An-1 a E +1 +1(@) Pr (2) 2n+1 n—1(a)) da 


An n 1 

= pe | Mawe 

_ An n 

7 An-1 2n + ria 
(1-3---(2n—3)(2n—1))/n! n 

did On=3)/—1)! wae1 
2n—1l on 2n— 1 


n 2n+i1 


This is a recurrence relation relating p,, and p,_ ;. The rest is a straightforward 
induction argument. First, by direct calculation, 


1 
2 
= P?(x) dz = 2 = ——— ,, 


so the conclusion of the lemma is true for n = 0. Next, if the conclusion holds 
for n — 1, then 


-[ 2 (x) dx Z ape 
pine Pad eres ~ On—-1)+1 2n—1 
Then 
a aaa | 24=1, 2 2 
DS ea ap ee be once = ) 
2n+1 2b 2n Sl 2p 


completing the proof of the lemma. 


The Fourier-Legendre coefficient 6.24 of f(x) is therefore 


2n 


Cn = 


+1 f° 
: i f(a) Pale) de. (6.26) 


Example 6.7 Let f(x) = cos(3x) — e~** +sin(zz). We will compare graphs 
of f(x) and a partial sum of the Fourier-Legendre expansion of f(x) on [—1, 1]. 
The Fourier-Legendre coefficients are 


1 
Bree iam / Fle) Pala) de. 


We will not compute these integrals numerically, but instead insert the integrals 
into MAPLE code to compute the graphs of the fifth partial sum S5(xz) and f(x). 
Details of this use of MAPLE are given in Section 9.2. The graphs are shown in 
Figure 6.13. This particular Fourier-Legendre expansion converges very rapidly 
to the function on the interval. 
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Figure 6.13: f(x) and the fifth partial sum of its Fourier-Legendre expansion. 


6.4.4 Zeros of Legendre Polynomials 


If n > 0, P,(x) has n roots (zeros), which are solutions of the equation P,,(x) = 
0. As with Bessel functions, any zero of a Legendre polynomial must be simple. 
For suppose Zo is a repeated root of P,,(x). Then 


P,, (ao) = P!(ao) = 0. 


Then P,,(z) would be the unique solution of the problem consisting of Legendre’s 
differential equation, and the boundary conditions 


y(t0) = y! (0) = 0. 


But the identically zero function is also a solution of this problem. This makes 
P,,(a) identically zero, a contradiction. 

More than this, we claim that all of the roots of P,(x) are real, and lie 
between —1 and 1. 


Theorem 6.8 (Zeros of Legendre Polynomials) If n is a positive integer, 
then P,,(z) has n simple real zeros, all lying in the interval (—1, 1). 


Proof First we will show that P,(x) has at least one zero in (—1, 1). 
By the orthogonality of the Legendre polynomials, if n > 1, 


i Piao / AiGiP@dzs0. 


—1 
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If P,,(x) were strictly positive or negative for —1 < x < 1, then this integral 
would be positive or negative. We conclude that P,,(x) must change signs on 
(—1,1). By the intermediate value theorem, for some c in (—1,1), P,(c) = 0. 

Next we must show that P,,(x) has n zeroes in (—1,1). Suppose instead that 
P,, has m zeros —1 < x41 < 22 < +--+: < “4, < 1 in this interval, with m < n. 
Define a polynomial q(x) of degree m < n by setting 


q(x) = (w@ — 21)(@ — XQ) +--+ (4 — Lm). 


By design, q(x) and P,,(x) have exactly the same zeros in (—1,1), and these are 
all simple. Therefore P,,(a) and q,(x) change sign at exactly the same points. 
This means that P,,(ax) and q(x) are either of the same sign on each interval 


(=a); (11, X2), cae) Cae 1) 


or of opposite sign on each of these intervals. But then g(x)P,(z) is either 
strictly positive or strictly negative on each of these subintervals. This makes 


either positive or negative, contradicting the fact that this integral is zero if 
m <n. We conclude that m =n and the proof is complete. 


Legendre polynomials occur in many contexts. For example, suppose n 
beads, each having an electrical charge of +2, are distributed on the x—axis 
between —1 and 1. There is a charge of +1 at the end points. The charges on 
the beads repel each other, and the charges at the ends also repel the beads. If 
left alone, the beads will eventually settle into equilibrium positions at which 
all of these forces balance, resulting in no further motion. It can be shown that 
the charges distribute themselves at exactly the zeros of P,,(x). 

Here is an application involving Laplace’s equation. 


6.4.5 Steady-State Temperature in a Solid Sphere 


Suppose we have a solid, homogeneous ball of radius R, and we want the steady- 
state temperature distribution if the temperature on the surface is given. 

Use spherical coordinates, with the sphere’s center at the origin, and assume 
axial symmetry, so the solution at a point is independent of 6 and depends only 
on the distance p of the point from the origin, and the azimuthal angle y. With 
ug = 0, the steady-state heat equation is 


cot(y) 
p2 


2 1 
V7ul(p,~) = Upp + me + paler + Uy = 0. 


Assume a boundary condition 


u(R, y) = fly), 
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giving the temperature on the surface of the sphere. We, therefore, have a 
Dirichlet problem. 
Let u(p, p) = X(p)®(y) to obtain 


xo+ exes Lor 4 CHD yg 9, 
p p p? 


Multiply this equation by p?/X® to obtain 


Oo” OD’ ae x? 
= — = —p*_ — 2p = — . 
qe + cotly) Ss =P > — 20 


Then 
p?X" + 2pX' — AX =0 and ©” + cot(y)®’ + A® = 0. 


First consider the problem for ®. Rewrite the differential equation for ® as 


ae [®’ sin(y)|’ + A® = 0. (6.27) 


Change variables by setting x = cos(y). Then y = arccos(z). Let 
G(x) = ®(arccos(z)). 
Because 0 < y < 7, then —1 < x < 1. Compute 


dG dz 
/ . — . salt a OGG 
®' sin(y) = sin(y) ae 


= sin(y)G’ (x)|[— sin(y)] 
= —sin?(y)G’(x) = —[1 — cos?(y)]G’(z) 
= —(1—27)G"(2). 


Then 
=, (@') sin(y)] = - 10 - 2)6'(@) 
d Seen Fe 
=-Zl0-*)6'@IE 
= ~£[(1 -2)6"(@)][-sin(y)] 


We conclude that 


1, . “ad 


ites _d si 
amore (y) sin(y)] = al — £°)G'(x)]. 


The point to these calculations is that the differential equation 6.27 transforms 
to Legendre’s equation 


[1 — 2?)G" (x)! + AG(z) = 0. 
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We want solutions on [—1, 1}. The eigenvalues and eigenfunctions are 
An = n(n+1) and G, (x) = P,(x) for n = 0,1, 2,-- 
In terms of y, 
®n(~) = Gn(cos(y)) = Pn(cos()) 
for n = 0,1,2,--- 
Now that we know the values of A, the differential equation for X becomes 


px" + 2pX' = n(n + 1)X =0. 


This is an Euler equation, with solutions of the form X(p) = p". Substitute this 
into the equation and solve for r to obtain r = n and r = —n — 1. The general 
solution for X is therefore 


X(p) = cp" + dp-"™ 


form 0, 172,%4*, 
Because the solution must be bounded at the center of the sphere p = 0, let 
d = 0 to obtain 
Dy de) ep 


Then, for n = 0,1,2,---, 


Un(p, ~) = Cnp” Pn (cos(y)). 
To satisfy the boundary condition, we must generally (depending on f(y)) at- 
tempt a superposition: 


CO 


u(p,9) = > enp” Pa(cos((p)). 


n=0 


Choose the coefficients so that 


u(R,p) = fly) = Ss Cn R” P,(cos(y)). 


n=0 


To put this into the context of a Fourier-Legendre expansion on [—1, 1], recall 
that x = cos(y), so y = arccos(zx) and this expansion is 


f (arecos(x)) = ys GRP Aa). 


n=0 


Then 
2n+1 


cn R” = a _Flaxceos(€)) Pa(E) ag 


sO 


2 
Cn = mets f (arecos(€)) Pp (€) d&. 
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Figure 6.14: Graph of of u(p, ¢). 


The steady-state temperature distribution is 


25 rccos ‘i ey n(cos(y)). 
oe= ([ slareos(s))Pa(@) dé) (£)” Pa(cos() 
For example, suppose R = 3 and f(y) = sin(y). The solution is 
u(p,~) = » a : (/. sin(arccos(€))P,(&) ae) (2)" P,,(cos(y)). 


Figure 6.14 is a surface plot of u(p,y). This graph is something of a hybrid, 
with p and y as two axes of a rectangular system. It provides a sense of how 
u(p, vy) varies as p and y increases. 


Bessel functions and Legendre polynomials are just two examples of spe- 
cial functions, and there are many others. There is a large class of orthogonal 
polynomials, including Legendre, Hermite, Laguerre, Chebyschev, and Jacobi 
polynomials. Each type has features in common with Legendre polynomials, 
including their appearance as eigenfunctions of a Sturm-Liouville problem (en- 


dowing them with weighted orthogonality on an interval), a generating function 
and recurrence relations. 


6.4.5 Spherical Harmonics 


We will look for solutions of Laplace’s equation in spherical coordinates (p, 6, y). 
The relation between spherical and rectangular coordinates is given by 


x = pcos(9) sin(y), y = psin(@) sin(y), z = pcos(y), 
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in which p>0,0<@< 27, andO<y<rm. 
Suppose the sphere is centered at the origin. Laplace’s equation in spherical 
coordinates is 


= ( m+ : 5 (sin 5) + ea, 

dy ic Op sin(y) Op . Ov sin?(y) 00? — 

To separate the variables, let u(p,0,y) = R(p)O(@)®(y) in Laplace’s equation 
and then divide by RO® to obtain 


p?R" + 2pR' n &” + cot(y)®! Le OF 
R ® sin’"(y) O 


Then 


p°R" +2pR! _ 7 (= ee | 7 ( 1 >) 
Ro c sin’(y) ©)’ 
Both sides must equal some constant A, because the left side depends only on 
p, which is independent of 6 and yw. Then, for some 2 


p°R" +2pR! _ i 
R 
ang b” +cot(y) 1s 
<a iO) eo —x. (6.28) 
The equation for R is 
po R' 4+-2pR = AR = 0. (6.29) 


This is an Euler equation with solutions R(p) = p*. Substitute R(p) = p* into 
the differential equation for R and divide out p* to obtain 


k(k —1)+2k—-=0, 


SO 


1 


and 
A=k?+k=k(k +1). 


This leaves a lot of possibilities for k and A. However, notice something we have 
seen before. Suppose we look for solutions R(p) = p* with k a nonnegative 
integer, say k = m for m = 0,1,2,---. Now A must be of the form 


A=m(m-+ 1). 
These are the eigenvalues of Legendre’s equation! With \ = m(m + 1), 


I —-14+,/1+4 1 
—_ 5(-1+VI+4)) = te yh amin) 


— -14 /Qm +1)? 
an a 
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so k must be m or —m— 1. This means that’ R(p) must be: 
R(p) = ap™ + Bp. 
For a solution that is bounded near p = 0 we must choose { = 0, so 
A=m(m+1),Rm(p) = p™ for m =0,1,2,---. 


Now equation 6.28 is 


&” + cot(y)® 1 @” 
jae Sei 
es & sin’(y) © 
or 
0” ®” + cot(y) ®’ 


—-— =m(m+1) sin?(y) + sin?(y) = 0. 


S) ® 
Because 9 and ~ are independent, we can separate variables in this equation. 
Further, © must be periodic of period 27, so we expect © to have the form 


0(8) = A, cos(n@) + By, sin(né). 


Then 
e” 
o- 
sO ; 
©” + cot(y)®’ + (mcm +1)- <5) & = 0. (6.30) 
sin®(9) 


There is a clever device for writing solutions of this equation in terms of known 
functions. First let u = cos(y). This differential equation for ® transforms to 


2H ® 2 
(1 -w) 55 ae (mm +1) = — ® =0. (6.31) 


du 1— 


This is called Legendre’s associated equation, and it reduces to Legendre’s dif- 
ferential equation when n = 0. Now make another change of variables, 


® = (1—w?)"/7y. 


Substitute this into equation 6.28 to find that y satisfies the following equation: 


2 


(1- wot —2(n+ 1! +(m(m+1)—n(n+1))y = 0. (6.32) 


Now recall that P,,(x) is a solution of 
(1 — u?)y” — Quy’ + m(m + 1)y = 0. (6.33) 


Therefore the nth derivative P,,,, denoted Pr), is a solution of the equation 
obtained by differentiating equation 6.32 n times. If this is done, we obtain 


(1 — u?)y"*?) — (n + 1)(2u)yTY + [m(m +1) — n(n t+ D]y™ =0. (6.34) 
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This means that the function 


Bam(x) = sin” (vy) P™ (cos(¢)) 


is a solution of equation 6.30 if n < m. 
This gives us functions 


and 


Umn (8, ) = cos(n8) sin” (yp) Pi” (cos(p)) 


Umn (8, p) = sin(n8) sin” (p) PS (cos(p)), 


which are called spherical harmonics. In terms of these we have a solution of 
Laplace’s equation 


CO 


u(p,9,0) = S> S> p™[amntemn(9,~) + bmntmn(9,9)]. 


m=iln<m 


Problems for Section 6.4 


dL 


This problem deals with the generating function for Ledgendre polynomi- 
als. Begin with the Maclaurin expansion 
il 1 3 5 15 , 105 , 945 


=e ee = ous jaa leo yas Oe 
co ee ea” sea 


for -—1 < w < 1. Let w = 2z2t — #? in this expansion. Collect the coef- 
ficients of t, t?, and t° in this Maclaurin series, and show that they are, 
respectively, P;(x), P2(x), and P3(x). 


. Use the generating function L(x,t) to show that 


3 (sar | P,, (1/2) = “5 


n=0 


. The gravitational potential at a point P : (x,y,z) due to a unit mass at 


(Xo, Yo; 20) is 
(20,4, 2) : 
Y(2,y, 2) = 
(xz — 20)? + (y — yo)? + (2 — 20)? 


In some areas, such as astronomy, it is convenient to expand y(z, y, z) in 
powers of r or 1/r, where 


r= f/x? + y? + 22. 


To derive such an expansion, let 


r= Vatu + 2% 


6.4. LEGENDRE POLYNOMIALS AND APPLICATIONS 


P3(x,y,Z) 


(Xo,Vo:Zo) 


(0,0,0) 


Figure 6.15: Problem 3. 


and 
(x — x9)? + (y — yo)? + (z — z0)?. 
Refer to Figure 6.15 for the following derivation. 


(a) Use the law of cosines to write 


1 


(2,2) = 7 aca GD 
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(b) If r < d, use the generating function for Legendre polynomials to show 


that 
[e.@) 1 a 
y(r) = S- grat Pn(cos(9))r 
n=0 
(c) If r > d, use the generating function to show that 
_— = 
g(r) = - De. ad’ P,,(cos(@))r- 


£ n=0 


4. Let n be a nonnegative integer. Show that 


(2n)! 


Pon41(0) = 0 and P2,,(0) = Rn(nye 1)” 


In problems 5-7, write f(x) as a (finite) sum of Legendre polynomials. 


5. f(z) =2? -—a2 +1. 
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6. f(x) = —423 + x? + 62. 
(as iC ma ee 


In each of problems 8-13, graph f(x) and the sum of the first eleven terms of 
the Fourier-Legendre expansion of the function on [—1, 1]. 


8. f(x) = |z\. 

9. f(x) = cos(2z) 

10. f(x) = xsin(z) 

ll. f(x) = en. 

12. f(x) = xcos(z) 
(x) 


13. f(@)=sin(7z). 


In each of problems 14-20, write the solution for the steady-state temperature 
distribution for a solid sphere, given the radius and the temperature function 
f(y) on the surface. Compute (approximately) the coefficients of the first 10 
terms of this solution and graph u(p, vy) as a surface in 3—space. 


14. R=1,f(y) 

15. = 2 F (yp) 

16. R= 1/2, f( 

17. R=4, f(p~) = cos(2y). 
18. R=3, f(y) =sin?(y). 
19. R=5, f(y) 

20. R = 2, f(y) = ycos(y). 

Problems 21--23 refer to spherical harmonics. 


21. Derive equation 6.31. 


22. Verify the assertion made that, by setting ® = (1—u?)"/2y, then y satisfies 
equation 6.32, for the cases that n = 3 and n = 4. 


23. Derive equation 6.34. 


24. Determine the spherical harmonics us2(6, ), ue2(9, Y), vai (8, y), and us3(, y). 


Chapter 7 


Integral ‘Transform 
Methods of Solution 


In mathematics, a transform is often some expression or process that is used to 
convert one type of problem into another that is in some sense easier to solve. 
It must then be possible to reverse the process to obtain the solution of the 
original problem from the solution of the transformed problem. 

In this chapter we define four transforms (Fourier, Fourier sine, Fourier co- 
sine, and Laplace), which are defined in terms of integrals and are well suited 
to the solution of some types of initial-boundary value problems. 


7.1 The Fourier Transform 


The Fourier transform F[f] of a function f is defined to be the function of w 
defined by 


Fiplw) = f * f(@e7 #8 dé. 7.1) 


Because it is awkward to write F[f](w) in performing calculations, we often 


— 


denote the Fourier transform of f as f. In this notation, 
fw) =f F@er** ag, 
—oo 


We rarely compute a Fourier transform by integration, but instead refer to 
a set of tables or a software package. 


Example 7.1 Let a be a positive constant and let 


e % fort>0, 
t= a 
WO) ‘ fort < 0. 
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When working with the Fourier transform, piecewise continuous functions are 
often written in terms of the Heaviside function H(t), defined by 


1 fe > 
H(t) = ort > 0, 
0 fort <0. 


This enables us to simplify the definition of f(t) 
OHH hve™: 


A routine integration, or a software routine will return the transform 


1 
atiw- 


We need a way to retrieve a function from its Fourier transform. To under- 
stand how to do this, as well as where the definition of the transform comes 
from, begin with the Fourier integral representation of f(t): 


1 
af (¢é—) + f+)) =-f fir F(E€) cos(w(€ — t)) d& dw. 
From Euler’s formula, 
e’ = cos(t) + isin(t) and e~* = cos(t) — isin(t). 
Solve these for cos(t) and sin(t): 


cos(t) = = (e +e7") and sin(t) = - (e? —e"*). 


Nol eR 
ry 


Then 
as 
gyal 2 pia o a eG) 
cos(w(€ — t)) 5 (c +e ) 


Substitute this into the Fourier representation to obtain 


s(F f(t-) + f(t+)) --f° [3 N(eee pe HE) dé dus 


1 a an | 
= aa [- f(e)e"E-9) d& dw + op [. Her? dé dw. (7.2) 


In the first integral on the second line of this equation, put w = —w: 


i. i fe 9 dé du = ie I. f(e\e Ede dw. 
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Substitute this into equation 7.2, but write w in place of w to have the same 
variable of integration: 


sute+sen= 2 ff peewee ded 


Eg =e) 
eP [te 8-1) dé dw 
ee oe ae ~iw(E-t) 
: / ; i _f@e dt des. (7.3) 


This is the complex Fourier integral representation of f(x). Thus far we have 
just rewritten something we already knew. However, we will find some value in 
this reformulation. Reverse the order of integration in equation 7.3 and put one 
integral in large parentheses for emphasis: 


sieve sea fo (fo seeds) elt du 


ae ry twt 
== ~ f _ Flue de 


because the term in large parentheses is fw). In summary, 


i ewe 
5 (Ft) + f+) -=/- Flw)e™* du. (7.4) 


This is exactly what we wanted! Equation 7.4 enables us to recover a function 
from its transform. For this reason, equation 7.4 is called the inversion formula. 

Definition 7.1, coupled with the inversion formula 7.4, form a transform pair 
for the Fourier transform. In applications, we will transform a problem using 
7.1, solve the transformed problem, then invert the transform of the solution 
using 7.4, obtaining the solution of the original problem. 


When we use the Fourier transform to solve an initial-boundary value prob- 
lem, we have to be able to transform not just a function, but its derivatives. 
For this we need an operational rule. In its statement, f‘”) denotes the nth 
derivative of f if n is a positive integer. It is convenient to let n = 0 in this 
notation, where f°) means the function itself: f(t) = f(t). 


Theorem 7.1 (Operational Rule for the Fourier Transform) Let n 
be a positive integer. Suppose f‘”)(t) is piecewise continuous on the real line 
and that |f(-1)(t)| is absolutely integrable. Assume also that 


lim f(t) = lim f(t) =0 


t>—oo t—-co 


fork = 0,1,---,n—1. Then 
Ff |(w) = (iw)” Fw). (7.5) 


310 CHAPTER 7. INTEGRAL TRANSFORM METHODS OF SOLUTION 


We may also write equation 7.5 as 


fw) = (iw) Fw). 


This gives the transform of the nth derivative of f in terms of the transform 
of f. Two frequently used cases arise. When n = 1: 


fw) = wf), 


and, when n = 2 = 7 rm 
f"'(w) = (iw)? f(w) = —w* fw). 

Notice that the operational formula removes derivatives from the game, be- 
cause the Fourier transform of a derivative involves only a power of iw and the 
transform of the original function. 

It is straightforward to prove the theorem by induction on n, using inte- 
gration by parts to reduce an integral involving the nth derivative of f to an 
expression involving the n — 1 order derivative, and so on. 

We will list some other properties of the Fourier transform. Their short 
proofs are left as exercises. We will not repeat hypotheses each time, but gen- 
erally it is assumed that the function f is piecewise smooth on every interval, 
and absolutely integrable. 


ro 


1. scaling If p is a positive number, then F[pf(pt)|(w) = f(w/p). 
2. time shifting For any real number to, F[f(t — to)|(w) = e7* f(w). 
3. frequency shifting If k is a real number, Fle f(t)](w) = flw—k). 


4, another form of scaling If k is any nonzero real number, F[f(kt)|(w) = 


2 Flw/k). 


5. time reversal F[f(—t)](w) = f(—w). 
The effect of replacing t by —t in the function being transformed, is to replace 
w by —w in the transformed function. 


oa 


6. symmetry F[f(t)|(w) = 27f(—-w). 

If we transform f and replace w by ¢ in f to obtain the function f(t) of t, 
and then transform this function of t, we obtain 27 times the original function 
f, evaluated at —w. 


7. modulation F[f(t) cos(kt)|(w) = 4 Fw aT k)|. 
The transform of f(t) cos(kt) is the average of the transform of f, evaluated 
at w +k, and the transform of f, evaluated at w — k. 
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7.1.1 Convolution 


Throughout this section functions are assumed to be absolutely integrable and 
piecewise smooth on every interval. 

The transform fg of a product is in general not equal to the product fG of 
the transforms. However, it is sometimes useful to know what function has the 
product fg as its transform. The convolution of f with g provides the answer 
to this question. This is particularly useful when we want to invert a function 
that can be recognized as the product of two transformed functions. 

To define the convolution operation, let f and g be real- or complex-valued 
functions defined on the entire real line. We say that f has a convolution with 
g if the following hold: 


1. i. f(€) dé and E g(€) dé exist for every interval {a, b]. 


2. For every real t, [°. |f(¢ — €)g(€)| dé converges. 


In this event, the convolution f * g of f with g is the function defined for all 
real t by 


co 
feg=f fe-So@a 
=—CoO 
It follows from properties of integrals that the convolution operation is linear: 


(af + Bg) *h=alf *h) + B(g*h), 


for any real numbers @ and £. It may be less obvious that the convolution 
operation is commutative. 


Theorem 7.2 If f has a convolution with g, then g has a convolution with 
f, and 


feg=g*f. 
Proof 
(f+ 9) = i, f(t —€)g(€) dé 


R 


t+R 
= lim Tes g(t — w) f(w) dw 


r—oo,R- oo 


=f o(t-w) fw) aw 


—cCo 


= (9 * f)(¢). 
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We will also use the following property of convolution. 


Theorem 7.3 
[ireoma= [roa [aoe 


Proof Manipulate the integrals as follows: 


[a0 Aae ee g(€) dé) dt 
ah UF nceuba) & ak 
=| (f_se-sat) 6) ae 


But, for any real x, 
[ se-oa=f sea 


[uxoma=[" (frat) o@ae 
i, pyar fof dé 
=[ soa [ oeae 


In the middle of this argument a change of order of integration was slipped 
in without notice. Under the assumptions we are making about functions in 
this section, it can be shown that this interchange is justified. 


Therefore 


Theorem 7.4 (Convolution Theorem) For any real w, 


F* gw) = fw)a). 


We may also write 
F(f *9) = FIflFigl. 


Proof The proof starts with a trick. Let 


Pa)=e “' f@) and Gi) Se "9. 
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Then 


Fe gw) = | (fx a\(terrat 
7 i (| F(t — §)9() a) et dt 
7 ie (x e "F(t — €)9(€) ie) dt 


a ( [et gte~ Qe ™al@) a) a 


Recognize that the integral within the large parentheses is (F * G)(t) and use 
the conclusion of Theorem 7.3: 


Frau) = | ” (F«GQ)(t) dt 


—co 


[roa fo 
= J f(t)e™" Po g(t)e" dt 
fi 


—oo 


w)g(w). 


7.1.2 Fourier Sine and Cosine Transforms 


The Fourier transform of a function is the coefficient in a Fourier integral rep- 
resentation of the function. In similar fashion, we will obtain the Fourier sine 
(cosine) transform as a coefficient in the Fourier sine (cosine) integral represen- 
tation. 

For the sine transform, first recall the integral sine representation: 


sie) + stem = 2 fo (f° s@)sintwe) at) sinter de 


The integral in large parenthesis is the Fourier sine transform Fs|f], or fo, of 


f: 
Fs{flw) = few) = i f(€) sin(wé) dé. (7.6) 


Because of the way this transform was defined, we also have the inverse trans- 


form 
1 


5 (Fle —) + f(t+)) --[° fs(w) sin(wt) dw (7.7) 


This enables us to recover f from its transform, and equations 7.6 and 7.7 
form a transform pair for the Fourier sine transform.. 
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Using the Fourier cosine integral 


(FC —)+ f(t+)) = =[- ([- f(é (6) cos(w6) ds) cos(wt) dw 


we have the Fourier cosine transform defined by 


Folf](w) w= fo f (€) cos(w€) dé (7.8) 


and the corresponding inverse given by 


(F(t —) + f(t+)) == f° fow) cos(wt) dw (7.9) 


Equations 7.8 and 7.9 form the transform pair for the Fourier cosine transform. 


Example 7.2 Let k be a positive number, and 


0 for0<t<4, 
FO] k tof 47 <6, 
0 fort> 6. 


The Fourier sine transform of f is 
=f F(@)sin(we) ae 
6 
= / k sin(w€) d& 
4 


k 
= 7 (cos(4w) — cos(6w)). 
In terms of the Heaviside function, 
f(t) = KH (t — 4) — H(t — 6)). 
The Fourier cosine transform of f is 
uw) =f f(6) cos(w) ag 
0 
6 
= / k cos(w&) d& 
4 


= * (sin(6.) — sin(4w)). 


We will state operational rules for the second derivative of a Fourier sine and 
cosine transform. 
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Theorem 7.5 (Operational Rules) Let f and f’ be continuous on [0, 00). 
Suppose f(t) > 0 and f’(t) > 0 as t > co. Suppose also that f” is piecewise 
continuous on [0, co). Then 


Fs[f"(w) = —w? fs(w) + wf (0). (7.10) 


and 


Fol fw) = —w? fo(w) — f’(0). (7.11) 


Both conclusions follow from integrations by parts. 


The next section illustrates the use of a transform to solve wave and diffusion 
problems. 


Problems for Section 7.1 


In each of problems 1-11, determine F(w) for the given function f(t). Wherever 
they appear, k, a and b are positive numbers, with a < b. 


1. f(t) = oo for -a<t<a, 
for |t| > a. 


2. fase", 
3. f(t) =te HA. 


for —a<t<a, 


Z| 
ed “3 for |t| > a. 


for 0 <t<a, 
for -a<t <0, 
for |t| > a. 


for —a <t <0, 
6 Ft) = for 0 <t<a, 
for t < —a and fort >a. 


k fora<t<6, 
0 fort<aandt>b. 


a 
nm 


sin(t) for -—a<t < 2a, 
0 for t < —a and for t > 2a. 


a 
nm 


9. ft) Se>o. 
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10. 


LL 


12. 


13. 


14. 


15. 


16. 


Leg 


18. 


19 
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f(t) = e—"l cos(t). 


eo fort. = 0: 

0 for t < 0. 
The amplitude spectrum of f is a graph of the magnitude of its Fourier 
transform, |f(w)|. Generate the amplitude spectrum of each of the func- 


tions in problems 6~11. 


Write out the details of a proof of the operational formula for the Fourier 
transform. 


Prove the scaling property for the Fourier transform. 

Prove the time shifting property of the Fourier transform. 
Prove the frequency shifting property of the Fourier transform. 
Prove property 4 of the Fourier transform. 

Prove time reversal for the Fourier transform. 


Prove the symmetry property of the Fourier transform. 


In each of problems 2—22, compute f * g. 


20. 


is: 


22: 


23. 


24, 


t for |t} < 1, 


Determine f * g. 
0 for |t| > 1. I*9 


f(t) =e and g(t) = 


Let k be a positive number. Let f(t) = e7!!! and g(t) = e~*!#!. Determine 
f*g. 


t for |t] <k 
el sk, Determine f * f. 


Let k be a positive constant. Let f(t) = 
ats He) : for |t| > k. 


Prove that 


[ iseoolas [ola f itolae 


—co —co —oo 


Assume that f and g satisfy the conditions properties assumed throughout 
this section. 


Suppose that f «g, f’ *g, and f *q’ exist. Is it true that 


(fxg =flxgt+ fg’? 


7.1. 


20. 
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(Convolution and the Dirac Delta Function) Define the Heaviside function 
H by 
1 fort>0, 


H(t) = 
0 fort <0. 


The Dirac delta function 6 is defined by 


s(t) = lim, 5 (Ht ta Oy. 


(Actually, 6 is not a function, but an object called a distribution). 
Show that 


1 for -e<t<e, 
0 fort >e and fort < —e. 


Hi-+e— Ho =| 


Assuming that this limit can be interchanged with the operation of taking 
the Fourier transform, define 


6(w) = lim [H(t 2) = HE oO): 


(a) Show that 


sin(w) | 


F[H(t +6) — H(t—©)](w) =2 


— 


(b) Conclude from part a and the definition of d(w) that 
d(w) = 1. 
(c) Show that, if f has a convolution with 6, then 
PRO = Oe 7 =f. 


This means that the delta function behaves like a group identity element 
under the convolution operation. 


In each of problems 26-30, determine the Fourier sine transform and Fourier 
cosine transform of the function. 


26: Fi =e". 


27. f(t) = te”, with a any positive number. 


28. f(t) = 


cos(t) for0<t<a, 
0 fort >a. 
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k for 0 <t<a, 
29. f(t)=<—k fora<t< 2a, Here a and k are positive constants. 
9) for t > 2a. 


30. f(t) =e‘ cos(at), with a a nonzero constant. 
31. Prove the operational rule for the Fourier sine transform. 


32. Prove the operational rule for the Fourier cosine transform. 
7.2 Heat and Wave Equations 


7.2.1 The Heat Equation on the Real Line 
We will solve the problem 


ut = kugz for —0O <4 < ow, t> 0, 


u(xz,0) = f(x) for —o <4< oo. 


Because x varies over the entire real line in this problem, we can try a Fourier 
transform in x. Begin with the transform of the heat equation: 


Fig | SF hig | Sh ie. 


On the left, the transform in x and the partial differentiation with respect to t 
pass through each other: 


F (ur|(w) = a outs, t) iw dx 


—oo 


0 —1W 
= =f u(x, t)e dx 


where u(w,t) is the transform of u(x,t) in the x—variable. 
For the transform of uz; we must use the operational formula 7.5, with 
n = 2, because now the transform and the derivatives are in the same variable: 


Fluze|(w) = (iw)?a(w, t) = —w?Gi(w, t). 
The Fourier transform of the heat equation is 


<a = —kwG, 


or 
Ut a kuti == 0); 
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Think of this as an ordinary differential equation in the variable t, with w carried 
along as a parameter. The solution is 


U(o,t)= Awe* *. 


in which A,, may depend on w, and must be determined to suit the initial 


condition. 
To determine A,,, apply F to the initial condition u(z,0) = f(x) to obtain 


fi(w,0) = f(w) =A 


Now m 

G(w,t) = fwjee ™ 
We have obtained the Fourier transform of the solution u(z,t). Apply the inverse 
transform 7.4 to obtain u(z, t): 


=a 


Uet)= F fw? | = a Flwe” Bteiwe dw. 


We want to write this solution in terms of f(x), not f(w). To do this, insert 


-~ 


the definition of the transform into this integral “a (w) and perform some 
manipulations: 


u(x,t) = =f. (fs fe get ae) wet Rel dn 
aff seem e ae da 
= 5 ff Fe leostuig - 2)) — isin(wtg - 2))Je"™ de de 
= 5 ff He costw(g - nye as 


2 
a a : a ; f(6)sin(w(€ — 2))e~*”™* dé dw, 


Because u(x,t) is a temperature distribution and must be real-valued, take 
the real part of this expression to obtain 


‘iene faces 2 
1gt) = = | / f(€) cos(w(é — x))e~” ** dé dw. (7.12) 
We can simplify this expression by using the integral 5.8 to obtain 


aC dé, (7.13) 


ule; t) 


~ Oy wkt 


in agreement with the solution obtained in Chapter 5 using the Fourier integral. 
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Figure 7.1: Temperature function decreasing at selected times in example 7.3. 


Example 7.3 For the problem just solved, let k = 1 and 


sin(z) for -7<a<7, 
fla) = 9) oa 
0 for |x| > 7. 


The solution is 


1 . 2 
—(a—€)° /4t 
€ sin(€) d&. 
DPI Gs fase iS) dé 


Figure 7.1 shows u(x,t) at times t = 1/100,1/4, 2/3, 3, and 5. Figure 7.2 is a 
plot of the surface u(x,t) for0 <<t <5 and -12 <a < 12. 


t= 


7.2.2 Solution by Convolution 


It is also possible to solve the problem of Section 7.2.1 using the convolution 
for the Fourier transform. Begin by applying the transform in zx to the heat 
equation, as we have just done, to obtain 


Gi(w,t) = flw)e"” *. 


The solution u(x,t) is the inverse transform of the right side of this equation, 
which is a product of a transformed function with an exponential function. If we 
can write e~” ** as the transform of some function, then @(w, t) will be a product 
of two transformed functions, and this is the transform of the convolution of the 
individual functions. This convolution will be the solution of the problem. 
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Figure 7.2: Temperature surface in example 7.3. 


To carry out this strategy, use the following two results. First, use the scaling 
property of the Fourier transform. This was listed as item 1 in Section 7.1, and 
it says, if p > 0 and g(z) is given, and if we set g,(x) = pg(px), then 

Gp(w) = G(w/p). 


Now use a table or software to find a function whose transform looks like 
the exponential term in %(w,t). We find that the transform of g(x) = e~* /? is 


G(w) = Vane" /? = V2rg(w), 


where 


Now set p = 1/V2kt to obtain 


ew Bt — g(V2ktw) = G(V2ktw) = 


Ta seileo/o) 


= hil Ww) = seh ial w). 


This enables us to write u(w,t) as the product of two transformed functions: 
w,t) = Fw) vse w) 
| eee ~ 
= a fj voet Ww) E(w), 


in which we have interchanged the order of the factors to obtain the particular 
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solution given in equation 7.13. By the convolution theorem, 
1 
u(x,t) = Jin (s1 am # f) (x) 
1 as = 
a. (x — €) F(&) dé 
ea 1/V2kt 
=> “iL &)/V IRA) f(€) dé 


75 = ; © er O97 48 (6) dé, 


and this is the solution obtained previously. 
7.2.3 The Heat Equation on a Half Line 


We will use a transform to solve a problem on a half line: 


t= hz for a >-0; 
u(0,t) = 0 for t > 0, 
u(x;.0) = f(x) for x > 0. (7.14) 


Previously we solved this problem using the Fourier sine integral represen- 
tation of the initial temperature function. Here we will illustrate the use of a 
Fourier transform, chosen to suit the initial and boundary conditions. This is an 
example of fitting the transform to be used to the information of the problem. 

Because t > 0 and x > 0, the problem is not suitable for use of the Fourier 
transform in the space or time variable. With x > 0 we might try a Fourier 
sine or cosine transform in x. The operational formula for the cosine transform 
requires that we know u,(0,t), and we are not given this. However, the op- 
erational formula for the sine transform requires u(0,t), which is given. This 
leads us to try the sine transform in the space variable. Apply Fs to the heat 
equation, getting 

Fs[u(a, t)|(w,t) = Ug(w,t). 


The partial derivative with respect to t passes through the transform, and by 
using the operational formula for Fs we obtain 


© as(ut) =kFg (S31 
= k[—(iw)*tg(w, t) + wu(0, t)] 
= k[-w7tis(w, t)], 


because u(0,t) = 0. Rewrite this equation as 


< as(w, t)+ w*ktig(w, t) = 0. 
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Think of this as a first-order differential equation in ¢. The solution has the 


form : 
tis(w,t) = be % ™. 


To choose b,,, take the sine transform of the initial condition: 
tis(w,0) = by = Fs[u(z, 0)|(w) = Fl f(x)|(w) = fs(v). 
Therefore _ : 
Us(w,t) = fs(w)e® ke 


This is the Fourier sine transform of the solution, and it is the product of the 
sine transform of the initial temperature with an exponential function of w and 
t. Using equation 7.7 for the inverse transform, the solution is 


(a, t) = = [ fe(w)e7””* sin(wa) dw 
= = ; 7 | ~ f(€)sin(wé) sin(wx)e~” ** dé du. (7.15) 
If we write 


sin(wé) sin(war) = 5 leos(wo(x — €)) — cos(w(x + €))), 


the solution 7.15 can be written as 


unt) == f ( [Oe cost - 8) i) f(€) dé 


Tv 


ae i (| et cos(w(x +6) dw) f (€) dé. (7.16) 


Tv 


Now use the fact that 


2 ie eae cos(aw) dw = te 27/4 
7 Jo QV 


to write the solution of problem 7.14 as 


u(a,t 


)= aT i ~ jee @)"/4 = eae f(€) dé. (7.17) 


Example 7.4 In the problem just solved, let k = 1/4 and 


0 for x = 0, 
1 for0O <2 <1, 
-1 forl<a2<2, 
0 forxg>2. 
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0.5 


= 


Figure 7.3: Temperature function in example 7.4 at specific times. 


Now the solution is 


‘| 1 
u(x,t) = +5} Cae = e(e+ey"/t) dé 


1 2 3 5 
aie» _p—(#-€)7/t 4 —(#+€) i) 
a € +e d€é. 
Vat / ( 


Figure 7.3 shows graphs of u(z,1/100),u(a,1/2), u(a,1) and u(x,2). These 
graphs are decreasing over this time frame. Figure 7.4 is a graph of the tem- 
perature surface for 0 <a <4 and 1/20 <t <6. 


7.2.4 The Wave Equation by Fourier Transform 


We will use the Fourier transform to solve the Cauchy problem 3.7 for the wave 
equation: 


Utt = C7Uzz for —0o <4 < 00, t > 0, 
u(x,0) = p(x), u(x, 0) = w(x) for —co< E< DW. 


Transform the wave equation with respect to x. Because ¢ is transparent to 
the transform in x, we have 


F ul &;4)\(w) = a4 (wt): 
For the transform of u,;, we must use the operational formula: 


Flu(a, t)](w) = (tw)?G(w, t) = —w7 tig (w, t). 
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Figure 7.4: Temperature surface in example 7.4. 


The wave equation transforms to 


tit(w, t) = —c?wGi(w, t). 
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Treat this as a second-order differential equation in t. The general solution 


U(w,t) = a, cos(wet) + b, sin(wet). 


Now, 
A, = U(w,0) = Flu(z, 0)|(w) = F[p(x)](w) = G(w) 
and 
web. = %(w,0) = Fluz(x, 0)|(w) = ow). 
Therefore, 
by = — Hw). 


The transform of the solution is 
i we: 1 ~ 
u(w,t) = P(w) cos(wet) + me YH) sin(wet). 
The solution is 


u(x,t) = F~*[u(w, t)](z, t) 
1 CO 


~ lL * . iwa 
Sie __ le) cos(wet) + ae, sin(wet)|e’** dw. 


(7.18) 
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Figure 7.5: Part of the wave surface in example 7.5. 


Example 7.5 We will solve this Cauchy problem for the case that c = 
3, ~(xz) = 0 and 


cos(x) for —7/2<2 < 7/2, 
a(x) — £8) / / 
0 for |x| > 7/2. 


The solution is - 
ula. t) = = | G(w) cos(3wt)e* dw. 
Tv mn, @) 


We find that 
_ 2cos(mw/2) 


1—w? 
Therefore the solution is 


_ 1 f* cos(mw/2) hve 
u(az,t) = a Taz Cos(8wt)e dw. 


Because e“’* = cos(x) + isin(x) and the solution u(x,t) must be real valued, 
we can take the real part of this integral to obtain 


uz, t)= ul [- noe mys) cos(3wt) cos(wx) dw, 


= We 
K Jw Low 


in agreement with the solution obtained using the Fourier integral. Figure 7.5 
is a surface plot of this wave function for -6 <2 <6 and0<t< 1/2. 
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Problems for Section 7.2 


1. For the problem of the heat equation on the real line, determine a function 
G(a,t) such that the solution has the form 


u(e,t) = [ ” Gla —€,t)f(6) dé. 


Such a function is called the Green’s function for the problem. Physically, 
it may be thought of as the temperature at point x and time t, due to a 
heat source concentrated at € at time zero. Show that 


[ Gla —€,t)dé =1 


for all x. 


2. Use a Fourier transform to solve 


tie == kug, foro > 0,4 > 0, 
u(x,0) = f(x) for x > 0, 
Uz(0,t) = 0 for t > 0. 


e* for0<2<1, 


3. Solve problem 2 for the case that f(x) = 
0 for x > 1. 


A. Use a Fourier transform to solve 


ut = kugz — tu for x > 0,t < 0, 
u(z,0) = ze~* for x > 0, 
u(0,t) = 0 for t > 0. 


5. Use a Fourier transform to solve 


ut = kuz, — u for x > 0,t > 0, 
ti (OUL) = f(t) tor tO, 
u(z,0) = 0 for z > 0. 


In each of problems 6-12, use a Fourier transform to solve the wave equation 
on the real line. In problems 6-10, the initial position y(x) is given, and the 
initial velocity is zero. In problems 11 and 12, there is no initial displacement, 
and the initial velocity is w(x). 


oe l1—2? for -l<a2<1l, 
Se 0 for |x| > 1. 
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sin(x) for -7m<a<q, 
p(x) = 
0 for |¢|; 3m: 


are. 4—|x| for -4<a2<4, 
r= 
- 0 for |x| > 4. 
e* for xz >0 
9 = ; 
(2) : for zx < 0 
io. etn = sin? (x) for —4n <a < 4z, 
sie aaa for |x| > 4m. 
11. d(z) = cos(x) for |z| < 7/2, 
— 10 for |x| > 7/2. 


x for |x} <5, 
12. = 
we) e for |x| > 5. 


7.3 The Telegraph Equation 


If C is the capacitance, R the resistance, L the inductance, and S the leakage 
of a cable, all measured per unit length, then the current u(x,t) at point x and 
time ¢ in the cable is modeled by 


Ure = Cutt aig (RC ae SL)ur ae RSu. 
Because of this model of current flow through a cable, the wave equation 
Ure + 2buz + au = Cure (7.19) 


is called the telegraph equation. The coefficient of uz is denoted 2b for conve- 
nience in solving a quadratic equation we will encounter shortly. We assume 
that a, b, and c are constants, and that x varies over all real values, while t > 0. 
We will use the Fourier transform to write solutions of the telegraph equation 
with the initial conditions 


u(x, 0) = f(x), ue(x, 0) = g(2), 


assuming that f and g have Fourier transforms. 
Because x varies over the real line, we can take the Fourier transform of the 
telegraph equation with respect to x, obtaining 


a (w,t) + 2b! (w, t) + ati(w, t) = —wc7H(w, t). 


Primes denote differentiation with respect to t. The operational rule for * was 
used on the right to transform the u,;, term. 
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This gives us a homogeneous ordinary differential equation (in t): 
i" (w, t) + 2bt (w, t) + (a + w?c?)G(w, t) = 0. (7.20) 


As usual, look for solutions of the form U(w,t) = e”™. Substitute this into 
equation 7.20 and divide out e”* to obtain the characteristic equation for r: 


r? + 2br + (a+ wc’) = 0. 


The roots are 
r=—bti vb? -—a—w?2c?. 


The sign of the term under the radical dictates what solutions look like. Consider 
cases. 


Case 1. b?-a <0 
Now b? — a — (we)? < 0 and the roots of the characteristic equation are 
r=—bt /a— b? + (we)%i 
In this case 
u(w,t) = 
e* lex (w) cos ( a—b?+ (we)?t) + c2(w) sin ( a — b? + (wet) ; 


For the “constants” c;(w) and co(w), take the transform of the initial conditions. 
First, 


~ 


c1(w) = u(w, 0) = F[u(a, 0)|(w) = fw). 
Next, 
uw, 0) = Flur(x, 0)](w = 9) 
= —bf(w) + co(w) a — B? + (we)? 
Then a 
on pr, ee ce ak 2 


The solution for U(w,t) is 


as 


fi(w,t) = F(w)e~”* cos ( a— b+ (we)*t) 


~~ bfi 
Se) + Oe) e°! sin ( a — b2 + (we)?t) 
a= bP swe)? 
Apply the inversion formula to write the solution in this case: 


1 a : 
ule, t) = 5 / fiw, te™™ du. 


—co 
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Case 2. b?—-a=0 


Now the roots of the characteristic equation are r = —b+wet. Then 


ti(w,t) = e~™ [e, (w) cos(wet) + c2(w) sin(wet)]. 


Then - 
u(w,0) = ci(w) = Flu(z, 0)|(w) = fw). 


To obtain co(w), it is routine to compute wu’ (w,t) and let t = 0: 
@! (w,0) = —bf w) + c2(w)we = Gw). 
Then 


_ Gu) + bf) 


We 


C2(w) 


The transform of the solution in this case is, therefore, 


— 


Gi(w,t) = f(w)e™ cos(wet) + He) + BH) 6m sin(wet). 


The solution when b? — a = 0 is obtained by inverting this: 


(ae doee . 
uot) = = | u(w, te” dw. 


—CoO 


Case 3. b?—a>0 


This is the most complicated case because b? — a — (wc)? can be positive or 
less than or equal to zero, depending on w. We will obtain different expressions 
for u(w,t) in each of these subcases. 


Subcase 3 - 1. b? —a— (we)? >0 


This occurs if : 
|u| < ve — a. 
Now 


ti1(w, t) = e lex Cee eern ea(w)e VERA ot] (7.21) 


The subscript on U, is a reminder that this is subcase 1 of case 3. We 
immediately have 2 
U1 (w,0) = f(w) = e1(w) + caw). 
Further, a routine differentiation yields 


@, (w,0) = —b(cy + co) + Vb? — a — (we)? (c1 — €2) 


= —bf (w) + (cr — co) 0? — a— (cw)? = Gv). 
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This gives us two equations for c, and cz. Solve these to obtain 


~ 


cei (w) = 5 flu) 3 OS 


and - me 
exw) = 5 Fl) ~~ 


With these choices of c;(w) and c2(w), U1(w,t) is completely determined by 
equation 7.21. 


Subcase 3 - 2. b? —a— (cw?) <0 


This occurs if ; 
|w| > a — a. 


Now the transformed solution is 


tio(w, t) = ee, (w) cos(s/a — b? + (we)?t) 


+e ¢5(w) sin(/a — 62 + (we)t), (7.22) 
where m 

Ci (w) = U2(w,0) = f(w). 
Further, 2 

U2(w,0) = —bf(w) + co(w) Va — 6? + (we)? 
sO z 
_ gw) + bf(w) 
a a — 62 + (we)? 


With these choices of c;(w) and c2(w), %2(w,t) is determined by equation 7.22. 
Finally, we can combine these cases and write the solution in case 3 as 


u(x,t) = = | U(w, te* du 


20 Ico 


1 
= —— i U1 (w, bee dw + / U2 (w, tye dw . 
27 |w|</b?—a/c |w|>V/b2—a/c 


We now have integral solutions of the telegraph equation on the real line, 
for all cases. 


Problems for Section 7.3 


In each of problems 1-3, write the solution of the telegraph equation for the 
l1—z forO<2<1, 

given constants, with g(x) =O and f(z) =<1l+z for -l<2z<0O, 
0 for |x| > 1. 
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iF 
2. 
3. 


6a: ]2.6 = 3. 
62602 6 =0: 
a=9 F=3,c—4, 


In each of problems 4-6, write solutions of the telegraph equation for the 


given constants, with f(x) =0 and g(x) = ! 


4 
5 
6 
7 


1—2? for-l<2<1, 
0 for |x| > 1. 


eS Ab = cH: 
ie a b= 4,0=2 1, 
w= 8,0 = 2-6 = 3: 


. Look at the telegraph equation on the real line with f(x) = 0. Show that 


the solution for the case b? — a = 0 can be written 


x+ct 
u(x,t) = se f gle) ab. 


2c —ct 


. Suppose u(z,t) satisfies the telegraph equation (just the equation, not 


any particular boundary conditions). Let u(z,t) = eu(x,t). Show that 


v satisfies 


ve + (a — b7)v = cvs: 


. Solve the following problem on the half-line: 


Ure + 2buz + au = Ce 
u(x,0) = f(x), u(x, 0) = 0, 
u(0,t) = 0. 


Note the boundary condition at x = 0, which is missing for the problem 
on the entire line. 


7.4 The Laplace Transform 


The Laplace transform is another integral transform, defined by 


cin) = [ees 


0 


A standard convention is to denote the transform of a function f(t) by F‘(s), 
with the lower case letter for the input function, and the upper case for its 
transform. 

As with any integral transform, the Laplace transform is linear: 


Lief + dg] = cL|f] + dL{g], 
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or 

L{cf + dg) =cF +dG. 
Denote the inverse Laplace transform by £~+. In this notation, 

CUP Sj fitLcy| =F 


To use the Laplace transform to solve differential equations, we need an 
operational formula. 


Theorem 7.6 (Operational Rules for the Laplace Transform) Let n 
be a positive integer and suppose that f, f’,--- , f("~)) are continuous for t > 0, 
while f‘”) is piecewise continuous on (0, k] for every k > 0. Suppose also that 


pe oral FO) (pA 
Jim e *f(k) =0 
for s > 0 and j = 1,--- ,n—1. Then 


Lif" |(s) = 
s"F(s) — s"~" f(0) — 8°"? f'(0) —--- — sf 70) — f"Y(O). (7.23) 


This gives the transform of the nth derivative of f(t) in terms of s”F(s), 
minus a sum of powers of s times values of the function (not the transformed 
function) and its first n — 1 derivatives evaluated at 0. 

We will use this most often in the cases n = 1 and n = 2: 


L{f'](s) = sF(s) — f(0) 


and 
Lif"\(s) = s°F(s) — sf(0) — f’(0). 


The theorem is proved by integrations by parts. 
As with the Fourier transform, the Laplace transform has a convolution 
operation. The convolution of f and g is a function defined by 


(f #9)(t) = [ f(t — 7) g(r) dr. 


As with the Fourier transform, this convolution for the Laplace transform is 
defined so that the transform of the convolution of f and g is the product of 
the individual transforms of f and g: 


Lf * 9] = LIFILIg). (7.24) 
This is the convolution theorem for the Laplace transform. We may also write 


Lif * g\(s) = F(s)G(s). 
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One use for this result is in taking inverses of transforms. If we want the 
inverse Laplace transform of H(s), and if we can write H(s) = F(s)G(s), in 
which we know the inverse transforms f(t) of F(s) and g(t) of G(t), then the 
inverse transform of H(s) is f(t) * g(t): 


L~'[F(s)G(s)|(t) = f@ * g(t). (7.25) 


The Heaviside function H(t) is often used in connection with the Laplace 
transform. This is defined by 


1 fe > 
H(t) = or t > 0, 
0 fort <0. 


We may think of H(t) as a signal of unit magnitude that is turned off for t < 0, 
and is then turned on at t = 0. When used in a product, H(t) turns off the 
function for t < 0 and leaves it unaffected for t > 0: 


for 
nono {00 fotze 


We may also want to shift a function as well as turn it off before a certain time. 
For example, H(t —3)f(t—3) shifts the graph of f(t), 3 units to the right, then 
cancels out the part of this graph to the left of 3: 


ftt-—3) fort > 3, 
ae a 
As with the Fourier transform, we usually consult a table or a software 
routine when we want to compute the Laplace transform, or inverse Laplace 
transform, of a function. 
We will illustrate the use of the Laplace transform to solve initial-boundary 
value problems. 


7.4.1 Temperature Distribution in a Semi-Infinite Bar 


We will write a general formula for the solution of the problem 


ti; = hug, tory > 0.4 > 0; 
u(x,0) = 0,u(0,t) = f(#). 


We can think of this initial-boundary value problem as modeling the tem- 
perature distribution in a homogeneous bar of material lying along the positive 
x—axis, with zero initial temperature and a control function on the temperature 
at the left end. 

In the absence of a bound on increasing x, we will seek a solution such that 
u(x,t) > 0 as x > oo, for all times f. 
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Apply the Laplace transform with respect to time to the heat equation to 
obtain 


SU (a8) = kU (a8): 


Here U(z, s) is the Laplace transform of u(z, t), leaving x along and transforming 
in the t—variable. The term sU(x, s) comes from the operational formula for CL, 
with n = 1, and the condition u(z,0) = 0. We also have 


U(0, s) = L[u(0, t)](s) = LIf(t)](s) = F(s) 
and 
Jim U(g,.3) = 0; 
The transformed differential equation is 
8 

Ug ,8) = ZU (2.8); 

with the general solution 
U(xz,s) = cie o/kt + oe Vv 8/ ke. 

We require that c; = 0 to have U(z,s) > 0 as x > oo. Further, 

U(0,s) = co = F(s). 
Therefore, 

U(x,s) = F(s)e~V9/**. 


This is the Laplace transform of the solution, which is obtained by inverting 
Uys): 


u(t) = £7 [U (a, 8)] = £7 [F(s)e7 V9] 


This is the inverse transform of a product of transformed functions. We know 
that the inverse of one factor, F(s), is f(t). If we can write e V*/** as the 
transform of g(z,t), then by the convolution theorem, the solution is 


u(x,t) = f(t) * g(a, t). 


This inverse g(z,t) is nontrivial to compute. There are methods of complex 
analysis that can be used, or one can consult a very good table to find that 
x 2 
\ je~v #/Fe = g(x,t) = et [Akt 
ey Vv kt3/2 


The solution is the convolution of the given function f(x), with this inverse 
transform: ‘ 
2 
ue t= f()s—_— =e 2 6 
(@t) = 0 * 
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Keep in mind that this convolution is with respect to the t—variable, since we 
took the transform with respect to the time. The solution is 


u(z, t) a f(t) *« g(x, t) 


t 
M bs 2 
— £— 7) ————_e* /**" dr. 


7.4.2 A Diffusion Problem in a Semi-Infinite Medium 


Consider again the heat equation for x > 0, except now use the boundary and 
initial conditions: 


B forO0<t<h, 


u(x,0) = A, u(0,t) = 
0) (05) f fort Sh. 
Here A, B, and h are positive constants. The temperature function at the left 
end has a jump discontinuity at t = h. 

It will be convenient to write u(0,¢) in terms of the Heaviside function: 


u(0,t) = Bll — H(t —h)]. 


As a check, if t > h then t-—h >0so A(t —h) = 1 and u(0,t) = B(1 — 1) = 0. 
Ift <h, then t—h <0, so H(t —h) = 0 and we get u(0,t) = B(1 — 0) = B, as 
we want. 

Take the Laplace transform of uz = kuzz, with respect to t. Now the oper- 
ational rule must be applied to u,;z and we obtain 


Llut|(s) = sU (a, s) — u(x,0) = sU(a2, 8) — A= kU gg. 


Then A 
§ 
Ose == ZU te k . 


As a differential equation in x, this has the general solution 
Tk eaTA A 
U(a, 8) = c1(s)eV °/** + cp(s)e-V 9/** 4 =, 

s 


Here the “constants” c,(s) and c2(s) may depend on s, which is thought of as 
constant in this differential equation with respect to x. To have a solution that 
remains bounded as zx increases, choose c; = 0. This leaves 


[sThen A 
U(x, 8) = cge V / Ft 4+ = 


To obtain co, take the Laplace transform of the boundary condition: 


U(0,t) = L[u(0, t)|(s) = £[B](s) — L[BH(t — h)\(s) 
_ B 7 qe 


s 


=c+-—. 
Ss 
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Then 
B-A B -n 


8 


c= 
Ss § 


Finally, we have the transform of the solution: 


U (se, 8) = Poe _ 2e™| eV 8/kax 4: = 


Again, the inversion process is nontrivial by hand, but the inverse can be read 
from a table in terms of the error function and the complementary error function. 
These functions are defined, respectively, by 


ae ee 
erf(t) = = | e” dw 


erfc(t) = 1 — erf(t) = oa. edu. 
t 


and 


We obtain 


zx 


ea ee (=F) + Berte (5) 


— Berfc (es) H(t = h). 


7.4.3 Vibrations in an Elastic Bar 


We will use the Laplace transform to solve the following problem: 


Ut = C’Uge forO< a2 < L,t>0, 
u(x,0) = u:(z,0) = 0 forO<2< LZ, 
u(0,t) = 0, Fu,(0,t) = f(t) for t > 0. 


Here u(z, t) is the wave function for vibrations in an elastic bar of length DL and 
constant density p. c? = E/p, where E is Young’s modulus for the material of 
the bar. This is the ratio of stress to strain for linear compression or elongation. 
A force f(t) is applied to the right end of the bar, directed along its length. 

In this problem, x is bounded, but we can try using the Laplace transform in 
the t variable, denoting L[u(z, t)|(s) = U(x, s). First, write the wave equation 


as 
1 
Use = a 
The transform in t passes through the differentiations with respect to x, and we 
use the operational formula on the right side to obtain 


Ue; 3) = : 


C2 
2 


8 
= Uz, 8) 


(s?U(z, s) — su(z, 0) — ut(z, 0)) 
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because u(x,0) = u¢(x,0) = 0. The primes denote differentiation with respect 


to z. Now F 


UY — SU =0, 
with the general solution 
U(x, s) = ae®*/* + be 8?/°, 
Transform the condition u(0,t) = 0 to obtain 
U(xz,0) =a+b=0, 


so b = —a and 
U(x,s) = ksinh(sa/c). 


To determine k, transform the condition Fu,(L,t) = f(t) to obtain 
EU'(L, s) = F(s), 
where F(s) = £[f](s). Then 


EU'(L,s) = Es cosh(sL/c) = F(s). 
Then 
a eC) 
E scosh(sL/c) 
ie ae (s) sinh(sx/c) 


E scosh(sL/c) — 
This is the transform of the solution, so 


, | ¢ F(s) sinh(sz/c) 


a ae E scosh(sL/c) U): 


Given f(t), we can attempt to carry out this calculation and solve for u(z, t). 
Depending on f(t), this could be a formidable task. We will illustrate with 
f(t) = K, constant. Now F's) = K/s and 


_ Ke sinh(sz/c) 


Lae Es? cosh(sL/c)’ 


Inverting this is nontrivial, but can be done with some manipulation. Begin 
with 


sx/c —sx/c 


SIT) xe 
cosh(sL/c) ~ esL/e 4 e—sl/c 
= (errs = Br aeio\e fie 
ee ee 
1 
_ (-(L-2)s/e __ ,-(L+a)sz/ce\ 
= (¢ ) 1+ e72sL/e’ 
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Now recall the geometric series 


1 
> >(-1)"r" = ee if |r| <1 


—2sL/c 


and let r =e , which is less than 1 in magnitude. Then 


a — =Yt- 1)"e —2nsL/c_ 


Substitute this into the equation for U(z, s) to obtain, after some manipulation, 
— 1 
U(s, x) = E (enn 
CO 
ie (124 (-@ntiita)/e)s, 
n=0 s? 


This expression allows us to invert U(x, s) because 


co se" =e NTE). 


s2 


in which H is the Heaviside function. Finally, we can write the solution as an 
infinite series 


= oe yey (: - cnet) H (: = tent) 


E nee 
KF ap (:- eee) a (e- sen) 


Figure 7.6 shows a graph of the surface u(x,t) corresponding to K =1,L= 
4,c=T7and EF = 1, for0<2<4,0<¢t< 20. 


Problems for Section 7.4 


In each of problems 1 and 2, use the Laplace transform to solve the heat equation 
on the half line x > 0, subject to the given conditions. 


1. u(x,0) = e~*, u(0, t) = 0, lim, ,.. u(x,t) = 0. 
2. u(e;0) = 0, a(0, 0). = #7 limes c58(z, 2) = 0. 


In each of problems 3 and 4, solve the heat equation on (0, Z] subject to the 
given conditions. 


3. u(x,0) = 0, u(0,t) = 0, u(L,t) = K = constant . 
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Figure 7.6: u(x,t) for the elastic bar. 


4. a{a,0) = 1,00, 8) = u(Z, 2) = 0, 
5. Use the Laplace transform to solve: 
Ut = C’Une + Act for x > 0,t > 0, 
n(n, OF = uy{a, 0) = 0, 
u(0,t) = e7*, 
lim u(x,t) = 0 for t > 0. 
H ie Ae, @) 


Chapter 8 


First-Order Equations 


Up to this point we have concentrated on problems involving second-order par- 
tial differential equations. These see wide application and also have a rich theory 
that leads naturally to further topics in partial differential equations. 


Higher order differential equations occur, for example, in modeling buckling 
of beams in elasticity theory. In the other direction, first-order equations are 
also seen in many contexts. As an illustration, we will derive an equation known 
as a conservation law. 


Imagine a fluid, or perhaps energy, flowing in some medium. Asa” “thought 
device” constructed to analyze the flow, imagine a channel or tube in the 
medium, aligned along an x—axis, with uniform cross sections of area A (Figure 
8.1). The fluid flows from left to right in the diagram. 


Let u(z,t) be the fluid density (amount per unit volume) at time t and 
point zx. Choose any point a and any Az > 0 and consider the segment of tube 
between a and a+ Az. The fluid is flowing into this segment over the cross 
section at a and out through the cross section at a+ Az. Let y(z,t) be the flux 
of the fluid at time t, so Ay(z,t) is the quantity flowing across the section at 2, 
at time t. Finally, let S(x,t) account for sources or sinks (fluid being produced 
or lost, per unit area of the cross section at x at time t). We want a relationship 
between u(x,t), y(x,t) and S(z,t). 


The principle of conservation that applies here is that, at any time tf, the rate 
of change of the amount of fluid in the section of tube between a and a+ Az 
at any time must be accounted for by the flow into the segment at a, out of the 
segment at a+ Az, and produced or lost in this segment. We may state this 
balancing equation as 


d atAaz 


a+Az 
ai a Au(z,t) dz = Ay(a,t) — Ay(a + Ag, t) + / AS(a,t) da. 
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Figure 8.1: Derivation of a conservation law. 


Write this equation as 
d atAz 
— A 
7 / u(x,t) dz 
atAg atAgr 
= -| Avr (x,t) ax + | AS(a, t) dx. 


Then 
atAxr 
/ i A SG ae 20: 


This integral can be zero for every a and any positive Az only if the integrand 
is Zero: 


ut(x,t) + ye(ax,t) = S(a,t). 
This is a conservation law for the fluid. 


With this as background, we will look at some of the ideas centered about 
linear and quasi-linear first-order partial differential equations. 
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8.1 Linear First-Order Equations 


In two variables, the linear first-order partial differential equation has the form 


a(z,y)ue + (2, y)uy + e(@, yu = f(a,y). (8.1) 


It is generally assumed that a,b,c, and f are continuous in some region of 
the plane, and that a(z,y) and b(z,y) are not both zero for the same point 


(x,y). 
One approach to solving equation 8.1 is to find a change of variables 


(x,y) > (€,7), 


which converts equation 8.1 to the simpler form 


we + h(E, n)w = F(E,n), (8.2) 


where 
w(f,7) = u(x(E,7), y(€,)), 


is obtained by substituting for x and y in terms of € and 7 in u(z, y). 

The reason equation 8.2 is easier to work with than 8.1 is that we can solve 
it as a linear ordinary differential equation in €, thinking of 7 as “constant”. 
We will illustrate this point, then look for a transformation of equation 8.1 to 
equation 8.2. 


Example 8.1 We will solve 
we + 2Enw = €. 


Treat 7 as a constant, because the only differentiation is with respect to €. 
Multiply the differential equation by the integrating factor 


ef 2éndé _ ,€°n 


to obtain ; : : 
weet 74 Mnwee 7 = eb, 


The left side is the partial derivative of a product, so the equation is 
O 
BG (fw) — eS 7, 
Integrate with respect to €: 
1 
wettn = f gef™mag = =e + 9(n), 
2n 
in which g(n) is the ”constant of the integration” with respect to €. g can be 


any differentiable function, because the partial derivative of g(n) with respect 
to € is zero. Finally, solve for w: 


1 . 
w(é,7) = 7m + g(nje*. 
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It is routine to check by substitution that this is a solution for 7 4 0 and any 
differentiable function g. 


Now we want to find a change of variables that produces equation 8.2 from 
8.1. Begin the search with a general transformation relating (x, y) to (€,7): 


€=a(z,y),n = F(z, y). 


for (x,y) in some region D of the plane. 

In addition to transforming 8.1 to 8.2, we will require that this transforma- 
tion be one to one, meaning that, at least in some part D of the plane, each (z, y) 
is associated with exactly one (€,7), and each (€,7) with exactly one (x,y). In 
this case it is possible, at least in theory, to invert the transformation and write 
(x,y) in terms of (€, 7): 


z= 2(f,n),y =y(,7)- 
For example, the mapping 
€=2°-y n=arty’ 


is not one to one because it sends (1,1) and (1, —1) to the same point (0, 2). 
A convenient criterion for a mapping to be one to one is that 


Az Qy 


Br By 


for all (x, y) in the region D of definition of the transformation. J(a, 8) is the 
Jacobian of the transformation. 

Now we can get to the details of choosing the transformation to get equation 
8.2 from 8.1. Use chain rule differentiation to compute 


J (a, B) = #0 


Us = wees ale Wy Nas 


Uy = Weky + WNy- 
Substitute these into equation 8.1 to write it in terms of € and 7: 
a(we€s + War) + b(weky + Wyty) + cw = f. 
Rearrange terms in this equation to obtain 
(a€, + b&,)we + (ang + bny)wy + cw = f. (8.3) 

This is nearly in the form of equation 8.2 if we can choose 7 so that 

an, + bny = 0 

for (x,y) in D. Assuming that n, 4 0, this requires that 


Ne _ 8 


Ty a 


8.1. LINEAR FIRST-ORDER EQUATIONS 345 


If there is such a function (2, y), then setting n(x, y) = k, with k an arbitrary 
constant, gives us 
dn = Nx dx + ny dy = 0, 


SO 

dx Ny 
This means that the place to look for the function n(z, y) is in solutions of the 
ordinary differential equation 


Gy aw) (8.4) 
dx a(x, y) 
This differential equation is called the characteristic equation of the partial 
differential equation 8.1. If n(x, y) = k defines solutions of this equation we call 
the curves n(x, y) = c in the x, y—plane characteristic curves of 8.1. 
Thus far we have a way of looking for n(x, y). For €, we will make a simple 
choice 


E=a(z,y) =2. 


This may appear arbitrary, but the idea is to try something simple that will 
work, and here we observe that, with € = z, 


so this transformation is one to one. 
Up to this point we have set £ = x, and 7 is obtained by finding the general 
solution (2, y) = k of the characteristic equation 


dy _ (x,y) 


dx a(z,y) 


With these choices, equation 8.3 becomes 


a(x, y)we + c(xz,y)w = f(z, y). 


All we remains is to substitute for x and y in terms of € and 7 in a(z, y), c(z, y) 
and f(z,y) to obtain: 


A(E, n)we + C(E,n)w = F(E,n). 


Finally, restricting the transformation to points (€,7) such that A(é,n) 4 0, 
divide the last equation by A(€,7) to obtain the reduced form of equation 8.2. 
In summary, given equation 8.1, find the solution n(x, y) = k of the charac- 
teristic equation 
dy _ W(z,y) 
de a(x, y) 
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Use this function to define the transformation 


E=2,7=7(2,y). 


Example 8.2 We will solve 
Uz + cos(x)Uy + u = ry. 


Begin with the characteristic equation to find a transformation of this equation 
to the form 8.2. Solve 


WP cos(x) 
dr a 
This has a general solution defined by 
y —sin(z) = k. 


Graphs of y — sin(x) = k are the characteristics of this partial differential equa- 
tion. The transformation we want is 


E= Ly 1) = y — sin(2). 


This has Jacobian 
1 0 


—cos(z) 1 


a 


so this transformation is one to one over the entire plane. 
Now 
Uz = WebEx + Wy = WE — Wy COS(Z) 


and 
Uy = Wey + Wyly = Wn. 


Substitute these into the differential equation to obtain 
we — cos(x)wW, + cos(x)wy + w = zy, 
or 
We + w= ry. 


We must put xy in terms of € and 7. Put « = € and y=7+sin(x) = 7 +sin(€) 
to get: 
we + w = €[n + sin(g)). 


This is the transformed differential equation. Because the coefficient of w is 1, 
multiply the differential equation by 


of & = of 


to obtain 
ewe + e&w = £eon + Ee§ sin(E). 
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This is 3 
be (eSw) = te'n + €e§ sin(€). 


Think of this as a differential equation in € and integrate with respect to this 
variable: 


wan | getag + | gefsin(e) dé + o(n) 
= ne§(E — 1) + 5€e8(sin(€) — eos(é)) + 5¢ cos(€) + 9(n). 


Here g is any differentiable function of one variable. Divide this equation by e§ to 
obtain the solution w(£,7) of the transformed equation. For the solution u(z, y) 
of the original partial differential equation, substitute € = x and 7 = y —sin(z): 


1 
u(x, y) = (y —sin(x))(a —1) + 92 (sin(z) — cos(x)) 
1 
ae 5 cos(x) +e “g(y — sin(z)). 
Example 8.3 We will solve the general constant coefficient homogeneous 
linear first-order partial differential equation 


QU, + buy + cu = 0. 


The characteristic equation is 


dx a’ 
with general solution defined by the equation 


bx — ay = k, 
with k any number. Define the transformation 
£=2,n = br — ay. 
A routine calculation transforms the partial differential equation to 
Wwe + —w = 0. 


Multiply this equation by 
ed (c/a) d& _ ock/a 
to get 
5/4 We + G lay, —_— 0, 
c 
which is the same as 


e (e**/*w) = 0. 
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Integrate with respect to € to get 
e*/4u = g(n), 


SO 
w(E,n) =e “/2g(n), 


in which g is an arbitrary differentiable function of one variable. Finally, trans- 
form this solution for w(£,7) to the solution u(z, y): 


u(x, y) =e”! *g(ba — ay). 
In these examples, we found a solution containing an arbitrary function (aris- 
ing from the integration with respect to one of the variables of the transformed 
equation). Such a solution is called a general solution of the partial differential 


equation. This is analogous to general solutions of first-order ordinary differen- 
tial equations, which contain an arbitrary constant. 


Problems for Section 8.1 


In each of problems 1-12, find the general solution of the partial differential 
equation. 


1. 3ug + Sy — cyu = 0. 
. Ug — Uy + yu = 0. 

. Uy + 4Uy — TU= 2. 
—2uz +uy — yu=0. 
LU. = 2. 
Py Se 
Uz — Tuy = 4. 


. 27U, + cyuy + 2uU=2—y. 


© ONO oT PR won 


- Ug + Uy —U= Y. 


— 
© 


tig — Yt, — yu = 0. 


— 
— 


- Ug + Tuy + cu = 0. 


— 
i) 


» LU, + Yuy +2 =0. 


eS 
Ww 


. Find the general solution of 


te +. a(y ~ Ly = 5 8F(2)(y - 1a 


in which a and § are real numbers and f is continuous on the real line. 
Use the general solution to find the solution satisfying 


u(0,y) =y", 


in which n is a nonnegative integer. 
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8.2 The Significance of Characteristics 


In Section 8.1 we used the characteristic equation of of a linear, first-order 
partial differential equation to find a transformation to a simpler form that we 
could solve. In this section we will look more closely at characteristics and their 
significance in specifying solutions, or in the existence of a solution satisfying a 
given condition. 

An example will be instructive. The characteristic equation of 


2uz + 3uy + 8u = 0 


is 

dy 3 

dx 2’ 
so the characteristics are graphs of 32 — 2y = k. We find that the differential 
equation has the general solution 


u(x, y) = e~**g(3a — 2y). 


Now suppose we want to pick out a unique solution satisfying a given condition. 
Specifying the value of u(x, y) at a particular point will not be enough, because 
this cannot completely determine the function g. 

For a first-order partial differential equation, we will consider instead the 
problem of finding a solution that takes on prescribed values along a curve [° in 
the plane. 

See how this works for the case that [ is the r—axis. Say we specify that 


u(z,0) = sin(x) if x is real. 
Now we need g so that 
u(x, 0) = e~*"g(3x) = sin(z), 
and we can achieve this by putting 
g(x) = e**/° sin(x/3). 
With this g, we have 
u(x, y) = e 4" 9(3a — 2y) = e 47 e482—-29)/3 sin( (3a — 2y)/3) 


= e~ 89/3 sin (« - 3) : 


This function satisfies the partial differential equation, and also the condition 
that u(z,0) = sin(x). Figure 8.2 shows part of the surface u = u(z, y). 

Specifying values of the solution along this curve has completely determined 
g, hence a unique solution. 
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i 


Figure 8.2: Surface u(x, y) with u(x, 0) = sin(z). 


Try another curve. Let TI be the line y = x. We will try to find a solution 
taking on the value x* at points on this curve: 


u(x, x) = x*. 


Now we must choose g so that 


u(x, x) = e **9(3a — 2x) = e 4" g(x) = x*, 


so choose 


The solution for this g is 


u(x, y) = e~**g(3a — 2y) = e~47 (3a — 2y)4e482-2v) 
= e** (32 _ 2y)*e1?* e Sy —s ed(=—y) (3a = 2y)4. 


This is the unique solution of the differential equation satisfying u(x, y) = z+ 


along the curve [: y = x. Figure 8.3 shows part of a graph of this solution as 
a surface in x, y, u—space. 

Can we find a unique solution assuming given values on any (reasonable) 
curve in the plane? The answer is no. Take [ to be the straight line 3x —2y = 1. 
Suppose we require that, for (x,y) on this curve, u(z,y) = 2”. 


On TI, y = (3a — 1)/2, so we must choose g so that, 


u («. 5 (32 ~ 1)) ee 
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Figure 8.3: Solution surface with u(z,y) = x24 along T': y=z. 


This requires that 
1 
u («. 5 (3x — 1) = e~ “9 (3x — (3a — 1)) = e~*7g(1) = 2”. 


But then we must choose g so that 
g(1) = x? mall 


with a variable quantity equal to a constant. This is impossible. 

Why did some choices of I allow us to solve the problem, while another 
choice led to an absurdity? In general, if information is specified along a non- 
characteristic, the problem has a unique solution (assuming reasonable condi- 
tions on the curve, such as piecewise smoothness). If the curve is a characteristic, 
then there may be no solution, or there may be many solutions. As the next 
example shows, either existence or uniqueness may fail with data given along a 
characteristic. 


Example 8.4 We will examine solutions of 


LUz + 227 Uy —u= ze. 


The characteristic equation is 


dy 2x? 

— = — = 22, 

dx £ 
so the characteristics are graphs of y = x7 +k. This is a family of parabolas. 
Use the transformation 


f=*,9=y—2* 
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to obtain, after some manipulation, 
1 
eS 
We — ~w = Ee. 
oe 


Multiply this by e/(~1/§) 4, which is 1/€, to obtain 


or 


Upon integrating with respect to €, we have 
1 
Ee = e§ + g(n). 


The general solution for w(,7) is 


w(é,n) = €e§ + £g(n). 


Therefore the general solution of the original partial differential equation is 
u(x, y) = we” + xg(y — 27). 


Now we will attempt to find solutions taking on given values along given curves. 
First take I to be the parabola y = x7+4. This is a characteristic. Suppose 
we want 
u(z,y) =sin(z) on T. 


Because y — x7 = 4 on T, we need g so that 
u(x, y) = u(x, 2? + 4) = ze” + 29(4) = sin(z). 


But this would make in(2) 
sin(x) — xe” 
= 9), 
impossible for any choice of g because the left side is not constant. This problem 
(for the given T and data on I) has no solution. 
Next, suppose we want a solution such that 


0 6 


u(x, y) = ve” — x on the characteristic y = x* + 4. 


Now we need 
u(x, x? +4) = xe* + xg(4) = xe” — 2, 


and we can do this if g(4) = —1. There are infinitely many choices of g(x) 
having g(4) = —1, and each one produces a different solution u(z, y) having the 
desired values on this curve. This problem has infinitely many solutions. With 
I chosen as this characteristic, existence is fine, but uniqueness fails. 
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Finally, suppose we want u(x, y) = cos(x) along the noncharacteristic parabola 
y = x? +4x. Now we need 


u(x, x? + 4x) = xe” + xg(4xr) = cos(z), 

so we must have (x) 
cos(z) — re” 

(42) = 


for x #0. This is easy to do. Choose 


4 on 
22 _ aft) 
g(x) = — (cos(2/4) - Fe 
The solution of this problem, say for x > 0, is 


u(x,y) = xe + xg(y ~ 2°) 
4a ye 1 2) (y—x?)/4 
Gt eee cos ( r \ — Hy atyet Weal 


The problem of finding a solution of the partial differential 8.1 assuming 
given values on a given curve, is called a Cauchy problem for this equation. 
The condition that the solution must satisfy is called Cauchy data for the prob- 
lem. The examples suggest that we can expect a unique solution of a Cauchy 
problem if the curve is noncharacteristic (and, say, smooth). If the curve is a 
characteristic, there may be no solution or infinitely many solutions. 


Problems for Section 8.2 


In each of problems 1-6, determine the characteristics and the general solution 
of the partial differential equation. For each set of Cauchy data given, attempt 
to find a particular solution of the Cauchy problem. Determine if there is a 
unique solution, no solution, or infinitely many solutions. 
1. 3yuz, — 2xru, = 0 
(a) u(x, y) = x? on the line y = z. 
(b) u(x, y) = 1 — x? on the line y = —z. 
(c) u(x, y) = 2x on the ellipse 2x? + 3y? = 4. 
2. Uy, — 6uy = y 
(a) u(x, y) = e® on the line y = —6z + 2. 
(b) u(x, y) = 1 on the line y = —2?. 
(c) u(x, y) = —4a on the line y = —6z. 
3. 4yuz + 8uy -—u=1 
(a) u(x, y) = cos(x) on the line y = 3z. 
(b) u(x, y) = x on the line y = 2a. 
(c) u(x, y) = 1-2 on the parabola y = z?. 


304 CHAPTER 8. FIRST-ORDER EQUATIONS 


4. —4yuz + Uy — yu = 0 
(a) u(x, y) = x? on the line x + 2y = 3. 
(b) u(x, y) = —y on the the parabola y? = z. 
(c) u(x, y) = 2 on the parabola x + 2y? = 1. 
D: Ulg be ty =ry 
(a) u(x, y) = 4 on the curve y = $29/?. 
(b) u(x, y) = x? on the curve 3y? = 22°. 
(c) u(x, y) = sin(x) on the line y = 0. 
6. y7uy + 27uy = y? 
(a) u(x, y) =z on the line y = 4z. 
(b) u(x, y) = —2y on y? = 2? — 2. 
( 


c) u(x, y) = y” on the line y = —z. 


8.3 The Quasi-Linear Equation 


The first-order partial differential equation 


fla,y, ujust+ g(a, y, u)uy = A(z, y,u) (8.5) 


is called a quasi-linear equation. 
For this equation, the characteristics are defined as solutions of the system 


- = fle,yu), 2 = o(,y,u), = h(a, y,u). (8.6) 
Solutions of this system are curves in 2,y,u—space. We will show that a so- 
lution u(x, y) of equation 8.5 can be thought of as a surface in u = u(z,y) in 
X,Yy,u—space, and that this surface is made up of the differential equation’s 
characteristic curves. This idea can sometimes be exploited to solve a Cauchy 
problem for a quasi-linear equation. 

To get some feeling for this assertion, we will need two facts. 


Fact 1 Suppose u = y(z, y) is a solution of equation 8.5, defining a surface 
& as the graph of u = y(z,y). Let Po : (20, yo, uo) be a point on &, so up = 
(xo, yo). Then the characteristic passing through Pp lies entirely on ©. 


To see why this is true, let the characteristic through Po have parametric 
equations 


RS gh) y= yh) = 20) 


Because Po is on this curve, there is some tg such that 


r9 = x(to), Yo = y(to), Uo = u(tg). 
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But because this curve is a characteristic, we can use equations 8.6 to compute 


d dx dy 
a Pit(t), y(t) = Poa + Pu Ge 
du 
= Och (x,y, u) ale Pyg(Z, y,U) = A(z, y, u) = dt’ 


This means that 
u(t) = y(x(t), y(t)) +k 


for some constant k. But k = 0, because we know that 


ug = u(to) = y(x(to), y(to)). 


Therefore 
u(t) = y(a(t), y(¢)) 


and the characteristic lies on ©. 


Fact 2 If we start with a noncharacteristic curve [I and construct, through 
each point of I, the characteristic through that point, the resulting surface © is 
the graph of a solution of the partial differential equation. 

To see why this is true, suppose & is the graph of u = y(z,y). We want to 
show that y is a solution of equation 8.5. 

Suppose [ is parametrized by 


x= 2x(s),y = y(s),z = 2(s). 
At any point (z,y,u) on &, 


dx dy — du 
ds = f(x,y, u), ds oe g(x,y, U), As = h(x, y,u) 


because ¥ is made up of characteristics. Then 


du, du dy 
a h — sa — US z : 
ds (x,y, u) Y ds TU fy + 9Py 


and this makes y(z, y) a solution of the partial differential equation. 


These two observations suggest the method of characteristics for solving a 
Cauchy problem when the partial differential equation is quasi-linear. Given 
Cauchy data along a curve [ which is not a characteristic, construct the charac- 
teristic through each point of I. These characteristics will form a surface that 
is the graph of the solution (Figure 8.4). 

This strategy also suggests why we do not want to specify Cauchy data 
along a characteristic. If Tl is a characteristic, then the characteristics through 
the points of T are all just IT itself, and © is a curve, not a surface. 

We will illustrate the method of characteristics. 
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Figure 8.4: Characteristics through points of T form a solution surface contain- 
ing [’. 


Example 8.5 We will find the solution of 
LUz + YUy = sec(u) 
that passes through the curve 
T:a=s7,y =sin(s),u—0. 


By this we mean that the curve is on the graph of the solution u(z, y), if graphed 
as a surface in x,y, u—space. We can also write this condition as 


u(s?,sin(s)) = 0. 
The characteristics of the partial differential equation satisfy 


dx dy du (1) 
— =2£,— = y, — = sec(u). 
dt dt” dt 
These ordinary differential equations have general solutions 
x = Ae’,y = Be',sin(u) =t+C. 


Here we are using s as the parameter in the equations defining I’, and ¢ for the 
variable on characteristics, as a way of keeping track of these quantities as we 
proceed. 

We want to construct the characteristic curve through each point of [. Sup- 
pose a characteristic passes through T at P : (s?,sin(s),0). Then 


z= A=s*,B=sin(s), and sin(0) =0=0+C. 


Therefore, 
z= s*,y=sin(s), andu=0. 
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Figure 8.5: Solution surface in example 8.5. 


Then 


a = s*e’,u =sin(s)e’ and sin(u) = t. 


These are the parametric equations (with t as parameter) of the characteristic 
curve passing through P on I. 
We want to eliminate s and t from these equations. First, t = sin(u), so 


y = sin(s)e~ >) 


so 
s = arcsin(ye™ 2"), 


Using the fact that 2 = e's”, we have 
g = ein) [arcsin (yer ine )| ° 


This equation implicitly defines the solution u(z,y), and it is easy to check by 
substitution that u(s?,sin(s)) = 0, so this surface does contain I. 
Figure 8.5 is a graph of part of this surface. 


Example 8.6 We will find the solution of 
YU, — Tuy =e" 


that contains the curve [ : y = sin(x),y = 0. This means that we want a 
solution satisfying 
ule, sin(s)) = 0. 


The characteristics are specified by 


do wy __ us 
ae "a “ae 
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From the first two of these equations, 


dys x 
dry’ 
Then 
zdx+ydy=0, 
sO 
a gy Ske. 


Graphs of this equation are circles about the origin, leading us to look at sine 
and cosine solutions. If we set 


x(t) = acos(t) + bsin(t), 
then 
y= = = bcos(t) — asin(t), 
with a and 6 constants. Finally, from du/dt = e“ we have 
6 S06 
The characteristics therefore have parametric equations 


x(t) = acos(t) + bsin(t), y(t) = bcos(t) — asin(t),e"* =c—t. 


Parametrize IT as 
fs, 47 =sin(s). i= 0, 


using s as parameter on [’. 

We are now in a position to determine a characteristic curve through each 
point P : (s,sin(s),0) of T. We may suppose (by scaling the parameter if 
necessary) that the characteristic passes through P when t = 0. Att =0, 

2 =a=s,y=b=sin(s) and e? =1=c—0. 
Therefore the characteristic passing through [ has parametric equations 
x = scos(t) + sin(s) sin(t), y = sin(s) cos(t) — ssin(t),e~* = 1 -t. 
Eliminate t and s from these equations. From the first two parametric equations, 


s = xcos(t) — ysin(t) and sin(s) = ycos(t) + xsin(t). 


Therefore 
sin(z) cos(t) — ysin(t) = ycos(t) + xsin(t). (8.7) 


But e~“” = 1 —¢t implies that 
t=l-—e™”. 
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Figure 8.6: Solution surface in example 8.6, for —3 < x, y,u < 3. 


Upon substituting this for t in equation 8.7, we have 


sin(x) cos (1 — e~“) — ysin (1 -e~”) = ycos(1—e"") + zsin(1—e™"). 


This equation implicitly defines u = u(z,y), the solution of the Cauchy 
problem with data given on I. Figure 8.6 shows a graph of part of this surface. 


Problems for Section 8.3 


In each of problems 1-10, use the method of characteristics to find a solution 
of the Cauchy problem consisting of the partial differential equations and the 
curve the solution surface is to contain. This solution may be implicitly defined. 


i 
ee 


3 
A. 


on 


10. 


re oe" 


2 


LUz + YUy = sec(u),T is given by equations y = x*,u = 0. 


Uz — tu, = 4, is given by y = 47, u = 0. 


. Uz — y*uy = 4,T is given by y= 2? +2,u=0. 


2 


Uz — yPUy = sec(u),T is given by y= 27,u =0. 


. Uz + yu, = u,T is given by y=1—2,u=1. 


Ur — y*Uy = cos(u),T is given by z = y?,u =0. 


Uz — Uy = u*,T is given by y = 22 —1,u=4. 


3 


ru, — yuy = u,T is given by x = y?-1lu=l1. 


. Uz — y?Uy = u,T is given by y= 1-—27,u=2. 


LUy, + Uy = e* I’ is given by y= 2 —1,u = 0. 
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Use the method of characteristics to derive the implicitly defined solution 


u(x, y) = f(z — yu(z, y)) 


of the problem 
UUs + Uy = 0; u(x, 0) = f(z). 


Think of T as the curve x = s,y = 0,u = f(s). 


Show that, if f is a continuously differentiable function of one variable, 
the quasi-linear first-order partial differential equation 


Uy = f(u)us 
has a solution defined implicitly by 
u(x,y) = plat fu)y) 


in which y can be any continuously differentiable function of one variable. 
Use this idea to determine (perhaps implicitly) a solution of each of the 
following partial differential equations. 


Chapter 9 


End Materials 


9.1 Notation 


Notation in this book is for the most part standard. This list includes notation 
that might be less familiar. Page references are included for convenience. 


f(c—), f(ct+) left and right limits of f(a) at x =c (17) 

S(x,y, z;t) sphere of radius ¢t about (z, y, z) (141) 

V del (or gradient) operator (147) 

V2u Laplacian of u (147) 

R” space of n—vectors (165) 

B(a,r) open ball of radius r about a (166) 

ZEA x is an element of a set A (165) 

{x|az has property P} the set of objects having property P (166) 
B(a,r) closed ball of radius r about a (167) 


OA boundary of A (167) 

A closure of A (170) 

BCA B is a subset of A (166) 
a) the empty set (167) 
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B-A set difference consisting of all elements of B not in A (166) 


C?(A) set of functions that are continuous on A with continuous first 
and second partial derivatives (172) 


Ou/On normal derivative of u (directional derivative along a unit normal 
vector) (172) 


Frew a function that is harmonic on K and agrees with v on OK. (203) 
WE barrier function (209) 

PSla, 5] space of piecewise smooth functions on [a, b] (260) 
f-g dot product of f and g (262) 

ll f || norm of f (262) 

I(a) gamma, function (267) 

Jit} Bessel function of the first kind of order v (268) 
YC) Bessel function of the second kind of order v (269) 
Paw) Legendre polynomial of degree n (290) 

UO e0nn One) spherical harmonics (304) 

F lf], or f Fourier transform of f (307) 

f(z) nth derivative of f(x) (309) 

lf] Laplace transform of f (332) 


f*g Fourier (311) or Laplace (333) transform convolution of f with g 
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9.2 Use of MAPLE 


In learning to use computational software, such as MAPLE, it is a good practice 
to experiment with it and acquire some feeling for entering commands, as well 
as an expectation of the responses these commands will produce. In addition, 
it is necessary to know some of the particular code or types of instructions that 
the package will recognize, as well as some of its capabilities and limitations. 


9.2.1 Numerical Computations, Functions, Solving Equations, and 
Graphing 


MAPLE performs numerical calculations as we might expect, with an asterisk 
denoting products and a wedge A denoting powers. 7 is entered as Pi, and the 
imaginary unit 2 as J. 

In performing numerical computations, the evalf command will return deci- 
mal approximations. For example, 


(3A4)*Pi 
will return the result 817. For a decimal expression of this product, enter 
evalf((3A4)*Pi) 


to obtain 254.4690050. 
Enter a function into MAPLE by using the := command. For example, to 
define g(x) = 4x? — sin(4x), enter 


g:=x — 4*xA3 - sin(4*x) 


The arrow can be entered from a palette, or entered as a dash followed by a 
“oreater than” symbol. 
For a graph of a function f(z) that has been entered into MAPLE, type 


plot (f(x),x=-a..b,color=black) 


in which a and b must be specific numbers. The command to draw the graph 
in black is optional. 

If we want to plot several functions, say f, g, and h, define these functions 
in the program, then use curly brackets to enclose the functions in the plot 
command: 


plot({ f(x), g(x), h(x)}, x = a..b, color = black) 


If the color instruction is omitted, the three graphs will be drawn in different 
colors. 


We can enter the function directly into the plot command if we wish. For 
example 


plot(x/4 - cos(3*x) - 1,x=-2..Pi) 


will graph xz* — cos(3x) — 1 for -2< 2< 7. 
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Sometimes we want to enter a function that has one or more discontinuities. 
In such a case, enter the definition of the function on each of the relevant 
intervals as follows. Say, for example, 


—] for -2<2 <3, 

in(@r) for3<a2<rn, 
hae oo £) tor 3< <a 

e€ for77 <2 <5, 

0 for x << —2ora2> 5. 


Enter 
h:= x — piecewise(x < —2,0,x2 < 3,—1,x < Pi, sin(2*x),x < 5, exp(x), 0) 


The idea in entering the function is to imagine walking to the right along the 
real line, specifying the function value on each interval up to the next jump 
discontinuity. 

The solve command can be used to solve some equations. For example, to 
solve cos(3xz) + sin(x) = 1/2, enter 


solve(cos(3*x) + sin(x) = 1/2,x) 


Notice that the command includes the name of the variable for which a solution 
is sought. This is because some equations have other symbols in them, and 
MAPLE does not know your preference in naming variables. In this example, 
MAPLE will return a long and intimidating expression. For an evaluation of a 
solution in decimal form, precede the solve command with evalf: 


evalf(solve(cos(3*x) + sin(x) = 1/2,x)) 


It is important in MAPLE commands to reconcile parentheses. If, for ex- 
ample, the last parenthesis is omitted, then we would have more left than right 
parentheses in the expression, and MAPLE will return an error message. As 
written, this evaluation of a solve command will return five solutions, three real 
and two complex: 


0.5215987758, 2.617993878, 1.401725865, —2.149280954294 + 0.285765338124002 


In solving equations, particularly transcendental ones, it is often helpful to 
use a graph to get some sense of how many roots there might be, and how they 
are distributed. In this example, use, say, 


plot(cos(3*x) + sin(x) - 1/2,x=-5..5) 


Real solutions of cos(3xz) + sin(a) = 1/2 occur where the graph crosses the 
x—axis. The use of —5 < x < 5 here is arbitrary, and various intervals can 
be used to get some sense of how many real roots there may be, and even 
approximate locations. 

Instead of evalf and solve, we can also go directly to a numerical approx- 
imation of solutions by using the fsolve command. For example, to solve 
/2cos(2x) — sin(3x) — 1/4 = 0, enter 
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fsolve(sqrt(2)*cos(2*x) - sin(3*x) - 1/4,x) 


to obtain 0.3392673756. Is this the only root? We can try graphing to get some 
insight. However, we can also try to solve (approximately) for another root by 
dividing this function by (x — 0.3392673756). If the first root found is simple, 
then this new function does not have this root, and the fsolve command produces 
the new root —0.8734862440 of the original equation. To try for another root, 
divide again, this time by (x + 0.8734862440) and apply fsolve to this function 
to obtain —2.268106410. 

We can be a little more precise in seeking roots of an equation by specifying 
a range of values in which we want roots found (if there are any there). For 
example, to search for solutions of sin(z) + cos(x) — 1/2 = 0 on |7, 5a], enter 


fsolve(sin(x) + cos(x) - 1/2,x,Pi..5*Pi) 


This returns the root 8.27801673. If we change the range to, say, -8 .. - 
we obtain the root —6.707216347. 


To integrate f(x) over [a, 6], enter 
int (f(x) ,x=a..b) 

For an indefinite integral, enter 
int (f(x),x) 


It is necessary that the variable of integration be specified, because f(x) may 
involve other symbols. Improper integrals can sometimes be evaluated by using 
infinity as one of the limits, for example, 


int (exp(-3*x),x=0..infty) 


will evaluate f)” e~** dz. 
MAPLE contains a sum command. If k(n) is a number defined for, say, 
positive integers n, then 


sum(k(n),n = 1..N) 


will return Ss k(n). Here N must be specified as some positive integer. If 
we want, say, to graph the 20th partial sum of the series 


oo 
for 0 <x <7, we can first enter this as a function, using the sum command, in 
which the 20th partial sum is called S(z): 


S:= xz > sum(((2/n)*((-1)A n))*sin(n*x),n=1..20) 


(—1)” sin(nz) 


gk 


Now this partial sum can be graphed by: 
plot(S(x),x=0..Pi) 
For a list of all plotting (graphing) routines, enter 
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Figure 9.1: Implicit plot of z?7y + x2y?+2—-—y=0 for -5<2,y <5. 


with(plots) 


One routine that is frequently used is the implicitplot command. For exam- 
ple, suppose we want to graph the equation 


ay +ay?+a2—y=0. 


Use 
implicitplot((xA2)*y + x*(yA2) + x - y = 0, x = a..b,y=c..d) 


in which a range of values of x and of y must be specified. This may require 
some experimentation to specify ranges that yield informative graphs. With 
x = —5..5 and y = —5..5, the graph shown in Figure 9.1 results. 


We can also graph a surface in 3—space as a plot of a function in two variables. 
As an example, suppose 


u(z,y) =e ” Ysin(2Qr(x + y)). 
First enter the function: 
u:= (x,y) > exp(- x - y)*sin(2*Pi*(x + y)) 
Now use 
plot3d(u(x,y),x=a..b,y=c..d) 


with numbers specified for a,b,c, and d. Figure 9.2 shows the graph with a = 
C2] 2 0S 0 = 2. 
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Figure 9.2: Plot of u(z, y) = e~* 4 sin(27(az + y)) for -2 < x,y < 2. 


In using plot3d, a right click with the cursor on the graph will display a list 
of options, such as choice of axes, and also open up a line under the toolbars 
at the top of the screen, allowing rotations of the surface for different viewing 
perspectives. 

There is also an implicitplot3d command, which works like implicitplot, ex- 
cept now there are two independent variables and the objective is to plot a 
given equation in three variables. Ranges must be specified for all three vari- 
ables (again often requiring some experimentation). 


9.2.2 Ordinary Differential Equations 
Given a function f(z) of x, compute f’(x) by 
diff (f(x) ,x) 


The variable with respect to which the derivative is taken must be specified 
in this command, because an expression may have various symbols in it. For a 
second derivative, differentiate the first derivative: 


diff (diff(f(x) ,x) ,x) 


and so on. 
The dsolve command will solve some ordinary differential equation. To solve 
y’(t) — 5y(t) = t? +1, enter 


dsolve(diff(y(t),t) - 5*y(t) = tA2 + 1) 


to obtain the general solution 


1 2 27 
t — {? 5t gates Eo 2 =, eas 2 eae 
y(t) = Cie” — et" — oat — aoe 
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In the dsolve command, the function is denoted y(t). This notation must be 
kept throughout the command. If, say, y(t) is written as just y in part of the 
command, an error message will result. 

As another example, to solve 


y’ + 3y’ — y = cos(2t) +t, 
enter 
dsolve(diff(diff(y(t),t),t) + 3*diff(y(t),t) - y(t) = cos(2*t) + t,y(t)) 


to obtain the general solution 


y(t) = Cyl B4V BM 4 Cyel-3-VB)t _ 43 - cos(2t) + = sin(2t). 


For an initial-value problem, place the initial value in the command, en- 
closing the differential equation and the initial value(s) in curly brackets. For 
example, to solve 

y’ — 4y = —4t; y(1) = 4, 


enter 
dsolve({diff(y(t),t) - 4*y(t) = -4tA3, y(1) = 4}, y(t)) 
to obtain 


I ae—1) , 1 
i —+t. 
Y q e + ri at 


9.2.3 Integral Transforms 
MAPLE has a package of integral transform routines. Enter 
with(inttrans) 


to obtain a list of these transforms and activate this package. Included are the 
Fourier, Fourier sine, Fourier cosine, and Laplace transforms, called, respec- 
tively, fourier, fouriersin, fouriercos, and laplace. To take the transform of a 
function, enter the MAPLE name of the transform, then the function to be 
transformed, then the variable of this function, and then the variable of the 
transformed function. For example, for the Laplace transform of t sin(t), enter 


laplace(t*sin(t),t,s) 
to obtain 
2s/((sA2 + 1)A2. 


For the inverse of one of these transforms, use invfourier, invfouriersin, in- 
vfouriercos, or invlaplace. For example, for the inverse Fourier transform of 
1/(1+w), write this as 1/(1 + w) in entering it into MAPLE: 


invfourier(1/(1 + w),w,t) 


to obtain 
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(1/2)*expA(-I*t)*(2*Heaviside(t) - 1). 


Here Heaviside(t) is H(t), the Heaviside function. Using standard notation, 
this result can be written 


F( ; ) =5e“eH@ -0. 


1l+w 


9.2.4 Special Functions 


MAPLE has routines for some special functions that are frequently used, in- 
cluding Bessel functions and Legendre polynomials. 

The Bessel function J,(z) of the first kind of order n is denoted BesselJ(n,x) 
in MAPLE. To evaluate this function at some z, enter 


evalf(BesselJ(n,x)) 


To evaluate an integral involving a product of a function g(x) and a Bessel 
function, say from 0 to 1, enter 


evalf(int (g(x)*BesselJ(n,x),x=0..1) 


Bessel Y(n,x) is Y,,(x), the Bessel function of the second kind of order n. 
For the kth positive zero of J,(xz), enter 


evalf(BesselJZeros(n,k)) 
For example, enter 
evalf(BesselJZeros(4,6)) 


to obtain 24.01901952, which is the sixth (in increasing order) positive zero of 
J4 (a): 

As an example that puts many of these ideas together, suppose we want to 
plot the 20th partial sum of the Fourier-Bessel expansion of g(x) = x? on (0, 1], 
in terms of Bessel functions of order 3. Although this can be done in several 
ways, it is perhaps easiest to break the calculation up into simple components 
and enter each individually. The partial sum we want to plot is 


20 


S- Gidaljn®)s 


n=1 
where j,, is the nth positive zero of J3(x), and 
9 1 
e. = Saal xrg(x)J3(jnz) da. 
First enter g(x) into the program. Next enter the zeros as a sequence j so 
it can be easily referenced: 


j:=n — evalf(BesselJZeros(3,n)) 
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Now j(n) is the nth zero. Next define the sequence of coefficients. We will 
do this in two pieces (not necessary, but easy to check). First, one term in c, is 
2/(Ja(j(n)))*, which we will call d(n): 


d:=n — 2/(BesselJ(4,j(n)))A2 
The nth coefficient in the expansion is 
c:=n —  d(n)*int(x*g(x)*BesselJ(3,j(n)),x=0..1) 
Now enter the 20th partial sum of this Fourier-Bessel expansion as a function: 
S:=x — sum(c(n)*BesselJ(3,j(n)*x),n=1..20) 
Finally, graph this 20th partial sum and the given function g(z): 
plot({g(x), S(x)},x=0..1,color=black) 


This will plot the function and this partial sum, with both curves drawn in 
black (optional coloring). 
The nth Legendre polynomial P,,(xz) is denoted LegendreP(n,x). If we enter 


LegendreP(4,x) 


the return is just LegendreP(4,x), not very informative. For the polynomial to 
be displayed, enter 


simplify (LegendreP(4,x)) 


This will return P,(xz) as a 4th degree polynomial. For an integral of g(x)P, (2), 
use 


int (g(x) *LegendreP (n,x),x=a..b) 


9.3 Answers to Selected Problems 
Chapter 1: First Ideas 
1.1 Two Fundamental Partial Differential Equations 
13. B? —4AC = —12 <0, so the equation is elliptic. Let 
6 =f Fi = V3t 
to obtain the canonical form 


9 1 
V, V, —V; — —~—— |V=0. 
éé + mn + 3Yé (< =x) 


15. B? -4AC = 9 > 0, so the equation is hyperbolic. Let € = t,7 = 3x4 +t to 
obtain the canonical form 
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Figure 9.3: f(x) and the 30th partial sum of the Fourier series in problem 1. 


17. B? —4AC = —8 < 0, so the equation is elliptic. Let € = x +t/3 and 
n = V2t/3 to obtain the canonical form 


Vee + Vian + 18V7 = 0. 


1.2 Fourier Series 


1. The Fourier series is 


SS alone sin(n72), 


na 


converging to —x for -1< x<1landto0 at x = +1. Figure 9.3 compares 
f(z) with the 30th partial sum. 


3. The series is 
OO 


—2nn sin(4)(—1)” , 
2 a Po any ae sin(n7xz/2), 


converging to sin(2x) for —2 < x < 2 and to 0 at x = +2. Figure 9.4 
compares f(z) to the 20th partial sum of the series. 


5. The Fourier series converges to —4 for —7 < x < 0, to 4 forO <2 < 17, 


and to 0 at x = 0,72,—7. The series is 


=(1 — (-1)")sin(nz). 


Ms 


1 


n 


372 CHAPTER 9. END MATERIALS 


-1 


Figure 9.4: f(x) and the 20th partial sum of the Fourier series in problem 3. 


Figure 9.5: f(x) and the 40th partial sum of the Fourier series in problem 5. 
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Figure 9.6: f(x) and the 30th partial sum of the Fourier series in problem 7. 


Figure 9.5 shows f(x) and the 40th partial sum of this series. 


For problems 7, 9 and 11, a graph of the function and a partial sum of the 
series expansion is given for comparison. 


7. The Fourier series converges to 


2x for -3<2< 0, 
0 forO< a2 <1, 
zg? forl<2 <3, 
0 for x = 0, 

1/2 forz=1, 

3/2 for x = +3. 


Figure 9.6 compares f(z) with the 30th partial sum of the Fourier series. 


9. The Fourier series converges to 


—x for -4<2<0, 
2 for 0 <a <A, 
1 at x = 0, 

3 for x = +4. 


Figure 9.7 compares f(z) with the 25th partial sum of the series. 
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Figure 9.7: f(x) and the 25th partial sum of the Fourier series in problem 9. 


11. 


13. 


15. 


The Fourier series converges to 


cos(7z) for -2<az <0, 


a for 0-< @ <2, 
1/2 at xz = 0, 
3/2 ator +2, 


Figure 9.8 shows the function and the 50th partial sum of the Fourier 
series. 


First show that 


cos(nz) 


for —7 < x < a. Now choose values of x so that the Fourier series becomes 
the requested series. 


The cosine series is the function itself. The sine series on [0,3] is 
a. a (1 — (—1)") sin(n7a/3). 


This sine series converges to 0 at x = 0,3, and to 4 for0< x <3. 


Figure 9.9 compares f(x) with the 100th partial sum of this series. 
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Figure 9.8: f(x) and the 50th partial sum of the Fourier series in problem 11. 


Figure 9.9: f(x) and the 100th partial sum of the sine series of problem 15. 
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Figure 9.10: f(x) and the 30th partial sum of the cosine series in problem 17. 


17. The cosine series is 

to A a, . 

—--- —— —] : 
8 cos(x) + ) = n(n ) cos(nz) 


converging to 0 for 0 < x < 7/2, 1/2 for x = 7/2, sin(x) for 7/2 <a<7, 
and to 0 at zr =O and z=7. 


Figure 9.10 compares f(x) with the 30th partial sum of this cosine series. 


The sine series is 


2 2 
5sin (x) + ee = ae sin(nz) 


converging to 0 for 0 < x < m/2, 1/2 at x = 7/2, and 0 at x = 0 and 
x =m. Figure 9.11 compares f(x) with the 50th partial sum of this sine 
series. 


19. The cosine series is 


=< 16 
— a 
rm 


= 


a) )” cos(nta/2), 
=1 


w 


converging to x? for 0 < x < 2. Figure 9.12 compares f(x)with the 10th 
partial sum of this cosine series. 


The sine series is 


3 16(—1 + (—1)") — 8n?4?(—1)” 


aR sin(naz/2), 
nen 


n=1 
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Figure 9.11: f(x) and the 50th partial sum of the sine series in problem 17. 


Figure 9.12: f(x) and the 10th partial sum of the cosine series in problem 19. 
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x 


Figure 9.13: f(x) and the 50th partial sum of the sine series in problem 19. 


converging to x” for 0 < x < 2 and to 0 for r = 0 and x = 2. Figure 9.13 
compares f(x) with the 50th partial sum of this series. 


21. The cosine series is 


2.42 . —6(1 + (-1)”) 
Essen bees ) eee es 
37 a Bn cos(2a) + 2. mate 


9) cos(nz). 


This converges to sin(3x) for 0 < « < 7. Figure 9.14 compares the function 
with a partial sum of this series. 


The sine series is sin(3z) on [0,7]. 


1.8 Two Eigenvalue Problems 


1. 
— (Qn+1)r : —. ((2n+1)ra 
i ( 3E ~Agle) = sin Yi 
for Des 
Be jis 
ae = for n = 1,2,--- 
and 
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Figure 9.14: f(x) and a partial sum of the cosine expansion of problem 21. 


Chapter 2: Solutions of the Heat Equation 
2.1 Solutions on an Interval (0, L] 


For some problems graphics are shown to provide some insight into the behavior 


of the solution, even when this is not requested in the problem. 
1. u(z,t) = sin(rx)e7** t 


Figure 9.15 displays the behavior of u(z,t), as a surface in x, t, u—space. 


Tr 


16 — 64(-1 nen? 
ul e,t) = a a ae cos(n7x/4)e Rite 
n=1 


Figure 9.16 is a surface plot of u(z, t). 
12(1 es —1)"e 78) ee ee 
ued) = + y PE cos(nema/6)e pas 


Figure 9.17 shows u(z,t) at times 0.1, 0.3, 0.9, 1.8, 2.5, 4.2, 9.2. The 
graphs move downward as t increases, appearing to approach the steady- 
state value (1 — e~®)/6, which is about 0.1663. 


4? 1 n+1 
u(x,t) = D— =l? + y a cos(naz/L)e~” Bs ee 
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Figure 9.15: u(x,t) in problem 1, fork = 2 and0<2<1,0<t< 1/4. 


Figure 9.16: u(x,t) in problem 3, fork =1,0<2<4,0<t<6. 
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Figure 9.17: u(x,t) at the requested times in problem 5. 


9. u(x,t) = v(x, t) + 32, where 
ulast).= 
8 


2 Aone (—32 — 64(-1)” + 3n?2?(-1)”) sin(nmx/4)e— ™ e/ 16, 
“3 


(oe) 


n=1 


11. Let u(z,r) = e%*+ty(z,t) and obtain a = 1/4 and 8 = —1/4. The 
problem for u(x,t) is 


Up = 4Uzz for0 <a < L,t>O, 
v(0,t) = v(LZ,t) = 0 for t > 0, 


Then u(x,t) = e*-4/4u(zx, t), where 


= 2 
=e Bp os 5 (1 + eF/4(—1)") sin(nmz/L)e~” ™ B/E" 


13. Let u(x,t) = e%+ty(z,t). We find that a = 0 and 6 = —h, and v 
satisfies: 
dp = ktzz for 0 < 2 <.L;t>0 
vz (0,t) = vz(L,t) = 0 for t > 0, 


2 
v(a,0) =2- — = f(z) for0O<a<L. 
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There is no exponential factor in v(x,0) because a = 0 for this problem. 
Then 


L wa -2L 22 ht /L2 
v(z,t) = 3 at - (1+ (—1)") cos(nrx/L)e~” ™ t/t 


and 
u(x,t) =e "*v(a, t). 


15. Let u(x,t) = e%*+tu(z,t) and find that a = 3/2 and @ = —k/4. The 
problem for v(x, t) is 
Uu, = kvge forO< a < L,t>0, 
v(0,t) = v(L,t) = 0 for t > 0, 
u(x, 0) = e8*/? f(z). 
Then i 
vat) = Ss" br sin(nmz/L)e7™ * Rt/E 


n=1 


where 


L 
b, = - / e 35/2 F(£) sin(na€/L) dé. 


19. u(z,t) satisfies the initial-boundary value problem of problem 17, with 
k =9 and L =2. The solution is 


uct) = » by, sin((2n — L)ra/4)e 9 8/4, 
n=1 


in which 


y= | f (€) sin((2n — 1)ax/4) dé 


= eee + (2n: = 1)x(—1)”). 


21. The solution has the form 


u(x,t) = 50 + S (an cos(n7az/L) + b, sin(naxz/L)), 


where 
an = = cos(n7€/L) dé for n = 0,1,2,-:- 
n I / f(E) s( E/ ) c r p45 Hy 


and 
-1f s@si for n = 1,2 
On z |, sine) ag orn =1,2,---. 
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2.2 A Nonhomogeneous Problem 


Ge 8 ge 


3. If L <n, 


where 


1h ay Seca 


Ihe 
ken? 4 mr 


kn? rt =e ew knintt/L* 


oo — 1)| sin(nrz/L) 


oo 


+2 ae z sin(ntz/L)e ae 


& 


(x,t) = 


CO kn? x?t/L? _ j—kn? x? (t—L)/L? 

) <$—______ , sin(n7a/L) 
; knén 

n= 


+> (= al 4 (2(=1)" +1) sin(na/L)e ei Ee 


n=1 


i (1 — (—1)” cos(Z)). 


Sas n _4\n _ ea knt 
Ule.t) = a (aaa | sin(nz) 


a 1(n? — 1) kn? 
= 2(-1)" + 1 
a S- (A) sin(na)e7*”*, 
n=1 


Figure 9.18 shows part of u(x,t) for given values of L and k. 


ule t) = 
= 2L° n+l 2,2 2 —kn? n?t/L? 2\a: 
En Sete) (kn a oc ae Oo —L ) sin(nmz/L) 
2K —(-1)” 
+— icc? sin(nmx/L)e he ™ t/L" 
aoe n 


Figure 9.19 shows part of the surface for selected values of L,k and K 


383 
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Figure 9.18: u(z,t) in problem 3, for L=a7,k =1,0<t< 10. 


Figure 9.19: u(z,t) in problem 5, for LD=7,k=1, K =3,0<t< 10. 
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ts 
1 2 
UST) = qu +1 
2 De k2ntnt (kn mt + Leeoe™ ™ — ) cos(n7a/L), 
n=1 
where 
2L((—1)" — 1) 
Ch = | —-——— ] . 
NT 
9. 
oO 
u(x,t) = 5~ Ty (t) sin((2n — 1)rx/2L), 
n=1 
where 
1 (t) = BLD ( <A? + Ahn? 20 — dk + kent 
eg SE (Qn — 1)4x4 
8L(—1)"+! (40 2¢e—R2n—1)?07t/4L? 
op ona 
—] 4 ea k(2n-1)?*t/4L? 
Bee (ae : 


2.3 The Heat Equation in Two Space Variables 


1. 
ae A 
u(x, Y; t) = S> Ba) foe 1) sin(z) sin(ny)e Ptr )t, 
n=1 
3. 
= 2 
u(z, Y; t) = S- Com sin(my)e~*™ t 
m=1 
+ S- S° Crm cos(nx) sin(my)e— BO +m t. 
n=1m=1 
where 
_ 4n —8 (1 as (—1)") 
Com ae 
and 


Com 72 (4n? — 1)? 


16 — + 4An(—1)?n? +24 ““) a — +) | 
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AAIN 


A \ 
A 


Figure 9.20: u(x,t) in problem 1, forO<a2<7,0<t<7. 


Chapter 3: Solutions of the Wave Equation 


3.1 Solutions on Bounded Intervals 


de 
[e.@) 
8((—-1)" —1 
alah) = >» See sin(na/2) cos(3nt/2). 
n=1,n42 
Figure 9.20 shows part of the surface u(z, t). 
3. 
— 8 
u(x, t) = 2 Qn — 1373 sin((2n = 1)rz) cos(6(2n = 1)zxt). 
Figure 9.21 shows part of the surface u(z, t). 
5. 
—41—e7?(-1)" 
Le, t) = 24 pe sin(nax/2) sin(3nat/2). 
Figure 9.22 is a graph of part of the surface u(z, t). 
7. 


u(x,t) = sin(x) cos(3t) + pe ei sin(nz) sin(3nt). 
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Figure 9.21: u(x,t) in problem 3, forO <2 <1,0<t<3. 


Figure 9.22: u(a,t) in problem 5, forO <<x2<2,0<t< 4. 
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Figure 9.23: u(x,t) in problem 19. 


9. 
u(x,t) =) en(t) sin((2n — 1)z), 
n=1 
where 

~ — 2n —1)t 
= Bn Iym(@n 1p — 4 OKER = 

4 

+ Qn — 1x sin((2n — 1)t). 


15. Hint: Differentiate the first equation with respect to t and the second with 
respect to x. Then substitute vz; from the first equation into the second. 


19. 
1 1 
u(x,t) = v(a@,t) + q(cos(z) —1)+ 52 
where " 
ve, t= », Cn sin(nx) cos(2nt) 
n=2 
a 1=(-1) (<1 
—={—1)" 1 n = al ie 
nS Ont - (ay) a+)+ nt 


Figure 9.23 is a graph of u(z,t) forO<a2<aand0<t< 1/6. 


21. 
u(x,t) = v(a@,t) + 3e77 + (1 —e*)r — 3, 
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Figure 9.24: u(x,t) in problem 21. 


where ie 
es,2) = S- Cn sin(nra/2) cos(nit/2) 
n=1 
and 6 6 
n—2 nt n,—2 
= —(1 —(— —_—_—— ((—] — 1). 
om = —(1 = (~1)"e"?) + Gg ((-)"e? - 1) 


Figure 9.24 is a graph of u(x,t) forO <2 <2 and0<t< 10. 


pad 
a5 2(1 = ao 


Yo [Fear cos(Snnt) + =F (1 ~ (-1)")sin(Snat)] sin(n) 


Figure 9.25 shows wave profiles moving downward over successive times 
t = 0.037, 0.37, 0.52, and 0.89, while Figure 9.26 is part of the wave surface 
u(a, t). 


25. The method does not adapt to a forcing function that is a function of t. 
If we try u(x,t) = v(a,t) + g(t), then we need 


ue(x, 0) = v¢(x, 0) + g(t) =0, 
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0.15 


0.10 


0.05 


~0.05 


Figure 9.25: Wave profiles moving downward in problem 23. 


Figure 9.26: Part of the wave surface in problem 23. 
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29. 


3l. 


Figure 9.27: Part of the wave surface in problem 29. 


which implies that uz(z,0) = —g’(t). But the left side is a function of x 
and the right side a function of t, so this makes no sense. 


With 


O, = 5 Vean® —1, 


u(x,t) = 
e/4N~ by, |cos(1/64n? — It sin(\/ 64n? — 1t)| sin(nz). 
Yb oon ) te sin ) sin(n 
in which 
32(—1)" 
*G os(/2) sin(n€) d€ = wan? 
Figure 9.27 is a graph of part of the surface u(z, t). 
With 
On = 2\/16n?2 — 1, 
u(x, ‘) = 
eS by eos 8 16n? — 1t sin(8/ 16n? — 1t) 
ys ( )+ eS ( sin(nz), 
in which 


2 ;/* | 4 2 
b= = i é(m — &) sin(n€) dé = - (1 + 2(-1)"), 
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Figure 9.28: Part of the wave surface in problem 31. 


Figure 9.28 shows part of the surface u(z, t). 


3.2.1 d’Alembert’s Solution 


i 
{ xet+7t 
wet) = 3 (cos(3(x ~ 7t)) + cos(3(a + 7t))) + i i. E dé 
= 5 (cos(3(c — 7t)) + cos(3(a + 7é))) + at, 


which can be written 


u(x,t) = cos(3x) cos(21t) + xt. 


3: 
ula t) = 1 Co. “is aad) 
: 2 
ji ea Salah ee 
—t — — sin(2z — sin(2x — 6t). 
2 24 24 
As with problem 1, using trigonometric identities, this solution can be 
written in various other ways. 
5, 


ule.t) = 5 (cos( — 2t) — sin(x — 2t) + cos(x + 2t) — sin(x + 2t)) 


1 
+ 5 sin(x) sin(2t). 
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1 
u(x,t) = cos(a) cos(4t) + st (e-#+4t _ e-#—4t) 


es =t (et ae ee) a : je a ers) 


1 
u(x,t) = 2° + 27at? + g (cos(z + 3t) — cos(x — 3t)) 


1 1 
ats ra + 3t) sin(a + 3t) — g(@ — 3t) sin(x — 31). 


11. Because c = 1 and (x) = 0, the solution is 


1 
ule, t) = 5 (p(w -t) + ole +8) 
= 5 (erte-0" 4 eH?) 
2 
15. With c = 1 and y(x) = 0, the sum of forward and backward waves is 
1 a od 2 
Hs a (eo a Se er. 
u(z, t) 5(e + 5° 


The wave is shown at times ¢ = 0,1,2,3, and 5 in Figures 9.29-9.33. By 
time t = 5, the forward and backward waves have separated and move 
independently to the right and left along the x—axis. This occurs because 
w(x) = 0 and ¢y(z) is nonzero only over a finite interval. 


17. The sum of forward and backward waves is 
1 
u(x,t) = 5 (v(x — t) + ole +2). 


and Figures 9.34-9.37 show the wave at times ¢ = 0,1/2,1, and 2. In this 
problem, the forward and backward waves separate by time t = 2. 


19. The sum of forward and backward waves is 
ula,t) = 5(v(e-t) + (a t2)). 
Figures 9.38-9.41 show the wave at times t = 0,1/2, 1, and 2. 
3.2.2 The Cauchy Problem on a Half Line 
1. 


hen xz? +t? +sin(x)sin(t) for r—t>0, 
2xt + sin(zx) sin(t) for —t < 0. 
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Figure 9.29: u(z,0) in problem 15. 


0.3 


0.2 


0.1 


Figure 9.30: u(z,1) in problem 15. 
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Figure 9.31: u(x, 2) in problem 15. 


Figure 9.32: u(z,3) in problem 15. 
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Figure 9.33: u(z,5) in problem 15. 


Figure 9.34: u(x,0) in problem 17. 


9.3. ANSWERS TO SELECTED PROBLEMS 397 


Figure 9.35: u(z, 1/2) in problem 17. 


Figure 9.36: u(z, 1) in problem 17. 
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Figure 9.37: u(x, 2) in problem 17. 


Figure 9.38: u(z,0) in problem 19. 


9.3. ANSWERS TO SELECTED PROBLEMS 399 


Figure 9.39: u(x, 1/2) in problem 19. 


Figure 9.40: u(x, 1) in problem 19. 
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Figure 9.41: u(a2,2) in problem 19. 


(x, t) 1 — e® cosh(2t) + x7t + 4t°/3 for x — 2 > 0, 
U L, == . 
—e* sinh(x) + 22t? + 23/6 for r—2t <0. 


5. If x — 2t > 0, then 


u(x,t) = xsin(x) cos(2t) + 2t cos(x) sin(2t) + xt + 4t? /3, 


and if x — 2t < 0, 


u(x,t) = x cos(x) sin(2t) + 2t sin(x) cos(2t) + 2° /6 + 2xt?. 


be% x? + 27xt? + (1/3)e~* sinh(3t) for x — 3t > 0, 
ua) = 
x? + 27xt? + (1/3)e~** sinh(x) for x — 3t < 0. 


9. If x — 5t > 0, then 


1 1 
u(x,t) = —-1+ 5 (cosh(a + 5t) + cosh(a# — 5t)) + 5 sin(z) sin(5t) 


and if x — 5t < 0, 


wioet) S 5 (cosh (a + 5t) — cosh(a — 5t)) + : sin(x) sin(5t). 
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3.2.8 Characteristic Triangles and Quadrilaterals 


1. Begin with the d’Alembert solution 
1 1 atect 
u(a,t) = Fela et) + o(e+at)) + 5- f Ws) ds 


—ct 


Ift > 0 and x > x + ct, then for some positive h, x =a+ct+h. Show 
that y(x+ct) = p(a#+2ct+h) = 0, and y(a+h) = 0. Finally, check that 


xa+ct ath+2ct 
| veas= [ws ds=0, 
x—ct ath 

and hence conclude that u(x,t) = 0 if > a+ct. A similar argument 


shows that u(x,t) = 0 if  < —a — ct. 


3.2.4 A Cauchy Problem with a Forcing Term 


xz+4t 
ene ple +4) + (ea) +5 f ae 


—At 


zt+4t—4T 
if i (X +T)dX dT 
e—4t+4T 


1 
=“¢+ ce * sinh(4t) + sat? + rn 


uta (2 + 81)? — (@ + 8t) + (x — 8)? — (x — 8¢)) 


1 pets 2+8t—8T 
Re cos(2s) Jase ae a T cos(X) dX dT 
x—8t+8T 


zai we ee 35 (sin (2 8) sine 80) 


Te! ye 1 
= a05A (sin(—a + 8t) + sin(a# + 8t)) + eat cos(z). 


] 
ust) = 5 (cosh(x + 3t) + cosh(xz — 3¢)) 
1 x+3t 1 t 24+3t—3T 
+f as+e f / 3XT? dX dT 
6 x—3t 6 x2—-3t+3T 


1 1 
= 5 (cosh(z + 3t) + cosh(x — 3t)) +¢+ qe 
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7. 
1 
u(x,t) = 5 (cos(2(x + 2t)) + cos(2(a — 2t))) 
1 x+2t 1 t x+2t—2T 
+7/ (1 ~ cos(s))as-+ 5 | Taal 
4 Jn—21 4 Jo Ja—2t4+2T 
1 
= cos(2z) cos(4t) + t — cos(x) sin(t) cos(t) + Tl 
2: 


wet) = 5 (ce + 2t) sin(a + 2t) + (x — 2t) sin(x — 2t)) 


1 z+2t 1 t z+2t—2T 
+7/ etds+ 3 | ; XT aX dT 
4 x—2t 4 0 x—2t4+2T 


= 5 ((e + 2t) sin(a + 2t) + (a — 2t)sin(a — 2t)) 


1 1 
+ ao sinh(2t) + git. 


3.2.5 String with Moving Ends 


1. In all three regions we obtain (by separate calculations) 


w(t, t) = 222? = 0. 


3. In all regions, we obtain (by separate calculations), 


u(x,t) = 2x? — 2? — 27rt? + 182". 


Ax — 4x? + 23 + 3axt? — 4t? + 2?t + at? in I, 
u(x,t) = 4 —4t? — 4a? + dart? + $x? + 4 in II, 
— 98 + 10x + 8¢ — 5a? — 5t? + fa3 + Lot? — Qet in IIL. 


It is routine to check that the expressions in regions I and III agree on 
their common boundary segments. 


3.8 The Wave Equation in Higher Dimensions 


u(x, y,t) = S- 72cm sin(7x/3) sin(mmy/6) cos(aimt), 


m=1 
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where 
nr? mr? 
eS eG. S36 
and 
(-1)™*1)— m?n?(—-1)™ — 2(-1)" +1 
Cm = WH $ 
mr mrs 
5. 
u(x,y,t) = 


S> S> (Qnm COS(Qnmt) + bnm Sin(A@nmt)) sin(n7z) sin(mry), 


n=1m=1 
where 
Qnm = 7 n2 + m2, 
16 i ei 
anm = 73m3,6 02 + (Shy el st), 
and 
A (-1)"41 (m?n?(-1)™*! + 2(-1)™ — 2 
——— —————— | § ————— — —__—_]. 
Qnm nT m3 73 


Chapter 4: Dirichlet and Neumann Problems 


4.1 Laplace’s Equation and Harmonic Functions 


403 


1. u(x, y) = 23 — 3ay? — 4x? + dy? +2 —1 and (2, y) = 327y — y? — 82yt y. 


Check that ug + Uyy = 0 and vgz + Vyy = 0. 


3. From the equations of the transformation, we find that 


x = z* cos(6) — y* sin(@), y = z* sin(@) + y* cos(8). 


Now use the chain rule to compute the partial derivatives of w, beginning 


with 
Ow _ Ou Ox is Ou Oy 
Oxz* Ox Ox* Oy Ox* 
= U, cos(9) — u, sin(6), 


and so on for the other derivatives. 


4.2 The Dirichlet Problem for a Rectangle 


u(z,y) = 5 sin(nz) fe — oe) 


1 —e27 
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= 32 ee) ca 
u(z,y) = d. a sinh(4nn) (dn? 1) sin(n72) sinh(n7y). 
5. Write u(x,y) = u1(xz,y) + ue(z,y), where ui(x,y) is zero on three sides 
of the rectangle, and u;(xz,7) = xsin(ax), while u2(z, y) is zero on three 
sides of the rectangle, and u2(2,y) = sin(y). We find that 


ui(z,y) = > b,, sin(naa/2) sinh(nry/2), 


n=1 
where ioe ("-1 5 ; 
b, = m2 sinh(nw?/2) (n2—4)? or 72 ee ; 
: sinh(7?) for = 2, 
and 
ua(z,y) = sinh) sin(y) sinh(z). 
& 
2n—1 2n—1 
u(z,y) = » bp sin (As) anh oe) | 
where 


2 E — {(Qn-—1)0 
"a= TF emah((On < Dyn /20) if i) sin ( OL é) os 
4.3 The Dirichlet Problem for a Disk 


1. u(r,0) =5 +5 (=) cos(26). 
3. u(r, 0) = % [1 — ()] cos(49). 
5. ula, y) = 32+ wy? — o(2? + y?)?. 


7. The solution is 


1 CO 
utr, 0) = 50 + ae cos(n@) + byr” sin(nd)) 


n=l 


+ S olen” cos(n@) + dyr—” sin(n@)) + kIn(r), 
n=1 
where 


1 vie vie 
09 = tn(po | 9(0)40-1m(o.) fF) io | 


9.3. 


9. 
11. 
13. 


17. f™ en de = 
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1 ms 


= 2m In(p2/p1) FO) — g(8)) dé, 


fis —_ [o: Ws " igl6Veoslnb aban i f(6) cos(nd) io | 
C= aps aps?” — ps?) ; |p” 3 f (8) cos(n@) dé — py” a g(@) cos(né) i ; 
5. = ot f a (0) sin(n@) dé — ps a f (0) sin(né) io 
and 
= a los” ‘ f (@) sin(n@) dé — p,” [- g(@) sin(né) io 


u(r, 0) =1— a) In(r) + 27 cos(@) — i cos(6). 
u(r,0) =1— za) In(r) + 4r? cos(26) — <r? cos(26). 
u(r, 0) = $ + ar? cos(26) — 8r~? cos(26). 


nw 5—4cos(é) Bana Ty )° 


4.4.1 Topology of R” 


dL 


Interior points are points (x,y) with 0 < x < 1,0 < y < 1. Boundary 
points are points (z,0) and (z,1), with 0 < x < 1 and points (0,y) and 
(1,y) with 0 < y < 1. The set is not open, because it contains some of 
its boundary points (for example, (0,1/2)). The set is not closed because 
it does not contain all of its boundary points (for example (0,0). S is 
bounded and connected, but is not compact (because S is not closed). 


. Q is open, because it consists only of interior points. The boundary of 


Q consists of all (x,y) with x? + y? = 4 and all (z,y) with 2? + y? = 1. 
The set is not closed because it does not contain its boundary points. Q 
is bounded and connected, but not compact. 


. Every point in the plane is a boundary point of M (because any rational 


number has irrational numbers arbitrarily close). Since M contains some 
of its boundary points, M is not open. But M does not contain all of 
its boundary points, so M is not closed. M is not bounded, and is not 
connected (any line between two points of M contains points with an 
irrational coordinate). M is not compact. 


. Boundary points are all points (—3,y) and points (—2,y). Because P 


contains some boundary points, P is not open. But P does not contain 
all of its boundary points, so P is not closed. P is not connected, not 
bounded, and not compact. 
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. The boundary points of B are all points (2, y, z) with 2? + y? + 27 = 4. 


Since B contains its boundary points, B is closed, and also not open. B 
is connected, but not bounded and not compact. 


Suppose x is a boundary point of A. Then every neighborhood of x con- 
tains a point of A and a point of A© (that is, a point not in A). But this 
makes x a boundary point of AY because (AV)° = A. 


R” is open because every point of R” is an interior point. R” is also closed 
because R” has no boundary points, hence there is no boundary point of 
R” that is not in R”. 


The empty set @ is therefore both open and closed, by the conclusion of 
problem 11, because (R")° = ©. 


4.4.2 Representation Theorems 


1. 


If u(x) = 1 for all x € O, then 


// u(y) do, = // doy, 
S(x,e) S(x,€) 


and this is the surface area of S(x,¢), which is 47e?. Thus in this case 
Theorem 4.3 simply reaffirms that u(x, €) = 1. 


. Parametrize OQ by arc length along the curve, with x = x(s),y = y(s). 


The unit normal to QO is 
n=y(s)i—2'(s)j. 
Show that 


Now apply Green’s theorem to the last line integral. 


4.4.3 The Mean Value Property and the Maximum Principle 


1. 


Parametrize O02 by arc length, x = x(s), y = y(s), so the unit outer normal 


1s 
dy. dx, 
=] 


ds ds. 


¢ fas= Uz dy — Uy dx 
an an 


and use Green’s theorem to show that 


f fas= Jf vruaa. 


Check that 


9.3. ANSWERS TO SELECTED PROBLEMS A07 


3. Follow the hint to problem 2, using surface and triple integrals and Gauss’s 
theorem for the 3—space scenario. 


5. Suppose u and v are solutions, let w = u—v and use the conditions of the 
problem and integral theorems to show that w is identically zero. 


4.5.2 Neumann’s Problem for a Rectangle 


In these solutions, ap and {po are arbitrary constants reflecting the non-uniqueness 
of solutions of Neumann problems. 


1; 


4 
u(x, y) = ao + Mera) (e™4 Ae ot) cos(72). 


3. Write u = u, + U2, where all boundary conditions are zero in problem 
1 except for u,(z,0) = cos(3z), and all boundary conditions are zero in 
problem 2 except for u,(x,7) = 6a — 37. Obtain 


u(x, y) = aot (ev — oy) cos(3z) 


1 
3(1 — e®) 
and 


uo(x,y) = Pot S- eam oD” — 1) cosh(ny) cos(nz). 


Wey) = S- Gn (e"7* — ete) sin(nzy), 


n=1 
where 
a fae eee Oe!) 
" nw(1 — e277) n373 
4.0.8 Neumann Problem for a Disk 
1. By equation 4.16, obtain 


1 
u(r,9) =ag + 32" sin(36). 


Using equation 3.18, obtain 


rt 


u(r, @) = ag — - , In (: + 5 —2 (5) cos(@ — é)) sin(3€) dé. 


3. By inspection, u(x, y) = ao + 4zxy. 
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5. u(x, y) = ao + ¢(x — x? + 3zy’). 
4.6 Poisson’s Equation 
1. u(x, y) = Ys(y) sin(5z), where 


1 
Ys) = eje! ae OY = 


25 
ane -15 _4 ceils 
“1 95(e-15 — 15)? ~ 25(e-15 — e5) 
3. 
u(z,y) = Yo vat) sin(nz) 
where . 7 2(-1)""1 n( + 2(-1)"y 
nd) = 73 sinh(n) rc ae ne 


4.7 An Existence Theorem for the Dirichlet Problem 


1. In one direction, observe that, if v is harmonic on 22, then fx, = v for 
every open disk kK CQ. 


3. By the conclusion of problem 3 of section 4.1, the rotation, applied to the 
solution u(x, y) for 2, produces a function u*(«*, y*) that is harmonic on 
Q*, the rotated domain. Finally, show that, on the boundary of (2*, the 
rotated function takes on the rotated data function from the problem for 
Q. 


Chapter 5: Fourier Integral Methods of Solution 
5.1 The Fourier Integral of a Function 


1. The Fourier integral is 


i 2 sin(mw) — mw cos(7w) 
0 


sin(wx) dw 
: 5 (wn) do, 


converging to 


x for -17 <2 <7, 
0 for |x| > 7, 
—nr/2 atx=-—n, 


Ri. “Stra 
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3. The Fourier integral is 


e 2 
i: m1 +w?) cos(wz) dw, 


converging to e~!"! for all x. 


5. The Fourier integral is 
2 
[ a2 (cos(aw) + aw sin(aw)) cos(wx) dw, 


converging to 
|z| for-a<a2<a, 
a/2 for c = ta, 
0 for |x| > a. 


9. The sine integral is 
co 
| B, sin(wx) dw, 
0 
where 


Bie Seale oad ein  F-gin( eo) SiR): 


This sine integral converges to 


sinh(z) for0<a2<k, 
sinh(k)/2 atx=k, 
0 for z= 0 and z > k. 


The cosine integral is 
fo @) 
/ A,, cos(wx) dw, 
0 


where 


Ay = 


= PN ca + sin(kw) sinh(k) — 2w cos(kw) cosh(k)). 


This cosine integral converges to 


sinh(z) forO0<a<k, 
sinh(k)/2 atz=k, 
0 for x > k. 
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11. 


13. 


CHAPTER 9. END MATERIALS 


The sine integral is 


a Ww? ate 
= SIN( WL 68) 
RJg (2-—2w+w?)(2 + 2w + w?) 


converging to e-* cos(x) for z > 0 and to 0 at z = 0. 
The cosine integral is 


=f 2+? CHAT 
=  ___ cos(wr) dw 
TJo (2—2w+w?)(2+ 2w+w?) 


converging to e~” cos(x) for x > 0. 
The sine integral is 


2k f° 1—cos(aw) 


sin(wax)d 
=) (wer) des 


converging to 
k for0<a2<a, 
k/2 at x= a, 
0 at x = 0 and for x >a. 


The cosine integral is 


ef Eee) cos(ax) dw 


converging to 
k forO <a <a, 


ky? dong =a 
0 for 2 >a. 
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Figure 9.42: u(z,t) in problem 3, with k =1 and -1<2<1,0<t<1/4. 


5.2 The Heat Equation on the Real Line 
1. If f(x) is an odd function, then f(x) cos(wa) is odd, so a, = 0 and 
7” 2 
u(x,t) = | b., sin(wa)e**"* dus 
0 


is odd in the space variable. Similar reasoning applies if f(x) is even. 


3. By using the Fourier integral, obtain 


aia) = : i : cos(wa)e~” ®t dy 
me Ig = =16 + uw 
Using equation 5.9, we can also write 


1 a 2 
—(w-€)?/Akt .—4lé| 
e e F 
ZV wkt i. 6 


Figure 9.42 shows part of this solution surface. 


ue) = 


5. By Fourier integral, we obtain 
a 2 
u(x,t) = bi (a,, cos(wax) + b, sin(war))e~” ** dua, 
0 


where 9 
bin = — 2 (cos(4w) + 4w sin(4w) — 1) 


and 


ex: 
te = ~ 2 (sin(4w) — 4w cos(4w)). 
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ig 
infos. $3 seal 7? 


) a, 
SILAS 
<O56058 


Figure 9.43: u(z,t) in problem 5. 


Another expression for the solution is obtained using equation 4.9: 


1 . : 
= rm a haa 2 
u(2,t) = = / é dé 


Figure 9.43 shows part of the surface u(x,t) with k = 1, -12 <a < 12 
and 0 <t< 10. 


7. Using the Fourier integral, obtain 


2 [~ 1—-—cos(w 
u(x,t) = — | es sin(wx)e~” * du. 
T Jo Ww 
Using equation 4.9, we can also write the solution as 


1 : 2 
Wet) = gener art ag 
(2,4) wal : 


1 3 3 
= —(x—€)"/4kt gy 
e€ ; 

2vV awkt e é 


13. By Fourier integral, the solution is 


ig W 2 
/ (a2 + w2)2 sin(wa)e ~ i dw. 
0 W 


4 
u(x,t) = — 
TT 


We can also write the solution in the form 


ale.t) = a (a 8)7 fat aad fe dé. 


wan ( 
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15. By Fourier integral, the solution is 


u(x,t) = 
4 [ sin(w) cos(w) — me cos?(w) + w sin(wa)e-7# on 
T Jo WwW 


We can also write 


1 ; 2 2 
—(x—£)?/4kt _ ,—(xt+€) ee) 4 
e€ e€ 2 
wel ( ae 


ae t) = 


17. 
ust) = 


a [ 5 ((cos(ha) — 1) cos(wz) + sin(hw) sin(wx))e~” * dw. 


5.4 Burger’s Equation 


1. All that is needed is to determine g(x) to insert into the solution 5.15. 
Given f(x), then 


eR Fe/A)/2k top Se ge 0. 
Gia) = xe 20 e(2ek for 0. eI, 


e7 1/4k for x << —landz>l. 


3. Use equation 5.15, with 


e—3/k for x < —3, 
pe er/k for -3<2<0, 
OEP gba] 2h: pen) eee < 2, 


e79/k for x > 2. 


re 
10 + 5ed(e—15t/2)/6 
Ce) == 
ies e5(z—15t/2)/6 
2) (x—3t/2)/16 
2 
et = = 


1 + ee—3t/2)/16' 
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5.0 The Cauchy Problem for the Wave Equation 


Ais 
a 
ule.) = =y| i¢w cos(wz) cos(wet) dw. 
3. ar 
unt) = = | Sin(aw) sin(wa) cos(wet) dw. 
u(2,t) = a [ ee) ad sin(wx)| cos(wet) dw 
Se Jy LL +? 1+w? 
7. ss 
wet) = : [a cos(wx) + b, sin(wa)] sin(wet) dw, 
0 
where i en 
Quy = a W(s) cos(ws) ds 
and ; Es 
ee - w(s) sin(ws) ds. 
9. jp Gee 
u(s,t) = — | ee) cos(wz) sin(wet) dw. 
Tc Jo w 
11. 
u(x, t) 
i? é sin(5w) ie cos(5w) | sin(wa) sin(wet) dw 
ee in — i 
0 LL mwe ee ae - of 
13. - 
AG Noe | (a,, cos(wa) + 6, sin(wx)) sin(wet) dw, 
0 
where 
1 a 
Q.=—— | sin(s)cos(ws) ds 
TWCE Jo 
_ (Se ito A 
0 ik = 1 
and 
an ae ; 
b, = —— sin(s) sin(ws) ds 


TWE Jo 
o ee ifw Al, 


i fis 1: 
TC 
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5.6 Laplace’s Equation on Unbounded Domains 


1. 

fo) —6E 

Monel arePe 

3. 

n/2 

_y cos(€) 
5. a ; 
ue)= f (ares - we erae) feos - 

ee 


won=5 | eee rere] /0* 


9. Split the problem into two problems. In problem 1, u(z,0) = 0 and 
u(0, y) = k, whereas in problem 2, u(z,0) = f(x) and u(0, y) = 0. Then 


u(x, y) = ui(z, y) + ua(z, y) 


2k PP 1. - os a 
a sin(wy)e”* dw + Cy sin(wax)e~*Y dw, 
0 


T 
where Bese 
c= =f F(-€)sin(we) ag 
11. 1 f@ 
ule.y) = 5 fp In(y? + (€ — 2))f(€) dé +c. 
13. os 
u(z,y) = | [a., cos(wy) + b, sin(wy)|e~** dw + c, 
0 
with 1 fe 
dy =——— f _ g(&) cos(w§) dé 
and ee 
by =-— f  g(€)sin(w€) ae. 
15. i 
’ = by Si ard du, 
u(x, y) | sin(wx)e 
with 


2 CoO 
b= = | #6) sin we) ae 
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Figure 9.44: 90th partial sum of the eigenfunction expansion of problem 1. 


Chapter 6: Solutions Using Eigenfunction Expansions 


6.1 A Theory of Eigenfunction Expansions 


1. Eigenvalues and eigenfunctions are 
An = —24.n?2?, yn(x) = e* sin(n72). 


The eigenfunction expansion of f(z) = —3 on [0,1] converges to —3 for 
—1<2a< 1. This expansion is 


ee) 
Ss" bre” sin(n7a). 
n=1 


For the coefficients, write the differential equation in standard form to 
read the weight function p(x) = e~?*. Then 
— i, —3e7*%e” sin(nrx) dx 
ie e~ 2% (e* sin(nma))? dx 
_ 6(—nx + e~'nx(—1)") 
_ 1+ n?n? 
Figure 9.44 compares f(x) and the 90th partial sum of this expansion. 


3. Eigenvalues and eigenfunctions are 


2n — 1)?7? 


Ap ( r 1Yn(x) = cos((2n — 1)rx/2). 
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0.8 
0.6 
0.4 


0.2 


Figure 9.45: 40th partial sum of the eigenfunction expansion of problem 3. 


The eigenfunction expansion is 


S> Cn cos((2n — 1)ra/2), 


n=1 
with 
—16 — 8mnsin(2)(—1)” + 4nz(-1)” 
—16 + 4n?2? — 4nr? + 7? 
Figure 9.45 compares sin(z) with the 40th partial sum of this expansion 
on [0, 1]. 


Ch = 


5. Eigenvalues and eigenfunctions are 


MT 
An = 4 Yn = eee 


sin(n7x/2). 


For 0 < x < 2, the expansion is 


LS S- cne?*/? sin(nzz/2), 
n=1 
where 
—4(—6nr + e~3n3x3(—1)" + 15e7-3nz(—1)”) 


on (n?x2 +9)? 
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Figure 9.46: 50th partial sum of the Fourier-Bessel expansion of 3x on (0, 1). 


6.2 Bessel Functions 


1. y=cyzrJi (x) + ceorY1 (x). 


3. 
| oe ee I op (2”) a i cot I_573(@"). 
12 23 12 2 3 
y= cr J10/3 3” + C2% J_10/3 3° , 
ee 


y = C27 Jy /3(27) + cox? J_1/3(a7). 
9. Hint: use a recurrence relation. 


13. Figure 9.46 compares the function with this 50th partial sum. 


The expansion is 
CO 
S- Cn Jo (jn@) ’ 
n=1 


where jn is the nth positive zero of Jo(x) (labeled in increasing order). 
To compute (approximately) these coefficients using MAPLE, first form a 
sequence of the zeros: 


jn —> BesselJZeros(0, j(7)) 
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0.8 
0.6 
0.4 


0.2 


Figure 9.47: 10th partial sum of the Fourier-Bessel expansion of sin(zz) on 
(0,1). 


and then define the sequence of coefficients 


2 


pet BesselJ(1, j(m)) A 2 


* int(3 * x A 2 * BesselJ(0, j(n) *x),x2 =0..1) 


in MAPLE code. The fiftieth partial sum is the function 
S :=x— > sum(c(n) * BesselJ(0, 7(n) * z),n = 1..50) 
again in MAPLE code. 


15. Figure 9.47 shows the 10th partial sum of this eigenfunction expansion, 
compared with sin(zz) on (0,1). 


420 CHAPTER 9. END MATERIALS 


0.20 


0.15 


0.05 


Figure 9.48: U(r, t) decreasing through selected times in problem 1. 


6.3.1 Temperature Distribution in a Solid Cylinder 


1. 
Ut) = 3 CnJo(jnr ye 2nt 
n=1 
with 
c= Ge ff PU — Ovoliné) as 
Figure 9.48 shows U(r, t) oe through times t = 0,1/20, 1/10, 1/5. 
3. me 
U(r, t) = S~ endolint/3)e "9, 
n=l 
where , : 
cn = py |) ATE Sol iné) A. 
Figure 9.49 shows U(r,t) for t = 0,1/10, 1/2, 1. 
5. 


UGet) = S- CnJo(Gnrye 3", 


n=1 


where 


A= araye | Ge&(1 — )Jo(jn€) dé 
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12 


10 


r 


Figure 9.49: U(r,t) at selected times in problem 3. 


Figure 9.50 shows U(r,t) for t = 0,1/10, 1/5. 


6.3.2 Vibrations of a Circular Drum 


r,t) = S © cnJo(jnr) cos(4jn,t), 


n=1 
where 


Cn = 


s — Z)SO\Jn 
nap f &6 )Joljné) df. 


Figure 9.51 shows wave profiles z(r,0) for ¢ = 0,1/20,1/15,1/10, with 
the waves moving upward from the initial position over this time frame. 
Figure 9.52 shows the surface z(t,r) forO <r<landO<t<2. 


1 y Cndo(jnr/5) cos(2jnt/5), 
n=1 
2 Fa ena: 
° Fao A even) 


Figure 9.53 shows waves moving upward through times t = 0,1/2,1, and 
Figure 9.54 is the surface z(r,t) forO <r <5 and0<t<1. 


where 
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Figure 9.50: U(r,t) at selected times in problem 5. 


Figure 9.51: z(r,t) at selected times in problem 1. 
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Figure 9.52: z(r,t) in problem 1. 


Figure 9.53: z(r,t) at selected times in problem 3. 
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Figure 9.54: z(r,t) in problem 3. 


mt) = > CnJo(jn?) cos(37n£), 


n=1 


with : : 
Cyn = cna! €cos(7€/2) Jo(jn€) dé. 


Figure 9.55 shows wave profiles z(r,t) moving downward for times t = 
0,1/10 and 1/4. 


6.4 Legendre Polynomials and Applications 


5. a —2+1= $Po(z)— Pi(z) + 2 P2(x). 
7. 1- x3 =]- 3 P; (x) = 2 P3(z). 
9. See Figure 9.56. 


11. See Figure 9.57. With e~*, the 11th partial sum is not a good fit to the 
function on [—1, 1]. 


13. See Figure 9.58. 
15. m 
p nr 
u(p,p) = doen (E) Pa(cos(y)), 
n=0 


where 


1 
ty = a : fe + arccos?(£)) Pn (€) d&. 


Figure 9.59 is a graph of the surface u(p, ~). 
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Figure 9.55: z(r,t) at selected times in problem 5. 


Figure 9.56: cos(2z) compared to the sum of the first 11 terms of its Fourier- 
Legendre expansion. 
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Figure 9.57: e~* compared to the sum of the first 11 terms of its Fourier-Bessel 
expansion. 


Figure 9.58: sin(72) compared to the sum of the first 11 terms of its Fourier- 
Bessel expansion. 
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Figure 9.59: u(p,y) in problem 15. 


Vy 
u(p,~) = en (2) Pa(cos(y)), 
where 
2n+1 f° 
ae: [ost arccos(€)))P,(&) dé. 


Figure 9.60 is a graph of the surface u(p, y). 


19. 
u(p,~) = doen (2) Pa(cos(y)), 
n=0 
where ' 
c= = > : ‘i (arccos(€) + (arccos?(€)))P, () dé. 


Figure 9.61 is a graph of u(p, y). 


Chapter 7: Integral Transform Methods of Solution 


7.1 The Fourier Transform 


1. 
flw) = a (— sin(a) cos(aw) + w sin(aw) cos(a)). 
3. Aj 
Fw) =a 


= Gai 


A427 
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pedla 
8 


Figure 9.60: u(p,y) in problem 17. 


Figure 9.61: u(p,yv) in problem 19. 
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5. 
fw) = sin? (w/2). 
7. - : 
ila) —[cos(wb) — cos(wa) — i(sin(wb) — sin(wa))]. 
11. 7 i 
fw) = Eide 


21. Carry out the integrations directly from the definition of the convolution, 
considering the cases —1 << ¢t <0 and 0 <t <1, to obtain 


(f+ 9)(t) = —oel. 


21 
2 
Bk 2aw 
fs(w) = (@ +a)? 
- ey 
few) = aay 
29. 
fs(w) 
k k 8 
= ~(1 — cos(aw)) + aC, cos* (aw) — cos(aw) — 1), 
fo(w) 


_k sin(aw) i esin(aw) (i Deedee: 


WwW Ww 
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7.2 Heat and Wave Equations by Fourier Transform 


1. Write the solution as 


uiat) =f (sf costwte— eye" dw) fea. 


—Co —0oO 


From the term in large parentheses, define G(z, t). 


3. 
Tre a ea 
“ ia (- oe) ee) me) cos(wa)e**"* du. 
T Jo 1l+w 
5. 
ah ge FE (1+kw?)é kw 
ul(z,t) = rie {Herr + dé cos(wrje "da: 
0 
a Joe 
Uo. t) = i snr) sin(wa) cos(wet) dw. 
a 
tat) = 
ae on 1 Ww, 
ai. | ew cos(wax) + icce2 sin(wx)| cos(wet) dw. 
11. 


u(a,t) = f pe cos(wx) sin(wet) dw. 


7.3 The Telegraph Equation 


1. b® -a=3> 0, so case 3 of the discussion applies and 


1 ; 
ui et) = = | Uy (w, t)e’** dw 
20 Jiwl<1/V3 
1 
— U2 (w, the’? dw. 
2 J \u|>1/V3 
Here 
U;(w,t) = en 2t pees Pee ae ee 
with 
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and 
ne 1—cos(w) (, 2 
ow? V3 — 92) 
And 
Uz(w,t) = cze~** cos(+/ —3 + 9w?t) 
+ cge”** sin(./—3 + 9w?t), 
with 7 
C= me — cos(w)) 
and 


pe 1 — cos(w) 1 
a Ww? V—-3 + 9w? 


3. 6? — a =0, so case 2 applies. The solution is 
u(x,t) = = | U(w, t)e* du, 


where 


U(w,t) =e** ft) cos(Qwt) + Siw) sin(Qwt) | . 


5. Because b*? — a = 13 > 0, case 3 applies. Here F(w) = 0 and 


G(w) = oa (sinw) — w cos(w)). 


Let 
iste OM) 
2V13 — w? 
and cg = —c;. Define 


Uy (w, t) = e7* levees i oe Oe 


Let cz = 0. Let 


G(w) 
Vw? — 13° 


C4 = 


and 
Uo (w, t) = e~**eq sin(w? — 132). 


The solution is 


1 
et) = = | U1 (w, the?” dw 
20 S\wl<Vi3 
1 ; 
a a Ug(w, te” dw. 
2m J\s|>V73 
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7.4 The Laplace Transform 


im 
u(a, t) = ekt—« _ okt geo (ee) 
— gkt—2 _ okt eae FARE 
2V rt3 
3. 
= 7 ea of ee In EL 
= 2Vkt 2Vkt 
Oo. 


where H(t) is the Heaviside function. 


Chapter 8: First-Order Equations 
8.1 Linear First-Order Equations 


lL. -ulesy) = 92 = By ele’ —Se°/9)/6 
3. u(x,y) = —l + e® /2g(4x — y). 
5. u(a,y) = 52 + 29(zy). 
Ti Gy) Saag gta). 
9. u(z,y) = -—l-—yte*g(y—2). 
) 


11. u(x,y) = e7* /2g(x — In(y)). 
13. Obtain the general solution 


Now set u(0,y) = y” to obtain the solution satisfying this condition. 
8.2 The Significance of Characteristics 


1. Characteristics are the ellipses x? + 3y?/2 = k. 
(a) u(x,y) = 2 (x? + $y2). 
(b) u(z,y) = 1— 3 (a? + 5y’). 
(c) There is no solution with data specified along 2x? + 3y? = 4, which is 
a characteristic. 
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3. Characteristics are lines y = 27 + k. 
(a) u(x, y) = —1+ (1+ cos(y — 2r))e~4/4e32/4. 
(b) There is no solution with the data given on this characteristic. 


(c) Ifz=1+ V1+4+¢t, then 

u(z,y) =-1+(1- fl + y — 2r)e?/4e~ At v1 49 28)/4 | 
Ifz=1—/1+t, then 

u(z,y) = 1+ (14+ fi ty — Qrjet/4e— UV 9 28)/4 


5. The characteristics are curves 2x3 — 3y? = k. 


(a) 


1 3 1/3 2/3 
ule,y) = 5 +4 (Fe — 3y°)) —— (Fc — 3y?)) 


(b) There is no solution satisfying this condition. 


(c) 


Log’, nf (2 By VO) TD Fo aay 
u(x, y) — 5t + sin (=5*) = 5 (=) : 


8.3 The Quasi-Linear Equation 


1. u(x, y) = arcsin(5 In(x?/y)). 
3. u(x, y) is implicitly defined by 


1 
u+1/((@—u)?2 +2) 


Yu = 
5. u(x, y) is implicitly defined by 
uy = 1—2+4+1n(u). 


3 


u(x, y) = —————s.. 
(my) y—20+4 
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